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CAUCHY TRANSFORMS ON POLYNOMIAL CURVES

AND RELATED OPERATORS

HYEONBAE KANG AND JIN KEUN SEO

1. Introduction and statement of results

Let Γ be a curve in R defined by y = A(x). The Cauchy transform (6A on Γ

is defined by the kernel

\ 1 + iA(y)
y) (χ-y) + i{A(x)-A(y))

When A is a Lipschitz function, the L boundedness of %A is well understood and

several proofs of it have been produced (cf. [C, CJS, CMM, DJ, M]). If A is a

C -smooth function, then the local L boundedness of ̂ A is also well understood

(cf. [FJR]). However, if A is a smooth, not necessarily Lipschitz function, the ques-

tion of global L boundedness of ί?A has not been settled. In [KS], we observe that
(6A is not, in general, bounded on L if A is a smooth non-Lipschitz function, and

prove that *@ A is bounded on I if A is either a polynomial of odd degree or an

even polynomial. The purpose of this paper is to give a new proof of it and to ex-

tend the result to arbitrary polynomials.

THEOREM. If A is a polynomial, then the Cauchy transform on the curve y —

A(x) is bounded on LP(R), 1 < p < °o.

In [KS], we used a continuously varying cut-off function to separate the sing-

ularities of K{x, y) at x — y and at x — — y and the Tl-theorem of David and

Journe. In this paper, instead of using a cut-off function, we use a direct decom-

position of the Cauchy kernel. If A is a polynomial, then the Cauchy kernel

K(x, y) can be decomposed as
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x _ 1 + iA(y) 1 , . Pti, y)
(x _ ^ + i(A{x) _ M y ) ) - x _ y ^ ι ι + iQ{x> y)

where

, y)n< ^ Λ ( j ) A(y) . D r >(1.2) Q(x, y) = — — and P(x, y) = .
x y <λ, y

Moreover, if A is an even polynomial, one can easily see that Q(x, y) =

(x + y)R(x, z/) for some polynomial R. Define an operator TA by

Then, ^A — ίt + iTA where it is the Hubert transform. We prove that TA is

bounded on LP(R), l < ^ < ° ° . I f ^ 4 i s a polynomial of odd degree, it is easy to

prove the L boundedness of TA since Q(x, y) does not have any zero when x +

y is large. If A is an even polynomial, then we compare TA with a linear combina-

tion of the Hubert transform and various operators defined in Section 3. We show

that these operators are bounded on LP(R) and that the difference of TA and a

linear combination of the Hubert transform and these operators can be estimated

by the Hardy Littlewood maximal operator which is well known to be bounded on

L (cf. [S]). If A is a polynomial of even degree, then there exists a change of vari-

ables a(x) defined for large x such that A(a(x)) becomes an even polynomial. By

carefully studying the behavior of a(x) for large x, we are able to reduce matters

to the case of even polynomials.

We organize this paper as follows; in Section 2, we prove some properties of

Q(x, y) which will be used in later sections. In Section 3, we introduce some re-

lated operators and prove that they are bounded on LP(R). In Section 4, we prove

that TA is bounded on L (R) if A is a polynomial of odd degree. In the final sec-

tion, we prove that TA is bounded on L (R) if A is a polynomial of even degree.

We use a standard notation of A £ B to imply that A < CB for some con-

stant C. A~ B means that both A ^ B and A > B hold.

2. Preliminary on polynomials

Let A be a polynomial and let

Λ A{x) -A(y)
) = x - y
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In this section, we collect some properties of Q which will be used in later sec-

tions.

LEMMA 2.1.

(1) If άegA — 2n + 1, then there exists a positive constant r such that

I Q(x, y) \^x2n + y2n

•r 2 1 2 \

if x -r y > r.

(2) If A is an even polynomial and άegA = 2n + 2, then there exist a positive

constant r and a polynomial R(x, y) such that

and

./• 2 , 2 v.

if x + y > r.

Q(x,y) = (z + y)R(x, y)

R(x, y) \> x + y

Proof For (1), note that

2n+l 2n+l o

£ ZΛ - y -*.-y

> ~2 (x + y ).

Leti4(x) = Σ ' Z o 1 ^ (β 2 w + 1 ^ 0). Then

A(x) - A(y)

x - y

2 2

if x + y is large.

2n i 2n

+ y+ / " ) - Σ.j\a)\{\x\' + \y\>)
; = 1

\ 2w i 2w

<: x Λ- y

For (2), we note that

I 2; 2; I I ι i l l 2/-2 . 2;-4 2 . , 2 2;-4 _, 2.

| x — y \"= \x — y\ x Λ-y\\x -r x y -r + x y -\- y

Let 0). Then
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I Λ ( \ Λ / \ I ^ I II 2w+2 , 2«+2 I \ p I I I 2; 2; I

I A(x) - A(y) I > I a 2 n + 1 \\x + y \- Σ \ a j \ \ x - y \
) = l

>\χ- y\\x + y\[\a2n+2\{\x\2n + \yΓ) - C{\x\2n~2 + \y\2n-ί + 1)]

\ I II I I /I \2n i I I 2 w \

^ | χ - z / I U + z / | ( | x | + | z / | )

for some constants C as long as x + y is large. This completes the proof.

