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We consider the two-layer quasi-geostrophic model with linear bottom friction and,
in certain simulations, a planetary vorticity gradient, β. We derive energy budgets in
wavenumber space for eddy available potential energy (EAPE), baroclinic eddy kinetic
energy (EKE) and barotropic EKE, a particular decomposition that has previously been
overlooked. The conversion between EAPE and baroclinic EKE, T̂ W , has a strong
dependence on both bottom drag strength and planetary β. At the deformation scale T̂ W

is always negative, representing the conversion of EAPE to EKE via baroclinic instability.
For strong, linear bottom drag, T̂ W is positive at large scales due to frictional energisation
of the baroclinic mode, providing a large-scale EAPE source. With weak-to-moderate
bottom drag and moderate-to-strong planetary β, T̂ W is the dominant source of EAPE at
large scales, converting baroclinic EKE that has experienced a baroclinic inverse cascade
back into EAPE, and thus closing a novel and exclusively baroclinic energy loop. With
planetary β, zonal jets form and the dominant large-scale processes in the energy cycle of
the system, e.g. barotropic dissipation and the peak of positive T̂ W , occur at the meridional
wavenumber corresponding to the jet spacing, with no zonal wavenumber component, i.e.,
kx = 0. Importantly, the traditional source of large-scale EAPE, barotropic stirring of the
baroclinic mode, is not a part of this kx = 0 energy cycle, and thus plays a secondary
role. The results suggest that consideration of horizontally two-dimensional processes is
requisite to understand the energetics and physics of baroclinic geophysical jets.

Key words: quasi-geostrophic flows, stratified turbulence, jets

1. Introduction
The two-layer quasi-geostrophic (QG) model is a simple model of rotating and stratified
fluids, often used as an idealised representation of the Earth’s oceans (Thompson 2010;

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article,
distributed under the terms of the Creative Commons Attribution licence (https://creativecommons.org/
licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduction, provided the original
article is properly cited. 1023 A2-1

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
82

4 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://orcid.org/0009-0003-4737-5862
mailto:mattlobo@princeton.edu
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jfm.2025.10824&domain=pdf
https://doi.org/10.1017/jfm.2025.10824


M. Lobo

Wang, Jansen & Abernathey 2016) and atmosphere (Larichev & Held 1995; Lee 1997),
and gas giant atmospheres (Williams 1985). QG dynamics assume advective time scales
that are long enough to be affected by planetary rotation, and length scales of the order of
the deformation radius. The deformation radius essentially describes how far a baroclinic
wave propagates before being affected by planetary rotation. A common configuration of
the two-layer QG model in geophysical fluids is doubly periodic, with zonal (east–west)
background flow and a planetary rotation parameter, f , that possibly varies linearly in
the meridional (north–south) direction. Rossby waves form due to background potential
vorticity (PV) gradients and the material conservation of PV (Rossby 1939; Panetta,
Held & Pierrehumbert 1987), analogous to drift waves in a magnetised plasma (Hasegawa,
Maclennan & Kodama 1979; Connaughton, Nazarenko & Quinn 2015). The choice of a
constant background zonal flow is analytically convenient, and allows for the formation of
turbulence that is representative of geophysical flows (e.g. Arbic & Flierl 2004; Thompson
2010). Time-mean zonal jets may form in the presence of meridional PV gradients (Panetta
1993; Thompson & Young 2007), thus providing a background state that compares
favourably with patches in the ocean (Maximenko, Bang & Sasaki 2005; Sokolov &
Rintoul 2007) and gas giant planets (Porco et al. 2003).

With zero prescribed background vorticity, baroclinic instability is the primary
mechanism that supports unstable mode growth (Charney 1947; Eady 1949). The
background interface slopes in the meridional direction due to thermal wind balance with
the background zonal flow. For baroclinic instability to occur, two interacting baroclinic
waves of the same lateral scale mutually reinforce each other. Once these growing
baroclinic waves reach finite amplitude, geostrophic turbulence ensues. The growing
baroclinic waves source energy from the assumed-infinite well of potential energy stored in
the idealised, prescribed background sloping interface. We thus assume that the time scale
required to add background potential energy to the background state from, for example,
wind forcing, is much shorter than the time scale of the extraction of background potential
energy by the perturbation flow. When this thermal damping rate is not much faster than
the extraction of background potential energy, there may be oscillations between turbulent
and quiescent flow regimes (Jougla & Dritschel 2017).

One of the hallmark characteristics of quasi-two-dimensional QG turbulence is an
inverse cascade of kinetic energy, from smaller to larger scales (Salmon 1980). A
particularly well-studied configuration of the two-layer QG model assumes a flat bottom
on an f plane (i.e. no variations of the Coriolis parameter), equal layer thicknesses and
weak linear bottom drag. In this configuration, essentially all of the kinetic energy inverse
cascade occurs in the barotropic mode (Larichev & Held 1995), where the two-layer
QG streamfunction is split into a depth-averaged ‘barotropic’ (BT) mode and a depth-
dependent ‘baroclinic’ (BC) mode. The BC-BT dual cascade is the energy cycle where
eddy available potential energy (EAPE), generated at large scales by BT flows, cascades
forward to the deformation scale as, essentially, a passive tracer. At the deformation
scale, EAPE is converted to BT eddy kinetic energy (EKE) via BC instability and
nonlinear barotropisation, cascaded upscale as BT EKE, and then halted and dissipated
due to a combination of background PV gradients (such as planetary vorticity or bottom
topography) and bottom drag. We call this energy cycle the ‘BC-BT’ dual cascade because
there is a forward cascade of EAPE and an inverse cascade of BT energy.

