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CAUCHY TRANSFORMS ON POLYNOMIAL CURVES
AND RELATED OPERATORS

HYEONBAE KANG anD JIN KEUN SEO

1. Introduction and statement of results

Let I'be a curve in R’ defined by y = A(x). The Cauchy transform €, on I
is defined by the kernel

B 1+ Ay
K@, 9) = =y +id@ — 4@

When A is a Lipschitz function, the L? boundedness of %, is well understood and
several proofs of it have been produced (cf. [C, CJS, CMM, DJ, M]). If A is a
C'-smooth function, then the local L? boundedness of %, is also well understood
(cf. [FJR]). However, if A is a smooth, not necessarily Lipschitz function, the ques-
tion of global L? boundedness of %, has not been settled. In [KS], we observe that
%, is not, in general, bounded on L ifAis a smooth non-Lipschitz function, and
prove that %, is bounded on L% if A is either a polynomial of odd degree or an
even polynomial. The purpose of this paper is to give a new proof of it and to ex-
tend the result to arbitrary polynomials.

THEOREM. If A is a polynomial, then the Cauchy tramsform on the curve y =
A(z) is bounded on L' (R), 1 < p < oo,

In [KS], we used a continuously varying cut-off function to separate the sing-
ularities of K(r, ) at x = y and at x = — y and the T1-theorem of David and
Journé. In this paper, instead of using a cut-off function, we use a direct decom-
position of the Cauchy kernel. If A is a polynomial, then the Cauchy kernel
K(x, y) can be decomposed as
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= 1+ Ay _ 1 . P,y
1Y) K@, 9 ==y i@ A " 1—y Ti'TT 0k, 9
where
12) Q@ = é% and Pz, g = A (y);_@y(:c, )

Moreover, if A is an even polynomial, one can easily see that Q(r, y) =
(x + 9 R(x, y) for some polynomial R. Define an operator T, by

I P ,
(1.3) T, f(x) = B ﬂ—(i%f(y)dy.

Then, €, = # + iT, where # is the Hilbert transform. We prove that T, is
bounded on L’ (R), 1 < p < . If A is a polynomial of odd degree, it is easy to
prove the L? boundedness of T, since Q(z, y) does not have any zero when 2+
y2 is large. If A is an even polynomial, then we compare T, with a linear combina-
tion of the Hilbert transform and various operators defined in Section 3. We show
that these operators are bounded on L’(R) and that the difference of T, and a
linear combination of the Hilbert transform and these operators can be estimated
by the Hardy Littlewood maximal operator which is well known to be bounded on
L (cf. [S]). If A is a polynomial of even degree, then there exists a change of vari-
ables a(x) defined for large x such that A(a(x)) becomes an even polynomial. By
carefully studying the behavior of a(x) for large x, we are able to reduce matters
to the case of even polynomials.

We organize this paper as follows; in Section 2, we prove some properties of
Q(x, y) which will be used in later sections. In Section 3, we introduce some re-
lated operators and prove that they are bounded on L’(R). In Section 4, we prove
that 7, is bounded on L'R)ifAisa polynomial of odd degree. In the final sec-
tion, we prove that T, is bounded on L'R)ifAisa polynomial of even degree.

We use a standard notation of A < B to imply that A < CB for some con-
stant C. A = B means that both A < B and A = B hold.

2. Preliminary on polynomials
Let A be a polynomial and let

Al —Ay)
==

Qx, v
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In this section, we collect some properties of @ which will be used in later sec-

tions.
LEmMA 2.1.
(1) IfdegA = 2n + 1, then there exists a positive constant ¥ such that
| Qx, ) | = 2™ + ¢y
ifxl+yt =
(2) If A is an even polynomial and degA = 2n + 2, then there exist a positive
constant ¥ and a polynomial R(x, y) such that

Qx,y = @+ yR(x,y
and
[R(z, 9) | = 2™ + 4
ity >

Proof. For (1), note that

2 y2n+1 o

— szn—f j
r—yY j=0 y

—

n n 1 B stnmi) 20—
_ 1 (Iz ™ + 5 @+ 9?3 22"y »
i=1

[\V]

1

2 (xZn + yZn).

|

Let A(z) = X270 a2’ (ag,,, # 0). Then

A(x) — A(y) l Qopt1 l 2n 2n ml j j
=y > +y)—]§lflaj|(|x|+|y|)

2 xzn _|_ y2n

if 22 + y2 is large.
For (2), we note that

Ixzj_yzflz|x_yl‘x+y||xzj—2+x2j—4y2+ +x2y2]—4+y21'-—z’
~lz—yllz+yl (2" + 14",

Let A(x) = 272 a,x” (ay,,, # 0). Then
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2n .
[A@ — AW | = | @y, 2™ + 4™ — Zla, 27 — 47|
=1
>z —yllz+yllay.| (2" +1y™ -z + ]y + D]
2lz—yllz+yl (" + 1yl
for some constants C as long as x” + y° is large. This completes the proof.

