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* • P a r t i a l ordering of the r - compos i t ions of n. 

Given an integer n, we define an r -compos i t ion of n as fol
lows : 

An r -compos i t ion of n, (t^, . . . , t r ) , is a se t of t£ where 
t̂  ^ 1 is an integer for i = 1, . . . , r such that 

t i + . . . + t r • n. 

If r i s an integer such that 1 £ r ^ n, we have , obviously , 

«distinct r - compos i t ions of n. £-.!)< 
We shal l say that an r - compos i t i on of n, ( t j , . . . . t r ) , 

"dominates" the r -compos i t ion of n, (t^, . . . , VT), if and only if 

t r 7/ t' 
1 

ti + t2 > t[ + t2 

(A) 

* ! - » - , . . • • » t r H L >/ ^ «+• . . . •+ tTm± 

Evidently 
£.]+.. . . -*tr= t^-4- . . . -*. t^ • n. 

The re lat ion of domination defined by (A) is re f l ex ive , transi t ive 
and a n t i - s y m m e t r i c . It thus represents a partial ordering of 
the r - compos i t i ons of n. 

We shal l now make a transformation on the r -compos i t ions 
of n, suggested by the relat ions (A). After this transformation, 
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we can decide immediately whether any two given r -composi t ions 
of n satisfy the relat ion of domination or not. Given an r - compo
sition of n, (t^, . . . , t r ) , we associa te with it the vector of 
r - e l emen t s (T^, . . . , T r ) obtained as follows: 

T l = t i 

T 2 = tx - t 2 

T r - 1 = t ! ^ . . . + t r _ i 

T r = t]_ -i- . . . + t r • n . 

We notice that the T^ a re integers and 

Q<Tj < T 2 < . . . < T r = n. (B) 

Evidently, given the composition (t]_, . . . , t r ) , we can ob
tain the vector (T^, . . . , T r ) and conversely, given the vector 
( T i , . . » , T r ) , (satisfying, of cou r se , the relat ions (B) ), we 
could obtain the r -composi t ion ( t i , . . . , t r ) . There a r e thus 
(^~w "composi t ion-vectors" (T^, . . . , T r ) and we may, with

out fear of confusion, talk ei ther of the r -composi t ion (t^, . . ., tj) 
or the associated vector (T\, . . . , T r ) . 

If the composition (t^, . . . , t r ) dominates ( t i , . . . , t r ) we 
shall find it convenient to say that the corresponding vector 
(T^, . . . , T r ) dominates the corresponding vector (T^, . . . , T r ) . 
In the event that of two vec to r s , (T 1 ? . . . , T r ) , (T^, . . . , T^.), 
neither is dominated by the other , we shall say that they a r e 
incomparable . 

It can be proved by mathemat ica l induction that the number 
of r -composi t ions of n which a re dominated by a par t i cu la r r -
composition, whose vector is (T^, . . „ , T r ) , is given by D r - 1 in 
the following formula: 

D k =Ck)D k- i"(T k^+ lJD k-2 ^?%->-
.+ ( - l ) k - 1 ( V j J - 1

< ) D 0 , where DQ . 1 . 
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2 . Latt ice formed by the r -compos i t ions of n. 

Given two v e c t o r s , T = (T^, . . . , T r ) , T ! = (T^, . . . , T^) 
corresponding to the r - compos i t ions of n, ( t i , . . • , t r ) , 
( t i , . . . , t^) r e s p e c t i v e l y , let 

Mi = m a x ( T i , T | ) 
for all i = 1, . . . , r 

Ni * min (Ti , T-) 

( M r - N r - n) 

The v e c t o r s ^ 

M = ( M i , . . . , M r ) 

N - ( N i , . . . , NP) 

are e a s i l y s e e n to correspond to r - compos i t i ons of n, and we can 
prove e a s i l y that 

(i) M dominates both T and T ! . 

(ii) If V dominates T and if V dominates T 1 , then V domi
nates M. 

Thus M is the l . u . b . of T and T , and s i m i l a r l y N i s the 
g . l . b . of T and T 1 . 