However, moderate-drag simulations have eddy characteristics that compare most
favourably with the observed ocean (Arbic & Flierl 2004). In moderate-drag simulations
there is a lack of total barotropisation at the deformation scale, and an inverse cascade
of BC EKE also occurs (Scott & Arbic 2007), completing what we call the BC-BC dual
cascade since there is a forward cascade of EAPE and an inverse cascade of BC EKE.
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Once meridional variations of the Coriolis parameter are considered as f = f0 + βy
(the so-called planetary β plane), the inverse cascades are arrested at a scale set by the
planetary vorticity gradient, β, where energy accumulates in the zero zonal wavenumber
(kx = 0) mode as zonal jets (Vallis & Maltrud 1993; Rhines 1994). Zonal jets act as barriers
to meridional eddy fluxes (Panetta 1993; Ferrari & Nikurashin 2010), but enhance other
processes such as the zonal dispersion of passive tracers (Holloway & Kristmannsson
1984; Smith 2005).

Most studies of two-layer QG turbulence use diagnostic energy budgets that are
either decomposed by layer (Pudig & Smith 2025), decomposed by BT and BC modes
(Larichev & Held 1995) or consist of total mechanical energy (Jansen & Held 2014),
with each decomposition best suited for different applications. Lee (2010) considered an
x-space (geographical-space) EAPE budget in the two-layer QG model. Section 9.8 of
Vallis (2017) presents an EAPE to EKE conversion term, but does not pursue use of this
term in model diagnostics. No study has considered either an EAPE budget in k space
(wavenumber space), or separate budgets for EAPE, BC EKE and BT EKE. The k-space
decomposition of EAPE, BC EKE and BT EKE offers a novel perspective on energy
pathways (especially BC) in the two-layer model, as we will show.

We investigate energy cycles in the two-layer QG model as a function of bottom drag
strength and planetary β. Section 2 provides an overview of the governing equations,
energy diagnostics and numerical model. Section 3 presents analysis of simulation output
with rigorous interpretation, providing novel insight into turbulent processes and energy
pathways in the two-layer QG model. A brief summary, caveats and extensions of this
work are discussed in § 4.

2. Methods

2.1. Model equations
The material time derivative of the total QG PV, q tot

k , is balanced by small-scale dissipation
(ssd) in both layers and linear drag in the lower layer

Dk

Dt
q tot

k = −δk 2 (κ ∇2ψk)+ ssd, (2.1)

for k = 1, 2 with k increasing downward, δk 2 the Kronecker delta that is non-zero only for
layer 2, and ψk the layer-wise perturbation streamfunction. The linear drag coefficient, κ ,
has dimensions of inverse time, with linear drag a basic representation of a bottom Ekman
layer (Charney & Eliassen 1949). Small-scale dissipation is accomplished via the default
exponential wavenumber cutoff filter in the numerical model code described in § 2.3 (see,
also, LaCasce 1996). The material derivative advects with the total flow in the k th layer

Dk

Dt
≡ ∂t + (Uk + uk) · ∇, (2.2)

where Uk and uk are the respective background and perturbation horizontal geostrophic
velocity vectors for layer k. In general, uppercase symbols represent prescribed,
background values while lowercase symbols denote perturbations.

The total QG PV is the sum of a prescribed, background component and perturbations
about this background state

q tot
k = Qk + qk . (2.3)

Background QG PV in the two layers is

Q1 = 2 f0 y S/H, and Q2 = −2 f0 y S/H, (2.4)
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where, through thermal wind balance, the prescribed interface slope is

S = f0 U1/gr. (2.5)

The resting thicknesses of the two layers are equal at H/2.
The reduced gravity at the interface is gr = g (ρ2 − ρ1)/ρ0 , where ρ0 is a Boussinesq

reference density, and ρk are the prescribed densities in the two layers. Perturbation QG
PV in the two layers is

q1 = ∇2ψ1 + 2 f0 η/H, and q2 = ∇2ψ2 − 2 f0 η/H, (2.6)

where the horizontal Laplacian is ∇2 = ∂xx + ∂yy , the relative vorticity is ζk = ∇2ψk and
the perturbation to the sloping interface height is

η= f0(ψ2 −ψ1)/gr = −2 f0τ/gr. (2.7)

We consider a modal decomposition throughout, where the depth-independent BT mode
is ψ ≡ (ψ1 +ψ2)/2 and the BC mode is τ ≡ (ψ1 −ψ2)/2.

2.2. Diagnostic energy budgets
We now derive diagnostic energy budgets in k space for respective EAPE, BC EKE and
BT EKE. The layer-wise QG vorticity equations are

∂t∇2ψ1 + U1∂x∇2ψ1 + ∂xψ1β + J
(
ψ1,∇2ψ1

) = − f0 A1, (2.8a)

∂t∇2ψ2 + ∂xψ2β + J
(
ψ2,∇2ψ2

) = − f0 A2, (2.8b)

where we have assumed U2 = 0 and ∂yyU1 = 0, and have split the streamfunction into
background and perturbation components. The Jacobian operator is J(a, b)≡ ∂x a ∂yb −
∂ya ∂x b (representing advection of the second argument when the first argument is a
streamfunction). The ageostrophic divergence terms are

Ak ≡ ∂x uag,k + ∂yvag,k . (2.9)

Since QG theory assumes that vertical velocities are at most O(Ro), with Ro the assumed-
small parameter Rossby number, we expect divergences to be relatively small, but non-
zero. Vertically integrating the upper-layer continuity equation gives

w3/2 = A1 H/2, (2.10)

where w3/2 is the vertical velocity at the 3/2 (i.e. between layers 1 and 2) interface, and
we have assumed a rigid lid and no Ekman dynamics at the surface. Vertical integration
of the lower-layer continuity equation gives

wb −w3/2 = A2 H/2. (2.11)

The vertical velocity evaluated at the bottom is found using an Ekman layer bottom
boundary condition

wb ≡ κH∇2ψ2/(2 f0), (2.12)

following Charney & Eliassen (1949). We also consider the interface height equation

∂tη+ J(ψ2, η)+ ∂xψ2S =w3/2. (2.13)

All terms in the following three energy budgets are defined in table 1. The naming
convention for energy budget terms is as follows. The letters for the terms are P for
production of perturbation energy, T for transfer between the three energy types, R for
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Symbol Name Expression

BT EKE ÊKEBT BT EKE |k|2|ψk|2/2
T̂ L

BC→BT Linear barotropization U1ψ
†
k (∂x∇2τ)k/2

R̂BT Nonlinear BT inverse cascade ψ
†
k Jk(ψ, ∇2ψ)