The next lemma and corollary show that a polynomial of even degree is essen-

tially the same as an even polynomial for our purpose.

LEMMA 2.2. Let A be a polynomial of even degree. Then, there exist r > 0 and a

smooth change of variable a(x) on \ x \ > r such that

(1) A(a(x)) is an even polynomial,

(2) a(x) = x 4- β(x) where β(x) = 0(1) and β'(x) = 0(1 /x) as x-* oo.

Proof. Let A(x) — Σ ; = o cijX and assume that a2n — 1 without loss of gener-

ality. Choose r > 0 so that A is monotone if | x \ > r and define a on | x | > r by

(2.1) g

Since Λ(x) « x w and Af(x) ~ x n if | x | > r by increasing r if necessary, one

can easily see that a(x) ~ x and α'(x) ^ 1. From (2.1), we have

a(x)2n + 2Σ apipc)' = χ2n + S a2jχ
2i.

It then follows that

p 2j
j=0 ;=0

a(x) — x + 0(x )

and

2na(x)2n~ιar(x) = 2nx2n'1 + O(x2n'2).

It follows immediately from these relations that

a(x) = x + 0(1) and α'Or) = 1 + θ ( ^ ) as

This completes the proof.
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COROLLARY 2.3. Let β and r be as above. Then,

β(χ) ~β(y)
x- y

1
χ\

if x + y > r.

Proof. If xy < 0, then there is nothing to prove. Suppose that xy > 0 and

that y > x > 0 without loss of generality. If y > 2x, then since β(x) = 0(1) as x

—» °°, we have

-/3(z/)

# — y

lί x < y < 2x, then since /3'Cr) = 0(1 /x) as x—» °°, we have

β(χ) - β(y)

# ~ y

for some x < ξ < z/. This completes the proof.

lχ| + lιH

3. Related operators

In this section we introduce some related operators and show that they are

bounded on L (R) by comparing them with the Hardy Littlewood maximal oper-

ator and the Hubert transform. Throughout this paper M denotes the Hardy Little-

wood maximal operator.

PROPOSITION 3.1. Let P(x, y) and R(x, y) be smooth functions such that there

exists a positive constant r so that

\P(x,y)\£ x\ + y\ and\R{x,y)\^.\x\ +\y\ if x + y > r.

Suppose that 0 < a and 0 < β — a < γ. For f ^ C 0 " (R), define

\χ— y\" \P(x, y) I
(3.1) Ufix) = £ —

Ifγ > 1 + l/«, then

(3.2)

χ-yf\R(x,y)\r

Ufix) I ̂  Mfix)

f(y) I dy.

for every x.
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Proof. For simplicity, we assume that r = 1. Write

Uf(x) = f + f : = I + Π.
J\χ-v\<.i J\χ-v\>i

Since 0 < β — a and γ ̂  1 + 1 /w, we have

U - 2/1 ( U l + \y\)

oo Γ O»Vi _L τ \ \ n

_μ yi / ^ yl ~r X \) I . . i

< (l + Σ 2

( 1 + n- / ϊ + α- r > l ) i(l + I χ\γ+n-^-m\ Mf{χ)

We now deal with I. If | z | 5ί 1, then it is obvious that 111 ̂  Mf(x). Suppose

that U | ^ 1. Then

r \n9-(a+l)j

<Σ * l

 βjι ]γnMf(x).
1 + 2~*; U I

Pick iV so that 1 < \x \n2~N < 10. Then we obtain

| . _ | * |

We also obtain

N γ O N N
j S — o r — 1

because | JΓ | ( 1~ r ) w < 2" ( r" 1 ) i V and β — a < γ. This completes the proof.

Remark 3.2. The condition on 7 in Proposition 3.1 are sharp in the sense

that if γ < 1 + 1 /n, then (3.2) does not hold.
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PROPOSITION 3.3. Let P(x, y) be a homogeneous polynomial of degree 2n — 1.

Let

P(x, y)(3.3) Vf(x) = Γ 2n 2}x + y

forf G C"(R). Then, V extends to be an operator bounded on if (R), 1 < p < °°.

Proof L e t / e C0°°(R). Let

x + y

We will show that

I VJ(x) I <Mf(x).

Assume x Φ 0.