The next lemma and corollary show that a polynomial of even degree is essen-

tially the same as an even polynomial for our purpose.

LemMA 2.2. Let A be a polynomial of even degree. Then, theve exist ¥ > 0 and a
smooth change of variable a(x) on | x| > 7 such that

(1) Ala(x)) is an even polynomial,

(2) alx) = x + B(x) where f(x) = O(1) and B'(x) = O /x) as x— .

Proof. Let A(z) = 2 a,x’ and assume that a@,, = 1 without loss of gener-
ality. Choose 7 > 0 so that A is monotone if | 2| > 7 and define @ on | | > # by

2.1) Ala(@) = -@BA—(_‘Q.

Since A(x) = ¥ and A'(x) = 2”7V if | x| > 7 by increasing 7 if necessary, one
can easily see that a(x) = x and @’(x) = 1. From (2.1), we have

al®)™ + 2:%)1 aa(x) = 2™ + g ayx”.
It then follows that
a@” =2 + 0™
and
2na(D) ™ ' (x) = 2nx™ " + 0™ Y.

It follows immediately from these relations that
, 1
alx) =xz+ 0(1) and (@ =1+ O(;) as xI— oo,

This completes the proof.
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COROLLARY 2.3. Let B and 7 be as above. Then,

Bx) —BW | _ 1
z—y Szl + 1yl

ifrt+yt =

Proof. 1f xy < 0, then there is nothing to prove. Suppose that xy > 0 and
that y > x > 0 without loss of generality. If y > 2z, then since 8(x) = O(1) as x
— 00 we have

,B(:c)—ﬁ(y)i<l<
r—y Ty x+{y'

If x < y < 2z, then since f'(x) = O(1/x) as x— °°, we have

B = BW | _ . 1_1 1
G e

for some x < & < y. This completes the proof.

3. Related operators

In this section we introduce some related operators and show that they are
bounded on Lp(R) by comparing them with the Hardy Littlewood maximal oper-
ator and the Hilbert transform. Throughout this paper M denotes the Hardy Little-
wood maximal operator.

ProposiTION 3.1. Let P(x, y) and R(x, y) be smooth functions such that there
exists a positive constant v so that

|Pa, | <S|z"+ 1yl and | R@, p |2 2" +]yl" if 2°+4" =7

Suppose that 0 < a and 0 < B — a < 7. For f € C, R), define

(3.1) Uf(x)=fw 2=yl | P,y | | f(y) | dy.

=1+ |z—yl IR, »|"
Ify 21+ 1/n, then

(3.2) | Uf(0) | 2 Mf(2)

for every x.
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Proof. For simplicity, we assume that » = 1. Write

Uf(@) = f n =+ 1L

-yl <1 lz—y|>1

Since 0 <S8 —aand y =1+ 1/#n we have

lz—yl*(z|+|yD"
I < J

< AU EDIPTAYS

z—yi<i+lzl 1+ | 2|

+ 2 | f) | ay

j=1

£

f 271+ |z ])”
2/

“alzh<lz—ul <2a+iah QBTN | )BTt

S <1 + i 2(1+n—ﬂ+a—rn)j(1 + |x|)l+n—/3+a—m> Mf(.l‘)
j=1

< Mf(x).

We now deal with L If | x| < 1, then it is obvious that |I| < Mf(x). Suppose
that | = 1. Then

S 27 (x| + 1yl
<2 , d
1l 1=1 L’<\z—yi<2"*l 1+ 272"+ g™ /@ ldy

0 | z In2—(a+1)j

Pick N so that 1 < | z|"27" < 10. Then we obtain

0 I z Inz—(a+1)1
— <[ 27" < 20.
=N 1+ 27 2|

xnz—(a+1)j
SE]

N : N .
= - < Z 2(B—a-—1)11xl(1—r>n <9 (r=1)N Z 2(B a=1j < C
=11+ 27 x| =N j=1

We also obtain
N

because | 2|"™" < 27"""" and B — a < 7. This completes the proof.

Remark 3.2. The condition on 7 in Proposition 3.1 are sharp in the sense
that if y <1 4+ 1/, then (3.2) does not hold.
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ProposiTioN 3.3. Let P(x, y) be a homogeneous polynomial of degree 2m — 1.
Let

| Pz, o |

(3.3) Vf(x) :f m o [ f | dy
- y

oo

for f € CZ(R). Then, V extends to be an operator bounded on L’ (R), 1 < p < 0.

Proof. Let f € C, (R). Let

I IJ? 2n—1

V.f () =j: Wlﬂy) | dy.