T̂ N
BC→BT Nonlinear barotropization ψ

†
k Jk(τ, ∇2τ)

D̂BT BT friction κψ
†
k [∇2(ψ − τ)]k/2

BC EKE ÊKEBC BC EKE |k|2|τk|2/2
−T̂ W EAPE to BC EKE transfer 2 f0 τ

†
kw3/2,k /H

T̂ L
BT→BC Linear barotropization U1τ

†
k (∂x ∇2ψ)k/2

R̂KE
BC Nonlinear BC inverse cascade τ

†
k Jk(τ, ∇2ψ)

T̂ N
BT→BC Nonlinear barotropization τ

†
k Jk(ψ, ∇2τ)

D̂BC BC friction κ τ
†
k [∇2(τ −ψ)]k/2

EAPE ̂EAPE EAPE λ−2|τk|2/2
P̂ EAPE production 2 f0 S τ †

k (∂x ψ)k/H

T̂ W EAPE to BC EKE transfer −2 f0 τ
†
kw3/2,k /H

R̂PE
BC Nonlinear BC cascade −λ−2τ

†
k Jk(ψ, τ)

Table 1. A guide for terms in the k-space EAPE (2.16), BC EKE (2.15) and BT EKE (2.14) budgets. All
tendency terms have the units of energy per unit time, m2s−3. Note that the energy budgets require adding of
the complex conjugate, c.c., of each of these terms.

nonlinear redistribution terms (which do not transfer energy between the three energy
types, but only redistribute energy of a given type between scales, thus integrating to
zero over all wavenumbers) and D for drag terms. Subscripts are either BC signifying
the term describes BC energy only, BT signifying the term describes BT energy only
or (when needed for clarification) BC and BT with an arrow in between signifying the
direction of energy transfer between the two modes when the term has a positive value.
For nonlinear redistribution terms, R, superscripts denote whether the nonlinear term
is describing potential or kinetic energy. For transfer terms, T , the superscripts denotes
whether the term is associated with linear (L), nonlinear (N ) or vertical velocity-related
(W ) processes.

The BT EKE equation is −ψ†
k [(2.8a)+(2.8b)]k/2 + c.c. where ( )k denotes a two-

dimensional Fourier transform, ( )† represents the complex conjugate of a single term and
c.c. implies taking a complex conjugate of every preceding term in the relevant expression.
Thus, we Fourier transform the sum of the layer-wise vorticity equations, multiply by the
negative complex conjugate of the BT streamfunction over 2, −ψ†

k/2, and add the complex
conjugate of the whole expression, leading to

∂t ÊKEBT = T̂ L
BC→BT + T̂ N

BC→BT + R̂BT + D̂BT + ŝsd + c.c. (2.14)

The widehat symbol, (̂ ), denotes that the term is a function of either two-dimensional
wavevector k = i kx + j ky , or wavevector magnitude, |k|, with the specific meaning clear
in a given context. When terms are a function of |k|, we assume an isotropic spectrum and
take shell integrals at each wavevector magnitude. The assumption of isotropy is not always
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valid, and an exposition of anisotropy in the energy cycles is a major point of this study.
Instead, we use isotropic spectra as traditional, visually digestible, and ‘starting-point’
representations of spectral energy budgets.

The BC EKE budget is derived analogously, as −τ †
k [(2.8a)−(2.8b)]k/2 + c.c., giving

∂t ÊKEBC = T̂ L
BT→BC − T̂ W + T̂ N

BT→BC + R̂KE
BC + D̂BC + ŝsd + c.c. (2.15)

The EAPE budget is defined as grη†
k[ (2.13) ]k/H + c.c., leading to

∂t̂EAPE = P̂ + R̂PE
BC + T̂ W + ŝsd + c.c. (2.16)

The nonlinear redistribution terms, R̂BT, R̂KE
BC and R̂PE

BC, will respectively equal zero
when integrated over all wavenumbers. Thus, when integrated over all wavenumbers, the
potential-kinetic conversion term, T̂ W , balances P̂ in the EAPE budget. In general, EAPE
production, P̂ , occurs on much larger scales than potential-to-kinetic BC conversion,
T̂ W < 0, due to the role of the forward cascade of EAPE, R̂PE

BC. The linear transfer
terms T̂ L

BT→BC and T̂ L
BC→BT cancel each other wavenumber by wavenumber. The

nonlinear transfer terms T̂ N
BT→BC and T̂ N

BC→BT will not cancel each other wavenumber
by wavenumber, but will cancel when integrated over all wavenumbers. In addition, T̂ W

cancels itself out when one sums together the EAPE and BC EKE budgets. Thus the sum
of the production term, P̂ , and the two friction terms, D̂BC and D̂BT, will sum to zero
when they are first respectively integrated over all wavenumbers.

The energy budget decomposition used in the present study extends previously
described two-layer QG turbulence phenomenology. Salmon (1980) described triad
interactions between combinations of BT and BC modes. Later studies (e.g. Larichev &
Held 1995; Scott & Arbic 2007) refined the arguments of Salmon (1980) by deriving
nonlinear energy budget terms that specifically accounted for triad interactions that
conserve energy within the BT or BC mode. Scott & Arbic (2007) claim but do not prove
which nonlinear terms correspond to EAPE versus BC EKE. Here, we specifically show
that the nonlinear redistribution terms, R, conserve energy within given energy types, i.e.
conserve energy within BC EKE and EAPE, respectively. Last, Salmon (1980) uses total
energy and layer-wise enstrophy conservation to describe some turbulent phenomenology,
an approach that is precluded when EAPE and BC EKE are separated as in the
present study. Thus, although we cannot leverage the triad interaction phenomenology
of Salmon (1980) in the present study, we have proven the previous claim of the respective
conservation of EAPE and BC EKE by the nonlinear redistribution terms. In § 4 we briefly
discuss how the simulated jets of the present study invalidate some assumptions of Salmon
(1980) and offer insight into the BC inverse cascade.