+ Σ Γ . 2B 2
.7 = 1 J2'-ι\x\<\x-y\<2'\x\ χάn -f 2/Zn

2""^ Γ χ- 2 κ | /(») I rf» + Σ Γ (2^)- 2" I f(y)

+ Σ 2J(1~2n)) Mf(x) < Mf(x).

Hence Vx extends to be an operator bounded on L (R), 1 < p < °°.
o I TΊ/ \ I ^ I | 2 n - l i I |2«-1 ,

Since I r(x, y) | S | x | + 1 ^ 1 , we h a v e

where Fx is the adjoint of Vv Hence Proposition 3.3 follows from

Z/-boundedness of Vλ and V*. This completes the proof.

COROLLARY 3.4. Let P(x, y) and R(x, y) be homogeneous polynomials of degree

2n. Assume that

\ I v 2W 1 2«

y y) I < x + y .

C0°°(R),
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Then, W extends to be an operator bounded on L (R), 1 < p < °°.

Proof. Let a = P(x, x)/R(x, x). Then, we have

P(x9 y) a = P(x, y) - aR(x, y) 1
(x — y)R(x, y) x — y x — y R(x,y)'

Note that (P(x, y) ~ aR(x, y))/{χ — y) is a homogeneous polynomial of degree

2n — 1. Hence Corollary 3.4 follows from the L -boi

transform and Proposition 3.3. This completes the proof.

2n — 1. Hence Corollary 3.4 follows from the L -boundedness of the Hubert

4. Cauchy transform I

Recall that TA is the operator defined by the kernel

P(x, y)
1 + iQ(x, y)

where

(4.1) Q{x, y) = ^ ^ and P{x, y) = j ^

and that

<gA = % + iTA

where ίί is the Hubert transform. We now prove that the operator TA is bounded

on LP(R). We first deal with the case when degA is odd in this section.

THEOREM 4.1. Let P{x, y) and Q(x, y) be polynomials of degree 2n — 1 and

2n, respectively. Assume that there exists a constant r such that

I Q(x, y) I ̂  x + y

ifx2 + y2 > r. Forf e C0°°(R), define

Tf(x) = L l + ιQ{x, y) f{y)dy'

Then, T extends to be an operator bounded on L (R), 1 < p < °°.

Proof. Let q be the conjugate of p, and let
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iQ(χ, y)'

Then

f I Tf(x) \pdx < f I Tf(x) \pdx + f I Tf(x) \pdx := I + II.

If I x I < r, then
oo (2n-l)q

j I /c(x, z/) |Vz/ < 1 + I — dy < C.

It then follows from the Holder inequality that

Ίx\<r ^ ' * P ~ P'

For II, observe that if | x \ > r, then

\2n-l _|_ i .. (2/2—1oo I \ 2 n l I I \ 2 n - l

Tf(x)\<J ]Xl ' I ' \f(y)\dy.
J— x +yx +y

Hence, it follows from the proof of Proposition 3.3 that

f
J\x\
f |

\x\>r

This completes the proof.

COROLLARY 4.2. If A is a polynomial of odd degree, then the Cauchy transform

<βA is bounded on U'(R), 1 < p < oo.

Proof It follows from Theorem 4.1 and Lemma 2.1.

5. Cauchy transform II

In this section we prove that if A is a polynomial of even degree, then the

operator TA is bounded on ZΛ We first deal with the case when A is an even

polynomial.

THEOREM 5.1. Suppose that P(x, y) = P0(x, y) + Px{x9 y) and R(x, y) =

RQ(x, y) + Rγ{x, y) satisfy the following
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(1) P0(x, y) and R0(x, y) are homogeneous polynomial of degree 2n,

(2)\Pι(x,y)\<>\x\ +\y\ and \ Rx(x, y) \ <> \x\ + \y\
I 2 \ r

-T y > r for some r,

(3) \R(x, y) I ; > U Γ + | ί / Γ ifx2 + y2>r.
Cζ(R), define

.. 2

if x

, T extends to be an operator bounded on L (R), 1 < p < °°.

Proof. By a straightforward computation, we have

P(χ, y) Pϋ(χ, y)
i(x — y)R(x, y) 1-1- i(x — y)R0(x, y)

I P(x, y) -P0(x, y)\ I RQ(x, y)P(x, y) - P0(x, y)R(x, y)

χ-y\2\R0(x,y)R(x, y) χ-y\\R0(x, y)R(x,y)

Note that \P(x, y) -P0(x, y) \ < \xf" + \yf, \R0{x, y)P{x, y) -P0(x, y)R(x, y) |

^ l ^l + I y I , and \ R0{x, y)R(xf y) \ > \ x\ -r\y\ if | x | + | ^ | i s

large. It follows from Proposition 3.1 that

P(χ, y) <,(χ, y)

i(x - y)R(x, y) t"Cr - y)R0(x, y) \f(y)