We will show that
| V. f(x) | < Mf (o).

Assume x # 0.

0

i@l <z + % !

wi<zlzl =1 -/2:"!x1<1x—ylﬁzflzi "+ ¢

| £ | dy)
<lz([ il + S [ @D | dy)
lz—y| <3lz| 1=1 Ylz—yl <2'|x|
<(1+ £ 2°") Mf@ < Mf@.
j=1
Hence V, extends to be an operator bounded on L”(R), 1 < p < o
Since | P(z, ) | < 2] + lylzn_‘, we have
VIS ViF+ Vs
where V)" is the adjoint of V, Hence Proposition 3.3 follows from
L’ -boundedness of V; and V,*. This completes the proof.
CorOLLARY 3.4. Let P(x, y) and R(x, y) be homogeneous polynomials of degree
2n. Assume that
|R@, ) | 2 2™ +y”
For f € C, (R), define

P,y
Wf(x) = .[w (x—__mf(y)dy.
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Then, W extends to be an operator bounded on L'(R), 1 < p < oo,

Proof. Leta = P(x, x)/R(x, x). Then, we have

P(x, y) _a _Pla,y —aRx,y 1
@—yRx, 9 -y =y Rz, y)

Note that (P(x, y) — aR(x, y))/(x — y) is a homogeneous polynomial of degree
2n — 1. Hence Corollary 3.4 follows from the L’-boundedness of the Hilbert
transform and Proposition 3.3. This completes the proof.

4. Cauchy transform I

Recall that T, is the operator defined by the kernel

_Pay

1+iQ(z,
where
4l Qg = w nd Pz, g) = A’(y)x—_Qy(x, iy
and that

B, = H + iT,

where # is the Hilbert transform. We now prove that the operator T, is bounded
on L’ (R). We first deal with the case when degA is odd in this section.

THEOREM 4.1. Let P(x, y) and Q(x, y) be polynomials of degree 2n — 1 and
2n, respectively. Asswme that there exists a constant v such that

| Qx, | 2 2™ + ¢
ifx’ +y* = r. Forf € C (R), define

> P,y
Tf(x) = j:m mf(y)dy.

Then, T extends to be an operator bounded on L’ (R), 1 < p < 0.

Proof. Let g be the conjugate of p, and let
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P,y
k(x,y) = T+Q, 9

Then
fl Tf(2) I”dxsf | Tf () |”dx+f | Tf(@) Pdz =1+ 1.
lzl <r |zl >7r

If | 2| <7, then

(Zn-l)q

f | k(x, y)lqdy<1+f Y _—y<c
$v1>r]_+y

It then follows from the Holder inequality that

1= [ _(f1ke o ra) al sl <ok

For II, observe that if | | > 7, then

Qc,|x|2n l+|y|2n—l

@< [ o w .
Y

Hence, it follows from the proof of Proposition 3.3 that
[ I15@ taz < 5L,
lz|>r
This completes the proof.

CoroLLARY 4.2. If A is a polynomial of odd degree, then the Cauchy transform
€, is bounded on L (R), 1 < p < o0,

Proof. 1t follows from Theorem 4.1 and Lemma 2.1.

5. Cauchy transform II

In this section we prove that if A is a polynomial of even degree, then the
operator T, is bounded on L’. We first deal with the case when A is an even
polynomial.

THEOREM 5.1. Suppose that P(x, y) = Py(x, y) + P,(x, y) and R(x, y) =
Ry(x, y) + R (x, y) satisfy the following
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(1) P(x, y) and R,(x, y) are homogeneous polynomial of degree 2n,
@ Pl <z + |yl anad | Ry, 9 | <z + 1yl ifx
+ yz > 7 for some 7,
@) [R@ plzlzl"+]yl"irz"+y" > 7
For f € C, (R), define

2

o P(x, »
1@ = [ 1 R 9 0.

Then, T extends to be an opevator bounded on L’(R), 1< p < oo,

Proof. By a straightforward computation, we have

Pz, y) _ Pz, y)
1+ilz— R,y 1+ilx—ywR,(x,y

| P(x, y) — P,(z, o) | | R,(x, pP(x, y) — P,(x, PR (x, ») |
C1+lz-yl IR, YR, Y| L+ 1z = y[[ Rz, )R, ) |

Note that |P(x,y) —P,(x,p ||zl +1yl” |R(x, Y P(x,y) — Pz, R(x,y)|
Slx™ 7+ 1yl™ and |Rx, pR@, » | 2 |zl" +1yl" it |z +1ylis
large. It follows from Proposition 3.1 that

“ P(I) y) Po(xr y)
> —_ - <
.[m 1+ile—yRx,y 1+ilx—yR(x,y | /) | dy < Mf(@).
Hence we may assume P(z, y) and R(x, y) are homogeneous polynomials of de-
gree 2n. Note that

. P(x, y) _ P,y ny @ —yRx, Pz, y
I+iz—9R@E, ) |4 (p— DRz, y)° 1+ @ — 'R, p?