The results of this study concerning EAPE energy cycles are general, since the EAPE
budget arises regardless of how EKE is decomposed. One major point of the present study
is the utility of decomposing the BC energy budget into respective budgets for EAPE
and BC EKE. The traditional, total BC energy budget (see, e.g. Larichev & Held 1995;
Thompson & Young 2006) is the sum of the EAPE and BC EKE budgets [(2.15) + (2.16)],
leading to the cancellation of T̂ W , ambiguity in the effects of friction on BC energy, and
less insight into the physics of the turbulence more generally. Crucially, by combining the
budgets for EAPE and BC EKE one is not able to explain how BC EKE that experiences
an inverse cascade is either barotropised or converted back into EAPE.

The potential-kinetic transfer term, T̂ W , describes a correlation between interface
vertical velocities, w3/2, and the perturbation interface height, η. BC EKE is converted to
EAPE when w3/2 acts to increase η, whereas EAPE to BC EKE conversion occurs when
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the interface vertical velocity acts to flatten perturbations to the interface height. Thus the
vertical velocity at the interface plays a central role in the present study. We diagnose w3/2
by eliminating the time derivatives from the vorticity and interface height equations as
( f0/gr)[(2.8a)−(2.8b) ] + ∇× (2.13), producing an elliptic equation

(∇2 − λ−2)w3/2 = f0
[∇2J(ψ2, ψ1)+ J(ψ2, f + ζ2)− J(ψ1 + U1 y, f + ζ1)

]
/gr

− λ−2wb/2 + ∇2J(ψ2, Sy). (2.17)

Using the relationships J(τ,∇2ψ)= [J(ψ1,∇2ψ1)− J(ψ2,∇2ψ1)+ J(ψ1,∇2ψ2)−
J(ψ2,∇2ψ2)]/4 and ∇2J(ψ2, ψ1)= J(ψ2,∇2ψ1)− J(ψ1,∇2ψ2) the equation for w3/2
(2.17) is written(∇2 − λ−2)w3/2 = − f0

[
4 J

(
τ,∇2ψ

) + 2 J(τ, f )+ J
(
U1 y,∇2ψ

) + 2 f0wb/H
]
/gr.

(2.18)

The deformation radius, λ, in the two-layer system with equal layer thicknesses satisfies
λ−2 = 4 f 2

0 /(H gr). Equation (2.18) is a form of the omega equation (Hoskins, Draghici &
Davies 1978; Pinot, Tintoré & Wang 1996; Hoskins, Pedder & Jones 2003). In a doubly
periodic domain, (2.18) is solved spectrally.

2.3. Numerical model and model parameters
We use the GeophysicalFlows.jl model (Constantinou et al. 2021) whose multilayer
configuration is optimised for execution on GPU. The square domain, with side lengths
Lx = L y = 50πλ and 1024 × 1024 grid points, has a resolution of �x =�y = 0.15λ.
The deformation radius is λ= 28 km and the total depth is H = 4 km. The upper-
and lower-layer background flows are U1 = 0.01 and U2 = 0.0 m s–1, respectively. The
Coriolis parameter is f0 = 8.3e − 5 s−1 and the dimensionless planetary vorticity gradient
β∗ ≡ β λ2/U is varied between 0 and 0.75. The dimensionless linear drag coefficient
κ∗ ≡ κ λ/U is varied in the range 0.25 to 4.0. The background velocity scale is set as
U ≡ U1/2, since this gives a critical β∗ value of unity. Small-scale dissipation occurs
via the default wavenumber cutoff filter of the model code. We run each simulation to
t∗ = t (U/λ)= 300 eddy periods, long enough for an energetic steady state to emerge for
all parameters considered here. We then run the simulation for another 100 eddy periods,
calculating diagnostics online with a period of �t∗ = 0.01.

3. Simulation output
Weak-drag (κ∗ = 0.25) and strong-drag (κ∗ = 4.0) regimes of f -plane QG turbulence are
defined based on the dominant processes being the BC-BT dual cascade, or BC-BT and
BC-BC dual cascades plus a conversion of BC EKE to EAPE at large scales, respectively.
After investigating drag-dependent energy cycles on an f plane, we show that a closed
BC energy loop forms in the presence of planetary β and weak drag. We do not consider
both strong drag and strong planetary β, as strong drag inhibits jet formation (Berloff et al.
2011), and leads to a complicated relationship between κ∗, β∗ and turbulent characteristics.

3.1. Varying drag strength
For weak drag, the traditional BC-BT dual cascade, as illustrated in figure 1(a),
prevails (figure 2a–c). EAPE is produced at large scales and cascaded forward, where
it is converted to BC EKE at a range of deformation-scale wavenumbers. At these
same deformation-scale wavenumbers BC EKE is converted to BT EKE via nonlinear
barotropisation. BT EKE is then cascaded upscale where it is ultimately halted
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(a)
P

RPEBC

RPEBC

RKEBC

P

EAPE +
EAPE 

EKEBC

EKEBT

EKEBT

EKEBC

DBT
DBT

DBC

kprod.
kprod.kj.s.

RBT
RBT

TW
TW TW

TL
TN TN

(b)

≈ kd
≈ kd|k|

|k|

Figure 1. (a) The energy cycle diagram used by Salmon (1980) and Thompson & Young (2006), among others.
See the beginning of § 3.1 for a description of the energy pathways. Here, kprod. denotes the scale of EAPE
production via P̂ and kd denotes the deformation scale where EAPE is converted to BT EKE in Salmon
(1980) and others. (b) An energy cycle diagram, modified from Salmon (1980), to include a separate BC EKE
reservoir. Frictional effects (D̂BC) add EKE that is immediately converted to EAPE via T̂ W at large scales. In
the strong-drag, f -plane case, once the energy undergoes an inverse cascade (red arrows), it is barotropised and
dissipated as BT EKE (blue arrows). Thus there is no purely BC energy loop. In the weak-drag, strong-β∗ case,
the main source of large-scale EAPE, T̂ W , is energised both via frictional effects and the inverse cascade of
BC EKE. With the BC inverse cascade feeding energy into large-scale kinetic-to-potential energy conversion
(green arrow), there is a closed loop of purely BC energy. Approximately half of the BC EKE that experiences
an inverse cascade is still barotropised (blue arrows). Note that, as a modification to panel (a), the largest scales
in panel (b) are set by the jet-spacing scale, k j.s., rather than the EAPE production scale, kd . Dissipation is
generally strongest at the largest energy-containing scales, i.e. kprod. in panel (a) and k j.s. in panel (b). For all
symbols, we neglect the widehats for visual clarity. Note that, here, we follow, e.g. Roullet et al. (2012) and do
not include either (i) the forward cascade of enstrophy, or (ii) the scale where the redistribution terms change
sign, i.e. the injection scale. This choice is for visual clarity. See the end of § 3.2 for a discussion on the energy
injection scale in the present set of simulations.