Hence we may assume P(x, y) and R(x, y) are homogeneous polynomials of de-

gree 2n. Note that

P(x, y) P(x, y)
i(χ-y)R(x,y)

• + i
. (x — y)R(x, y)P(x, y)

(x - t y)
2 *

The operator defined by the first kernel on the right hand side is proved to be

bounded on LP(R) in Proposition 3.1. Let

(x — y)R(xy y)P(xy y)

We compare 7\ with the operator W defined in Corollary 3.4 with the same P and

R. Let TJ{x) = TJ{x) - Wf(x). Then

TJix) = Γ
P(x, y)

(x - y)R(x, y)(l + (x - yΫR{x, yΫ)
f(y)dy.
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With a = P{x, x)/R(x, x), define

TJ{x) = TJ{x) - atffix)

where ίt is the Hubert transform. Then

1 / P(x, y)

,y){\ + {χ-y)2R{x1y)2)

E(x, y) (χ-y)R2(x,y)
— aR(x, y) (1 + (x - yYRix, yY) 1 + (x - yVRΔ(x, y)

where E(x, y) = (P(x, y) — aR(x, y))/(χ— y) is a polynomial of degree 2n — 1.

Hence, by Proposition 3.3, it suffices to show L -boundedness of the operator T4

defined by

T / ^ Γ (χ~y)R2(χ,y) r / X JTJ{x) = I — f(y)dy.
J-l + (χ-y)2R\x,y)

Let φ(x) = I x\~2n if | x\ > 1 and <pCr) = 1 if | x\ < 1. By similar estimates as

above and Proposition 3.1, we obtain

\x-

Note that

\χ-y\>φ(x)χ y

Since the right hand side is bounded on L (cf. p. 42, [S]), the proof is completed.

COROLLARY 5.2. If A is an even polynomial, then the Cauchy transform ^A is

bounded on LP(R), 1 < p < °o.

Proof. It follows from Theorem 5.1 and Lemma 2.1.

We now deal with the case when A is a polynomial of even degree.

THEOREM 5.3. Let A be a polynomial of even degree. Then, the operator TA is

bounded on LP(R), 1 < p < o°.

Proof. Let A(x) — Σ y = 0

 ajx a n ^ let r be the number given in Lemma 2.2. It
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suffices to prove

I : = / 1/ l
J\x\>r I J\y\>r J-

In fact, the rest cases can be treated by the Holder inequality since | Q(x, y) | ~

I x\2n+1 + I y \2n+1 if either \x\ < r and | y \> 2r, or | x \ > 2r and | y \ < r. In

order to estimate I, we make changes of variables y = a(s) and x = ait) defined

in Lemma 2.2. Then, since a'is) ~ 1, we have

Piaf),ais)) r,,_^_p

dt

^ J_J J_. 1 + iQ(a(t), a(s)) F(s)ds
iQiait), ais))

where Fis) = fiais))a'is)χ while χ is the characteristic function on {| ais) \ >

r}. Let Bit) = Aiait)). Then, Bit) is an even polynomial and

B(t) - Bis)

Since ait) = t + 0(1), we have

Piait),ais)) =P«it,s) + Eit, s)

where P0(t, s) is a homogeneous polynomial of degree 2n and E(t, s) = 0( | t\ n

+ I 5 I n~ ) if \t I + I 5 I is large. Since

Q(a(t), a(s)) I =
ait) - ais)

+ s (Ul + I s )

for I / | + I 5 I large, it is already proved in Proposition 3.1 that the operator de-

fined by the kernel E(t, s)/[ l + iQ(a(t), a(s))] is bounded on LP. For conveni-

ence, put

h ( . v _ P0(t, s) _ P0(t, s)
Λotf,

 s) ~ i + /Q(α(ί) α(s)) a n d Λ U ' 5(ί) - Bis) '
l + ι t - s

Then, k(t, s) defines an operator bounded on LP by Theorem 4.1. A straightfor-

ward computation gives

iP.it, s)Qiait), ais)) β(t) I β

g

($)

koit, S) — kit, S) = ĵ  R(Λ _ β(s) i

[l + , ρ ( α ω , α ω ) ] [ I + r t_s \
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where a(f) — t + β(t) as defined in Lemma 2.1. It then follows from Corollary

2.3 that

A0(ί, s) - kit, s) I ̂  1 + , + ,2 ( | ,2K + | ,2B)2

I , , \ (\ f I 4**" 1 J_ |4n-l\

-i i | , ι | 2 / | , | 2 « i I | 2 w \ 2 '
1 + I ί + 5 I (I ί I + I S I )

Hence, | ko(t, s) — k(t, s) | defines an operator bounded on L by Proposition 3.1.

This completes the proof.

Finally, we have the main theorem of this paper.

THEOREM. If A is a polynomial, then the Cauchy transform on the curve y =

A(x) is bounded on LP(R), 1 < p < oo.
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