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A BOUND FOR THE DEGREE OF H2{G, Zv) 

SNEH SHARMA 

1. Introduction. Let G be a group and N a trivial G-module. We say an 
element £ 6 H2 (G, N) is of degree ^ w if a 2-cocycle representative of £ is a 
polynomial 2-cocycle of degree ^ w [1], Let PnH

2(G, N) denote the subgroup 
of H2(G, N) consisting of elements with degree ^ n. Then we have a nitration 

0 = P0H
2 (G, N) ^ PiH2 (G, N) S P2H2 (G,N)£... SPnH

2 (G, AT) S . •. 

of # 2(G, iV). We say that the degree of H2(G, N) is ^ n if PnH
2(G, N) = 

H2(G, N). Passi and Stammbach [5] have studied this filtration for the case 
when the coefficients are in T, the additive group of rationals mod 1. We are 
interested in the filtration of H2(G,ZP), where Zp is the additive group of 
integers mod p and is regarded as a trivial G-module. Our main result is 

deg H2{G, Zv) S ^(M-class of G) - 1, 

i.e., Ppn-iH
2(G, Zp) = H2(G, Zp) where n = M-class of G. (See section 2 for 

the definition of Jkf-class.) As a consequence we deduce that if w is a group 
and TV is a normal subgroup of ir which is an elementary abelian p-group and 
is contained in the centre of w and T/N is of M -class n, then 

i v n (1 + Az/
n+i 00 + AZPM ^zP{N)) = h 

where Zp denotes the field of p elements and AZp(G) denotes the augmentation 
ideal of the group algebra ZP(G). 

Finally we give an example which shows that £(AT-class of G) — 1 is the 
best possible bound for the degree of H2(G, Zp). 

Acknowledgement. The author is very grateful to Dr. I. B. S. Passi for his 
encouragement and advice during the preparation of this paper. 

2. Notations and preliminaries. For a group G, M^G) denotes the it\\ 
term in its Brauer-Jennings-Zassenhaus series which is defined inductively as 
follows: 

Jfi(G) = G, Mt(G) = [G, iWVi(G)] Mim{G)* for i ^ 2 

where (i/p) is the least integer ^ i/p and [G, Mi-i(G)] denotes the subgroup 
generated by all commutators 

[x,y] = x~ly~lxy, x € G,y £ Mt-i(G). 
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G is said to be of M-class n if Mn(G) ^ 1, Mn+1(G) = 1. If k is a field of 
characteristic £ > 0 and Ak(G) is the augmentation ideal of the group algebra 
k(G), then it is shown (see for example [2] or [7]) that 

Mt(G) = {geG\g-ie A/(G)}. 

Arguing as in [3, Theorem 2.1] we can prove the following: 

PROPOSITION 1. Let TT be a group of M-class n + 1. Let a : Mn+i{it) —> Zp 

be a homomorphism. Then a is extendable to a Zp-polynomial map <j> : T —> ZP of 
degree ^ n + 1 if and only if the central extension induced by a is of degree S n. 

LEMMA [8, Proposition 3.9, Chapter II]. Let G be an arbitrary group, N an 
abelian group regarded as a trivial G-module. Let f : G X G —> N be an arbitrary 
2-cocycle. Let 

JVA 7T -» G 

be a central extension of N by G which corresponds to the 2-cocycle f. If H, K 
are subgroups of G such that [0-1(iif), 6~l(K)~\ = 1, then f (h, k) = / (ky h) for 
all h £ H,k G K. 

Analogous to [6, Proposition 4.6] we establish the following: 

PROPOSITION 2. Let G be a group of M-class n. Let £ 6 H2(G, Zp) and 

Zp>^ 7T -» G 

be a central extension corresponding to J. If M-class of TT = M-class of G = nt 

then 

l e Im (inf : H*(G/Mn(G), ZP)-+H*(G, Zp)). 

Proof. G being of ikf-class n, 

1 = Mn+1(G) = [G, Mn(G)] M«n+1)lp)(GY. 

Thus 
(i) Mn(G) S centre of G, and 

(ii) Mn(G) is of exponent p because n > ((n + l)/p) and therefore 
Mn(G) ^ Man+D'p)(G) which is of exponent p. Similarly, Mn(ir) ^ centre of 
7T and Mn(ir) is of exponent p. 