and dissipated by friction. Note that the high-wavenumber, broadband processes in
figure 2(a–c) have small amplitudes but still integrate to values comparable to the sharp
peaks at low wavenumbers. In x space, weak-drag, f -plane turbulence falls into the vortex
gas regime (Gallet & Ferrari 2020), where large-scale energy is organised into coherent
vortices (figure 3a) that interact with one another to produce EAPE via P̂ (figure 3b). In
addition, here, we show that the vortices locally add EAPE via frictional effects (figure 3c),
although this process is weak on the flat-bottom f plane.

For strong drag (figures 2d–2f ), inviscid BC production, P̂ , shifts to smaller scales, in
accordance with a smaller arrest scale of the inverse cascade. In particular, the frictional
arrest scale is found by setting the inverse time scale from the linear drag coefficient
equal to a root mean square velocity scale over a length scale, and solving for the length
scale, Lκ ≡ Urms/κ . The most distinct feature in the strong-drag regime is that T̂ W now
represents a modest source of EAPE at large scales, remaining a sink at the deformation
scale. From figures 2(d) and 2(e), it is unclear whether T̂ W is energised via frictional
processes (D̂BC) or the BC inverse cascade (R̂KE

BC). For this to be a closed BC energy loop,
some of the energy going into T̂ W has to come from the BC inverse cascade.

Coherence between two signals tells us how much they are correlated in x space at a
given wavevector, and is defined as

C(A, B; k)=
∑N

n=1 Ak B†
k

∑N
n=1 A†

k Bk∑N
n=1 Ak A†

k

∑N
n=1 Bk B†

k

, (3.1)
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Figure 2. (a–f ) Energy tendency terms (see table 1) as a function of |k|λ for (left column) EAPE, (middle-left
column) BC EKE and (middle-right column) BT EKE, all with β∗ = 0. We consider (top row) weak drag at
κ∗ = 0.25 and (bottom row) strong drag at κ∗ = 4.0. All terms are normalised by U 3

BTλ
−1 where UBT is the

time- and domain-average root mean square BT velocity. Solid lines are sources or sinks of total perturbation
energy, dashed lines transfer energy within modes and dot-dashed lines transfer energy between modes. The
thin black lines are residuals. (g) Isotropic coherence of large-scale sources and sinks of BC EKE.

where N = 104 is the number of snapshots that we use for the diagnostics. All coherences
that we show are mean values computed using shell integrals over wavevector magnitude,
and are thus assumed isotropic. We are interested in large-scale BC EKE transfer for
the f -plane, strong-drag case, so that we calculate all pairs of R̂KE

BC and D̂BC (positive
terms at large scales) with T̂ W and T̂ N

BT→BC (negative terms at large scales; figure 2e).
Figure 2(g) shows that C(D̂BC, T̂ W ) is large at relatively low |k|, signifying that
frictional energisation (D̂BC) is a source of BC EKE that is converted to EAPE via
T̂ W . At relatively high |k|, C(D̂BC, T̂ W ) drops while C(R̂KE

BC, T̂ W ) increases due to
BC instability (T̂ W < 0) feeding the inverse cascade of BC EKE. At relatively low |k|,
the coherence between the two nonlinear processes C(R̂KE

BC, T̂ N
BT→BC) is large, signifying

large-scale barotropisation of BC EKE that has undergone the inverse cascade. Lastly,
C(D̂BC, T̂ N

BT→BC) is small at low |k|, signifying that energy produced via frictional effects
is not directly barotropised. These coherences reveal the BC energy pathways: frictionally
generated BC EKE is converted to EAPE via T̂ W , while BC EKE that reaches large scales
via an inverse cascade is barotropised via nonlinear processes. Thus while frictional effects
act to energise EAPE, there is no closed BC energy cycle. The red plus blue arrows in
figure 1(b) show these results schematically.

3.2. Enhancement of baroclinic cycle by planetary β
The drag strength required for T̂ W > 0 at large scales to manifest on the flat-bottom
f plane is κ∗ ≈ 2.0 (not shown), which is larger than is expected to be valid for the
observed ocean (Arbic & Flierl 2004). We now consider how the inclusion of planetary β
at weaker drag values affects the BC energy cycle.
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Figure 3. Snapshots of (a,d) BT EKE, (b,e) EAPE production and (c, f ) frictional effects on the BC mode
for (top row) the weak-drag f plane, and (bottom row) the weak-drag β plane. All panels are normalised by
the respective maximum absolute value, with colour bar limits of −1 (blue) to 1 (red). The strong, narrow
bands of BT EKE in panel (d) are associated with strong eastward jets. Panel (d) denotes the jet scale, L j , and
jet-spacing scale, L j.s..