The operator defined by the first kernel on the right hand side is proved to be
bounded on L’ (R) in Proposition 3.1. Let

* (x—y R, yPlx, y)
= 14 (z— 9)’R(z, y)°

T.f(x) = fpdy.

We compare T with the operator W defined in Corollary 3.4 with the same P and
R. Let T,f(x) = T,f(x) — Wf(x). Then

T,f(x) = fm P, v)
- (z— R, A+ (x — y)’Rx, v)°

fypdy.
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With @ = P(x, x)/R(x, x), define

T.f(x) = T,f(x) — aX f(x)
where # is the Hilbert transform. Then
1 ( P(x, y) _ )
Rz, A+ (x— »’R(z, 9)?

E(z, y) . (x— R,y
Rz, 1+ (x— 'Rz, »)? 1+ (@ — 9°R*x, v
where E(z,y) = (P(x, y) — aR(x, y))/(x — y) is a polynomial of degree 2n — 1.

Hence, by Proposition 3.3, it suffices to show L’ -boundedness of the operator T,
defined by

> (x— Rz, v
T.f(x) = Vdy.
S *[w 1+ (x— 'Rz, » fway

Let (x) =] z|™ if |z] = 1 and @(x) =1 if | 2] < 1. By similar estimates as

above and Proposition 3.1, we obtain

‘TJ(x)—f Mdy‘SMf(Jc).

lz-yl =o@ £ — Y

Note that

et Z5ol =l [ 250

Since the right hand side is bounded on L (cf. p. 42, [S]), the proof is completed.

E>0

CorOLLARY 5.2. If A is an even polynomial, then the Cauchy transform €, is
bounded on L’ (R), 1 < p < oo,

Proof. 1t follows from Theorem 5.1 and Lemma 2.1.
We now deal with the case when A is a polynomial of even degree.

THEOREM 5.3. Let A be a polynomial of even degree. Then, the operator T, is
bounded on L’(R), 1 < p < oo,

Proof. Let A(x) = f"zz a x and let 7 be the number given in Lemma 2.2. It
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suffices to prove

=,

In fact, the rest cases can be treated by the Holder inequality since | Q(x, o) | =
|z P + |y |”"*" if either 2| <7 and |y|> 27 or 2] > 27 and |y| <7 In
order to estimate I, we make changes of variables y = a(s) and x = a(t) defined

P(x, »
“/[‘ybr—lj_‘%()—(-g),—y)f(y)dy dz < || 1.

in Lemma 2.2. Then, since a’(s) = 1, we have

ISIZ

where F(s) = f(a(s))a’(s)x while x is the characteristic function on {| a(s) | >
7}. Let B(t) = A(a(®). Then, B(#) is an even polynomial and

> Plab), als)) ’
1T 0D, al) F@ds|d,

B(#) — B(s)

Qa®), () = 5 =l

Since a(f) = t+ 0OQ), we have

Pla(), als)) = P,(t, s) + E(t, s)

where P,(¢, s) is a homogeneous polynomial of degree 2z and E(¢, s) = O(| ¢~
+ s |2n_1) if | ¢] + | s/ is large. Since

B(t) — B(s)

2D =als) =lt+s| (" +1s™)

| Qa®), al(s) | =

for | t| 4 | s| large, it is already proved in Proposition 3.1 that the operator de-
fined by the kernel E(¢, s)/[1 + iQ(a(f), a(s))] is bounded on L’. For conveni-

ence, put
B Po(t, S) _ Po(t, 3)
kolt, 9 = T 700, an 24 k9= 14 BO = BW”
t—s

Then, k(¢, s) defines an operator bounded on r’ by Theorem 4.1. A straightfor-
ward computation gives

B — B(s)
t—s

[1 + iQ(a(d), a(s))] [1 + "E@t‘:f—(”]

iPy(t, 5)Qa(®, als))

ko(t, ) — k(t, s) =
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where a(f) = t+ B(H as defined in Lemma 2.1. It then follows from Corollary
2.3 that

Qe+ s+ s e+ sl e
L4 e+ sPAeP + s P2

et s Qe+ s

Tt sPA s

| ko(t, s) — k(t, s) | <

Hence, | k,(t, s) — k(t, s) | defines an operator bounded on L’ by Proposition 3.1.
This completes the proof.

Finally, we have the main theorem of this paper.

THEOREM. If A 1is a polynomial, then the Cauchy tramsform on the curve y =
A() is bounded on L'(R), 1 < p < oo,
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