Therefore the sequence 

Z,AMn(ir)Z,4>Mn[!G) 

splits and we have a homomorphism 

4> : Mn(G) -> Mn(w) Zp 
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such that (0o <t>)(z) = z for all z Ç M"n(G). We have a central extension 

M n ( G ) ^ > G ^ G / M w ( G ) 

where a is the natural projection. Let \w(h)) be a set of representatives in G 
of elements A € G/Mn(G); then every element of G is uniquely expressible as 
w(A)z where z £ M"W(G) and A G G/Mn(G). Also, Afn(G) being in the centre 
of G, we have w(h)z = zwQi). We choose representatives {<l>(g)}geo in T as 
follows: Choose arbitrarily representative <f>(w(h)) in 7r of the element w(h) 
and set 0(g) = <l>(z)<t>(w(h)), where g = w(A)s, A € G/Mn(G) and z G Af»(G). 
Let / : G X G —> Zv be the 2-cocycle corresponding to the above choice of 
representatives in T of elements g Ç G. Then 

(2.1) / (Zll s2) = 0 for all zu z2 6 ikf„(G) 

(2.2) / (2, wQi)) = 0 for all z G M»(G), A G G/MH(G). 

(2.1) and (2.2) imply that 

/ (w(Ai)zi, w(h2)z2) = f (w(Ai), w(A2)) + / (w(Ai), z2), 

Aif A2 G G/MH(G) and slf s2 6 M„(G). 
In particular, 

/ ( z , g ) = 0 for all * 6 Mn(G), g G G. 

B u t / (s, g) = / (g, 2) for all z G MW(G), g £ G (by the Lemma). Therefore 

(2.3) f(g,z)=0=f(z,g) for all z 6 Mn(G), g £ G. 

It follows that 

(2.4) / (w(Ai) si, w(A2) *2) = / (w(Ai), w(A2)). 

Define/ : G/Mn(G) X G/Mn(G) -> Zp by 

/(A l fA2) =/(w(A1)>w(A2)) . 

/ is clearly a 2-cocycle and it defines an element rj, say, of H2(G/Mn(G), Zp) 
whose image under the inflation is £. This completes the proof of the proposition. 

3. Main result. 

THEOREM. Let G be any group of M-class n. Then 

deg H2(G, Zp) S pn - 1 = p(M-class of G) - 1. 

Proof. We proceed by induction on the ikf-class of G. Let G be a group of 
ikf-class 1. Then 

1 = M2(G) = [G, G] M{Vp)(GY = [G, G] M^G)* = [G, G] G\ 
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[G, G] Gp = 1 implies t ha t G is an elementary abel ian^-group. Let £ G H2(G,ZP) 
and 

(3.1) Z ^ T T - I G 

be the central extension corresponding to £. Now 

0(M2(ir)) = M2(G) = 1, 

i.e., -M2(7T) ^ Z p which is cyclic of order £, so either M 2 (x) = l o r i f 2 ( 7 r ) = ZP. 
Case (i) ikf2(7r) = 1: Then ir is also an elementary abelian ^-group and 

hence the sequence (3.1) splits. Consequently deg £ = 0. 
Case (ii). M^ir) = Z p : In this case the if-series of TT becomes 

7T = M i Or) ^ M2(ir) = Z p ^ ikT3(7r) 

^ M 4 ( T ) è . . . è ^ ( T T ) ^ikrp+i(7r) = 1. 

Therefore M -class of 7r is ^ £. Suppose ikf-class of TT = cf 1 < c g />, i.e., 
M"C(TT) = Z,,, M C + I ( T T ) = 1. We embed Mc(ir) into Z p (7r ) /A z /+ 1 ( 7 r ) . Therefore 
the homomorphism i : Mc(ir) -* Zp is extendable to a homomorphism 0 : 
ZP(TT)/AZP

C+1(TT) -* ZP- T n e n </> : 7T - ^ Z„ given by 

*(*) = 0((* - 1) + AzP
c+1M) 

is a polynomial map of degree ^ c and 4>\Mc(ir) = *̂ and we have a commuta
t ive diagram: 

Me(ir)> > 7T » G 
i / i i I I ' I I I ' I I II 

/ 11 
/ 11 

1 \ ' 
,'* 

i ± ' II II 
Zp> > * » G 

T h e lower row of this diagram is the central extension induced by the embed
ding i and therefore by Proposition 1, it is of degree ^ c - 1 ^ - 1. 
Hence deg H2(G,ZP) S c — 1 ^ p — 1. T h u s we have shown t h a t deg 
H2(G, Zp) S P — 1 if G is a group of ikf-class 1. 