For weak drag and weak β∗ (figure 4a–c) BC-BT dual-cascade phenomenology
dominates. However, for β∗ = 0.75 the dominant source of large-scale EAPE is T̂ W

(figure 4d). It is remarkable that inviscid BC energy production, P̂ , does not possess the
same sharp peak as almost every other term in the budget (figure 4d–f ). Two-dimensional
spectra of energy tendency terms show that, while P̂ is limited to zonal scales that are
strictly smaller than the jet scale (kxλ≈ 0.5; figure 5d), no such limit exists for T̂ W and
R̂PE

BC in the EAPE budget (figures 5e–5f ). Since P̂ depends on the meridional BT velocity
that takes the form of zonally oriented waves, the jet scale, L j , i.e. the zonal wavelength of
the Rossby waves that make up the strong eastward jet systems (figure 3d), limits the scale
of inviscid BC production. Such zonal orientation of P̂ is clear in x space (figure 3e),
where it is shown that the spatial distribution of P̂ is characterised by oscillations
with a zonal wavenumber that is, at maximum, the zonal wavenumber of the jets in
figure 3(d).

On the other hand, processes that are isotropic on the f plane (such as T̂ W and R̂PE
BC in

figures 5b–c) develop relatively uninhibited in the zonal direction on the β plane, while
occurring along jets in the meridional direction. Thus their two-dimensional wavenumber
spectra have large peaks with kx = 0, kyλ≈ 0.5 (figures 5e–f ), where the meridional
wavenumber ky is set by the jet-spacing scale, L j.s. (figure 3d). The peaks at kx = 0 in
figures 5(e)–( f ) are thus the source of the large-scale peaks found in the isotropic spectra
in figure 4(d). Similarly, the large-scale peaks in figures 4(e) and 4( f ) are associated with
strong processes that have kx = 0. The frictional effects on the BC mode (diagnosed via
D̂BC) are an example of a process that develops relatively unimpeded in the zonal direction
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Figure 4. (a–f ) Energy tendency terms (see table 1) as a function of |k|λ for (left column) EAPE, (middle-left
column) BC EKE and (middle-right column) BT EKE, all with κ∗ = 0.25; for (top row) β∗ = 0.25 and (bottom
row) β∗ = 0.75. All terms are normalised by U 3

BTλ
−1 where UBT is the time- and domain-average root mean

square BT velocity. (g) Isotropic coherence of large-scale sources and sinks of BC EKE.

(figure 3f ). That is, even though frictional energisation still has some zonal structure,
this zonal structure roughly oscillates about a large zonal mean value that contributes most
to the total value of D̂BC.

Frictional processes (and all other processes with sharp peaks at the jet-spacing scale)
are tied to the jet dynamics and are concentrated in the jet cores, and thus appear in
diagnostics at a meridional wavenumber that reflects the jet-spacing scale, L j.s. (see
figure 3d). It is noteworthy that BT dissipation occurs at the same scale as EAPE
production on the isotropic f plane (figure 2), while BT dissipation largely occurs at a
scale set by the jets on the β plane with strong jets (figure 4f ). This shows that the energy
sink of the kx = 0 energy cycle is drag on the strong eastward jets.

Most of the EAPE generated via P̂ is converted to BC EKE via T̂ W without undergoing
a forward cascade (figures 5d and 5e). The inverse BC EKE cascade (green line in
figure 4e) and frictional energisation (grey line in figure 4e) both inject BC EKE at large
scales. Large-scale BC EKE must either be barotropised or converted back into EAPE
via T̂ W . In fact, since D̂BC is not large enough alone to balance T̂ W at large scales in
figure 4(e), the nonlinear inverse cascade of BC EKE must also contribute to the flux of
BC EKE back into EAPE via T̂ W . In addition, the higher-wavenumber values at kx = 0,
kyλ≈ 1.0 in figures 5(e)–( f ) are associated with energetic processes on the flanks of the
jets, akin to the momentum convergences in Thompson & Young (2007), and thus occur
with a meridional wavelength of approximately half of the jet-spacing scale.

The two nonlinear processes are coherent at large scales (green line in figure 4g),
suggesting that much of the BC EKE that experiences the inverse cascade is barotropised.
However, both D̂BC and R̂KE

BC are coherent with T̂ W (blue and red lines in figure 4g,
respectively), offering further evidence that both of the former energy tendency terms
contribute to the large-scale source of EAPE, T̂ W . In fact, conversion of BC EKE to
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Figure 5. Time averages of two-dimensional EAPE budget terms for (top row) the weak-drag f plane, and
(bottom row) the weak-drag β plane. Panels (a–c) are normalised by the maximum value, with colour bar limits
of −1 (blue) to 1 (red). Panels (d–f ) are normalised by one quarter of the maximum value. Otherwise the only
features that show are the sharp peaks at kx = 0. We multiply all terms by |k| to visualise high-wavenumber
values. Panel (e) also shows the wavenumbers corresponding to the jet scale, L j , and the jet-spacing scale,
L j.s.. In panel ( f ) we show the approximate energy injection wavenumber with the grey-dashed line.

EAPE is the largest sink of large-scale BC EKE, as opposed to barotropisation (figure 4e).
Thus planetary β makes the BC inverse cascade a large-scale source of energy for T̂ W ,
closing a purely BC energy loop (red and green arrows in figure 1b).

Lastly, a feature of the energy budget spectra (figures 2 and 4) not shown in the idealised
turbulent energy cycle diagrams (figure 1) is the length scale where the redistribution terms
change sign, also known as the energy injection scale (Scott & Wang 2005). The energy
injection scale is approximately the same for EAPE, BC EKE and BT EKE in the weak-
drag, weak-β∗ case (figure 4a–c). However, the energy injection scale for EAPE is notably
smaller than the energy injection scale for BC EKE and BT EKE in the weak-drag, strong-
β∗ flow (figure 4d–f ). The smaller injection scale for EAPE is due to the inviscid EAPE
source, P̂ , that creates EAPE at smaller scales than the jet-spacing scale. In fact, the EAPE
injection scale in figure 4(d) (|k|λ≈ 0.75) is seen as the transition from negative to positive
values in the two-dimensional spectrum of R̂PE

BC for zonal wavenumbers higher than the jet
scale, kxλ≥ 0.5 (the EAPE injection scale is denoted by the grey-dashed line in figure 5f ).
Thus our simulations show that while the EAPE injection scale is set by the highest-
wavenumber EAPE source (in this case inviscid EAPE production, P̂), the BC EKE and
BT EKE injection scales are set by the dominant kx = 0 jet-spacing-scale energy cycle.
Further work might thus focus on the two-dimensional structure of the energy injection
scale, since we have shown here that this scale is anisotropic for EAPE.
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Figure 6. (a–c) The terms in decomposition of the potential-kinetic energy transfer term from (3.3). The
contribution to T̂ W from T̂ W [J(τ, f )] is negligibly small and is not shown. (d) The total potential-kinetic
energy transfer term, which is the sum of panels (a)–(c). Note that panel (d) is exactly the same term as shown
in figure 5(e). All terms are multiplied by |k| to visualise the smaller values at high wavenumbers. All panels
share a colour scale, with lower and upper limits of minus and plus one quarter of the maximum absolute value
of the total conversion term, ±max{|T̂ W |}/4.