Let T - ( T l f . . . , T r ) , T* = ( T { , . . . , T^ ) and T" = 
( T , , . . . , T r ) be the c o m p o s i t i o n - v e c t o r s corresponding to any' 
three r - c o m p o s i t i o n s of n. Uti l i s ing the standard notation of 
la t t ice theory, we can e a s i l y prove that 

( T V T1) A T" « ( T r\ T") U ( T1 f\ T n ) ; 

for , this i s equivalent to proving that, for all i • 1, . . . , r, 
m i n £ m a x ( T i , T[) , T [ ! ] - m a x [ m i n (T i , T"), m i n (T[ , TJ')] 
which i s es tabl i shed by cons ider ing al l p o s s i b l e re lat ions between 
T i , T i , T [ ' such a s : 

T t < T[ < Tfî 
Ti a T[ < T'i 

Ti < TÎ = T'i e t c . 

We s e e that: 
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THEOREM 1. The r -composi t ions of an integer n form a 
distr ibutive la t t ice . (1.4 r 4 n) 

3 . An an t i - i somorphism and an application. 

Let T = ( T j , . . . , T r ) be the vector corresponding to an 
r-composi t ion of n. Deleting the integers T\, . . . , T r „ i from 
the set of positive integers ( 1 , . . . , n) in their natural o rde r , 
we have a set of (n-r-*-l) integers which corresponds to the 
(n-r-*-l) - composition vector T1 « (T{, . . . , T a - r + \ = n) . It is 
c lear that, if we s tar t with the (n - r + 1)-composition vector 
T ! = (T\ , . . . » Tn_ r .t. i» n) and follow the above p rocedure , we 
a r r i v e a t ' the r -composi t ion vector T a ( T j , . . . , T r ) . 

We have thus defined a one-to-one correspondence between 
the r -composi t ions and the (n-r-»-l)-compositions of n. 

Let us consider the vectors T( *) = ( T ^ 1 ) , . . . r T j f 1 ) ) and 
Tt2> - (Ti(2J r . . , , Tr(2)) associated with two distinct r - compo
sitions of n, and the corresponding (n-r-i-1)-composition vectors 
T t D ' - C T i W . . . . . T u ( . 1 ^ 1 ) a n d T ( 2 ) « - ( T ^ ) ,

1 . . . . T ^ r ' + 1 } . 
It is obvious that T ' ^ ) dominates , is dominated by or is incom
parable with 

T(i)> 
according as T(l) dominates , is dominated by 

or is incomparable with Tv^), and hence: 
THEOREM 2. The one-to-one correspondence between 

the r -composi t ions of n and the (n-r-t- I)-composit ions of n is an 
anti- i somorphism. 

Let a(n) and b(n) be the set of all compositions of n with 
elements 4 2 and ^ 2 respect ively . 

If an r -composi t ion of n involves the in tegers 1 and 2 only, 
the elements of the associated vec tor , (T^, . . . , T r ) , will be 
such that 

Ti - T i . i - 1 or 2, for i - 2, . . . , r , 

and T i . - 1 or 2. 

Obviously, the elements of the corresponding (n - r+ l ) - compos i 
tion vector , (T\ , . . . , T ^ ^ n will be such that 

Ti - T - . x ^ 2, for i = 2, . . . , ( n - r ) , 

while T ^ r + 1 - T ^ . r » 1 

and Ti ^ 1. 
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To ensure that all elements of our (n - r+ l)-composition 
a re ^ 2, we add one to the first and last e lements , giving us an 
(n-r-*.l)-composition belonging to b(n-4-2). Clearly, start ing with 
an (n- r+ l ) -compos i t ion of b(n-»-2) and applying the above proce
dure in r e v e r s e , we obtain an r-composit ion of a(n). Thus the 
ant i - i somorphism of theorem 2 yields a one-to-one cor respon
dence between the compositions belonging to a(n) and the compo
sitions belonging to b(n-f2). 

A simple procedure for obtaining the composition of 
b(n+2) corresponding to the composition of a(n) is due to 
L . E . Bush. It can easily be seen that his procedure will give 
us the same one-to-one correspondence between the composi
tions belonging to a(n) and the compositions belonging to b(n+2). 
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EDITORIAL NOTE 

The correspondence given by L . E . Bush is in his repor t of 
solutions to problems on the Putnam examination. Such a 
correspondence was given ea r l i e r by K. Bush. 
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