Suppose now t h a t the result is t rue for the groups of M-class < n. Let G 
be a group of Af-class n. Then 

1 = Mn+1(G) = [G, Mn(G)] Mi{n+Wp)(py. 

This implies t h a t Mn(G) ^ centre of G and Mt(G) is of exponent p where i 
is the least integer ^ (n + l ) / £ . Let ? Ç # 2 ( G , Z„) and 

Zp >-» 7T -*» G 
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be the corresponding central extension. Now 

d(Mn+1M) = Mn+1(G) = 1, 

i.e., Mn+i(ir) ^ ZP. Therefore, either Mn+i(ir) = 1 or Mn+i(ir) = Zp. 
Case (i)* Mn+i(ir) = 1: In this case, ikf-class of w = n = ilf-class of G. 

Therefore, by Proposition 2, £ G Im (inf: H2(G/Mn(G), Zp) -+ H2(G, Zp)). 
Since Af-class of G/Mn(G) — n — 1 [2, Theorems 4.1 and 5.5], induction 
gives deg H2(G/Mn(G), Zp) S pin — 1) - 1. It is not hard to see that if 
deg H2(G/N, Zp) ^ k, where N is a normal subgroup of G, then 

deg (Im (inf : H2(G/N, ZP)-*H2(G, Zp))) ^ k. 

Hence deg £ ^ p(n — 1) — 1 < pn — 1. 
Case (ii)* ikfw+i(7r) = Zp: ikf-series of w in this case is as follows: 

7T = J l f i W ^ M2(7T) ^ . . . ^ Mw+1(7r) = Z„ ^ ilfn+2(ir) 

è Afn+8(ir) ^ . . . ^ ^ ( T T ) è Mpn+1(ir) = 1 
for 

Afp»+iW = l>i -WiwW] ^ « ^ « / J O M * = M{n+llp){irY = Mn+1(wy = 1. 

Therefore M -class of 7r ^ £?z. Suppose that Af-class of IT is c*, n < c* ^ £?z, 
i.e., Jkfc*(?r) = Zp, Mc*+i(ir) = 1. Now proceeding analogously as in case (ii) 
above, we get 

deg H2(G, Zp) ^ c* - 1 S pn - 1. 

This completes the induction. Hence deg H2(G, Zp) ^ p (if-class of G) — 1. 

COROLLARY. Let T be a group and N be a normal subgroup of 7r, which is 
elementary abelian p-group and is contained in the centre of IT. Let w/N be of 
M-class n. Then 

iVH (1 + AZp
pn+1M + A z » AZp(N)) = 1. 

Proof. Let G = w/N. Consider the central extension 

N >-> ir - » G. 

Let 1 7e- x 6 N. Then there exists a homomorphism a: N —> Zp such that 
a(x) 9e 0. Let Zp >-> 7T -» G be the central extension induced by a. Then we 
have the following commutative diagram: 

N> »? r » G 

«I II 
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Now the induced central extension is of degree ^ pn — 1 as deg H2(G, Zp) ^ 
pn — 1. Hence by (the mod ^-version of [4, Theorem 2.1]), a can be extended 
to a map <t> : T —> Zp whose linear extension to Zp{ir) vanishes on AZp

pn+1(ir) + 
AZp(ir) AZp(N). Therefore a(x) = #(x) = 0, a contradiction. Hence 

JVH (1 + Azr
+1(*) + AZP(TT) AZp(iV)) = 1. 

Remark, "pn — 1" is the best possible bound for the "deg H2(G, Zp)" where 
G is of .M-class n. For example, take G = Zp. Then ikf-class of G is 1 and it is 
easily seen that deg H2(G, Zp) is exactly p — 1. 
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