3.3. Mechanics of large-scale kinetic-to-potential energy conversion
Although we have shown that the BC inverse cascade and frictional energisation add
BC EKE to the large scales where the kinetic-to-potential energy conversion occurs,
the mechanics of this energy conversion remain unclear. That is, although figure 4(e)
shows that, for example, the BC inverse cascade deposits BC EKE at large scales, and
figure 4(g) shows that the BC inverse cascade diagnostic term is coherent with the kinetic-
to-potential conversion term, a mechanism for this energy conversion is yet to be proposed.
To understand the mechanics of the correlation between w3/2 and η, we now decompose
the diagnosed w3/2 (2.18) into separate components associated with different physical
processes, and then look at how each of these contributions to w3/2 are correlated or
anticorrelated to η in two-dimensional wavenumber space.

Since (2.18) is linear, the vertical velocity at the interface can be decomposed into the
contributions from the different terms on the right-hand side as

w3/2 =w3/2
[
J(τ,∇2ψ)

] +w3/2[J(τ, f )] +w3/2
[
U1∂x∇2ψ

] +w3/2[wb], (3.2)

where the square brackets denote a functional dependence. Going one step further, we
decompose T̂ W into contributions from the different w3/2 components

T̂ W = T̂ W [
J(τ,∇2ψ)

] + T̂ W [J(τ, f )] + T̂ W [
U1∂x∇2ψ

] + T̂ W [wb]. (3.3)

This decomposed form of T̂ W is derived in an analogous way to the energy budgets in
§ 2.2.

The contribution from T̂ W [J(τ, f )] is negligible (not shown). The BC advection of the
BT vorticity, J(τ,∇2ψ), is associated with the inverse cascade of BC EKE, R̂KE

BC (table 1).
Here, T̂ W [J(τ,∇2ψ)] contributes to both the jet-spacing-scale addition of EAPE at kx = 0
and the conversion of potential to kinetic energy at kxλ≥ 0.5 (figure 6a). In addition,
T̂ W [J(τ,∇2ψ)] is the sole contributor to the kx = 0, kyλ≈ 1.0 conversion of kinetic to
potential energy that occurs on jet flanks. These results are consistent with R̂KE

BC depositing
BC EKE at large scales, where the BC EKE is then converted back into EAPE. Note,
however, that even though a strong BC inverse cascade occurs for the strong-drag flow
(figure 2e), there is not a dominant amount of large-scale BC EKE to EAPE conversion.
Thus, in addition to a strong inverse cascade of BC EKE, the kinetic-to-potential energy
conversion requires jets, which occur in the presence of planetary β.
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The component of bottom velocity-dependent potential-kinetic energy conversion,
T̂ W [wb], converts BC EKE to EAPE at large scales (figure 6b), consistent with D̂BC
only acting at large scales (figure 4e). On the other hand, background advection of BT
vorticity, J(U1 y,∇2ψ), which is associated with linear barotropisation, T̂ L (table 1), only
supports vertical velocities that convert potential to kinetic energy at the deformation scale
(figure 6c). This result links the conversion of EAPE to BC EKE, T̂ W [U1∂x∇2ψ], to the
conversion of BC EKE to BT EKE, T̂ L , and thus provides new insight into barotropisation.
That is, we have shown that a component of barotropisation that, strictly speaking, only
describes a conversion of BC to BT EKE in the energy budgets (T̂ L ) is mechanistically
linked to the conversion of EAPE to BC EKE via BC instability (described by T̂ W at the
deformation scale).

4. Conclusion
In this study we presented two-layer QG energy budgets that treat EAPE and BC EKE
separately. There is a term, T̂ W , that describes deformation-scale BC instability and,
possibly, a conversion of BC EKE to EAPE at large scales. The value of T̂ W becomes
positive at large scales (corresponding to the conversion of BC EKE to EAPE) due to
either strong, linear bottom drag or weak drag and planetary β. With strong, linear bottom
drag, there is a prominent BC inverse cascade. However, the source of kinetic to potential
energy conversion is frictional energisation of BC EKE, and there is no closed BC energy
loop (red plus blue arrows in figure 1b). With planetary β, zonal jets enhance weak-drag
frictional energisation and also support a transfer of BC EKE to EAPE from the BC EKE
inverse cascade, creating a closed-loop, purely BC energy cycle (red plus green arrows in
figure 1b). Thus, zonal jets are required for the inverse cascade of BC EKE to feed into
large-scale conversion of kinetic to potential energy.

Inviscid EAPE production, i.e. the EAPE source due to BT stirring of the BC mode,
relies on the meridional BT velocity and is oriented zonally. Here, zonal orientation is
characterised by oscillations with wavevectors that have a low-wavenumber cutoff of their
zonal wavenumber component (i.e. has 2π/kx < L j where L j is the wavelength of a
typical zonal Rossby wave; see figure 3e). Thus, it is the jet scale, L j (i.e. the zonal Rossby
wave length scale), rather than the jet-spacing scale, L j.s. (i.e. the meridional distance
between adjacent jets), that limits the length scale of inviscid BC production (figure 3d
visualises these length scales). This limitation is illustrated by the two-dimensional
wavenumber spectrum of the inviscid EAPE production term, which is dominated by
values that have kxλ> 0.5 (figure 5d).

However, processes that are isotropic on the f plane, i.e. that do not rely on meridional
velocities, develop relatively unimpeded in the zonal direction in the presence of jets
on the β plane. In addition, these processes occur along the energetic eastward jets.
Thus, most energy tendency terms have strong peaks at purely meridional wavenumbers
corresponding to the jet-spacing scale, with kx = 0. This can be seen, for example, in the
two-dimensional spectra of T̂ W and R̂PE

BC (figure 5e–f ), with analogous results for the other
terms. In addition, we have shown that the energy injection scale for EAPE is anisotropic
in the presence of zonal jets. These results highlight the importance of the jet-spacing
scale, a meridional length scale that is not as readily predicted as the jet scale (Thompson
2010), for turbulent energy cycles in the two-layer QG model with jets.

Roullet et al. (2012) used a QG model with higher vertical resolution to show an EAPE
energy cycle that is similar to the one shown here. In addition, large-scale conversion
of kinetic to potential energy has been diagnosed in a realistic ocean model (Wang
et al. 2019) and a hierarchy of idealised models (Dettmer & Eden 2025). Thus processes
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investigated in the present study may have analogues in QG energy cycles with more
complex vertical structure (likely dependent on the vertical structure of background PV
gradients; Lobo, Griffies & Zhang 2025), and more comprehensive models of ocean
turbulence. Lee (2010) found that frictional energisation is an enhancement of inviscid
EAPE production. However, here we have shown that frictional energisation acts at a very
different horizontal wavevector than inviscid EAPE production, and requires further study.
The ability to predict the large-scale production of potential energy (Larichev & Held
1995; Held & Larichev 1996) has seen recent progress (Gallet & Ferrari 2020). However,
Gallet & Ferrari (2020) and others assume that the only large-scale source of EAPE is
BT stirring of the BC mode. The present study suggests that this approach to estimating
large-scale EAPE production is possibly an underestimate in the presence of geophysical
jets. In particular, we plan to investigate whether there are x space arguments similar in
spirit to those of Thompson & Young (2006) and Gallet & Ferrari (2020) that apply to
energy cycles in strong jets in the two-layer QG model.

In a similar vein, Smith & Vallis (2002) showed that planetary β decreases baroclinicity
in their simulations, consistent with statistical mechanical arguments (Venaille, Vallis &
Griffies 2012). Here, we have shown strong jets in the presence of planetary β increase
the BC inverse cascade, and thus increase the amount of large-scale BC EKE. On the
other hand, Smith & Vallis (2002) do not mention the possibility of jet formation. In
addition, Salmon (1980) describes the phenomenology of barotropisation by assuming
that the largest-scale energy is at much larger scales than the deformation scale. Here
we have shown that the inverse cascade processes occur along jets, on scales that are not
much larger than the deformation scale, at least in the meridional direction. Thus two-layer
QG turbulence with jets is categorically distinct from classic two-layer QG turbulence
phenomenology. Future work will focus on reconciling the results of Smith & Vallis (2002)
and the present study, as well as considering two-layer QG turbulence phenomenology in
the presence of jets. We conjecture that while the catalytic role of β in barotropisation
leads to more BT flow, the dynamic role of β in supporting jet formation can lead to more
BC flow.

A major result of the present study is that, in addition to barotropisation, large-scale
BC EKE can be converted back into EAPE. BC EKE experiences an inverse cascade in
the observed ocean (Scott & Wang 2005; Storer et al. 2023) and ocean reanalysis products
(Li & Xu 2021), and it is traditionally assumed that the inverse cascade is ‘one way,’ i.e. all
energy that experiences an inverse cascade must be dissipated (see, e.g. § 5.3 of Ferrari &
Wunsch 2009). Inverse cascades also occur on gas giants such as Jupiter (Young &
Read 2017). We have demonstrated that, in the two-layer QG model, kinetic energy that
experiences an inverse cascade can be recycled into potential energy, particularly in the
presence of jets, which are common in the ocean (Maximenko et al. 2005; Sokolov &
Rintoul 2007) and gas giants (Porco et al. 2003). Thus the results of the present study
warrant an assessment of large-scale kinetic-to-potential energy conversion in reanalysis
products and observations. We also plan to assess the relevance of large-scale kinetic-to-
potential energy conversion in Southern Ocean jets, which depend on topography, time and
changes in forcing (Thompson & Richards 2011; Klocker 2018; Khatri & Berloff 2018).

In § 3.3 we connected the energy diagnostic terms to the physical processes that support
energy conversion between EAPE and BC EKE. We also showed that the energy diagnostic
associated with linear barotropisation is dependent on a term (background advection of BT
vorticity) that supports vertical velocities that convert EAPE to BC EKE at the deformation
scale. This result suggests a mechanism for the direct conversion of EAPE to BT EKE.
An important caveat is that energy budgets, although a powerful means of interpretation,
are not a definitive means of inferring fundamental physics (Lorenz 1955; Plumb 1983;
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Bleck 1985). Thus further work will be aimed at alternate methods for characterising
the BC energy pathways highlighted in this study, such as the coarse-graining approach
(Eyink & Aluie 2009; Aluie, Hecht & Vallis 2018) or a framework of spatio-temporal
energy fluxes (Mondal et al. 2025).

Both rough bottom topography (Pudig & Smith 2025) and a sloping bottom (Sterl et al.
2025; Lobo & Griffies 2025) affect the development and equilibration of two-layer QG
turbulence in a drag-dependent fashion. Unlike planetary β, a meridionally sloping bottom
mediates transfers of energy between the BT and BC modes, dependent on the sign of the
bottom slope (Deng & Wang 2024). Current research efforts are aimed at defining the
context of the present results in systems with bottom topography, using both the two-layer
QG model and more comprehensive models. In addition, any results that rely on frictional
energisation of the BC mode might manifest as bottom-intensified processes (e.g. Swaters
2009; Stewart & Thompson 2016), rather than full-column processes, as is implicit in the
use of a two-layer QG model. Last, some of the phenomenological explanations of the
present study rely on linear bottom friction. It is worthwhile to see whether these results
extend to simulations with quadratic bottom friction.
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