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1. Introduction

A right R-module A will be said to be right projectively torsion-free
(Ag is PTF) if for every ac A, there exist subsets {a,,a,, -, a,} < A and
{x{sX3,++*,X,} S R such that a = X]_; a;x; and for all xeR, if ax = 0 then
xx=0foralll £i<n.

Let ¥, denote the class of right PTF modules of the ring R. It is shown
that % is the torsion-free class of a hereditary torsion theory if and only if R is a
right non-singular ring and every right complement ideal of R is generated by an
idempotent. These rings include the continuous regular rings as discussed by
Y. Utumi (1961) and (1963).

Hattori (1960) defined a module Ay to be torsion-free if for all ae 4 and
x€R, ax = 0 implies there exist subsets {x;,x,, -, x,} < R, with x,x =0 for
alll £i < n, and {a,,a,,---,a,} < A suchthata = X}_, a;x;. We will call such
modules H-torsion-free. This property may be considered as a ‘one-dimensional’
flatness. Similarly we show that PTF may be regarded as a ‘one dimensional’
projectivity. Some of the results of this paper may be considered analogous to
results on H-torsion-free R-modules by Hattori (1960) and the author (1973).

Baer rings, in the sense of Kaplansky (1969), are characterised by right PTF
modules. In section three it is shown that %} is closed under submodules if and
only if every principal right ideal of R is projective. The property that %y is closed
under direct products is also considered in this section.

In the final section of this paper it is shown that for a commutative non-
singular ring R, ¥ is closed under forming injective hulls if and only if Min R,
the space of minimal prime ideals of R, is compact and extremally disconnected.

Some portions of this paper appeared in the authors’ Ph.D. thesis at Monash
University.
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2. Notation and Preliminaries

Throughout this paper R is an associative ring with identity and all modules
are unitary. Let .#x denote the category of right R-modules. If Ae . #, Ex(A4) is
the right injective hull of 4 (Lambek (1966 page 92)). The maximal right quotient
ring of R is Qg (Lambek (1966; page 94)). A ring R is said to be right P. P. if
every principal right ideal of R is projective. By a regular ring we mean a von-
Neumann regular ring. A ring R is regular if and only if every right R-module is
flat (Lambek (1966; page 134)). For tring and homological noation the reader is
referred to Cartan and Eilenberg (1956) and Lambek (1966).

Given a subset X of a right R-module Az, we set rp(X) = {yeR:Xy = 0}.
1x(X) is defined similarly when X is a subset of a left R-module.

A submodule By of a module Ay is said to be an essential submodule of Ag,
written B S’ gd, if B N Cx # 0 for every non-zero submodule Cy of Ag. If
By ='gAg S Dg it is said that Ay is an essential extension of By in Dg. A right
ideal of a ring R is said to be essential if Iy ©'p Rg. If Ae My, let
Zx(Ag) = {a e A: rg(a) is an essential right ideal of R}. When Zg(4) = 0, Ay is
said to be a right non-singular R-module. R is said to be a right non-singular
ring if Zg(Rg) = 0.

A submodule Cy of a right R-module, Ay is said to be a right-complement
submodule of Ag if Cy has no proper essential extension in Ag. A right ideal I
of R is a right complement ideal of R if I is a complement submodule of Rj.
For further details of essential and complement submodules the reader is re-
ferred to Faith (1967). '

A class € of right R-modules is said to be closed under group extensions if
whenever Bg is a submodule of Ag with B; and A/B in %, then so is Ag. A class of
right R-modules €5, is the torsion-free class of a torsion theory Stenstrom
(1971; pages 5-6), if it is closed under isomorphic images, submodules, direct
products and group extensions. €y is the torsion-free class of a hereditary torsion
theory if it is also closed under forming injective hulls. For details of torsion
theories see Stenstrom (1971).

When Zg(Rg) = 0, the right non-singular R-modules are the torsion-free
R-modules of the torsion theory co-generated by Egx(Ry), the right injective hull
of R. This torsion theory was named the Lambek torsion theory, in Stenstrém
(1971). The right complement ideals of R are closed ideals of the Lambek torsion
theory when Zz(Rg) = 0. Also when Zg(Rg) = 0, Qf coincides with Eg(Ry) and
Qg is a right self-injective regular ring. For further details of this see page 106
of Lambek (1966).

The following lemmas will be used throughout the paper. Lemmas 2.1 and
2.2 explain the choice of the name ‘projectively torsion-free’.
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LeMMA 2.1 (i) Age S, if and. only if ac Ay and aX =0, for a subset
X < R, implies a € Al (X).

(ii) If Agre Py it is H-torsion-free.

(iii) If Zz(Rgp) = 0 and Ape Py, then Zg(Ag) = O.

(iv) If R is a commutative integral domain, Ae & if and only if Ay is
torsion-free in the classical sense.

Proor. (i) Assume ae€ Az a right PTF module. Then there exists
{a,, ay, -, a,} < A and {y,, ¥5, >, ¥a} S R such that, a = X%_, a;y; and
rg(a) = Ni_yrg(y). If aX =0 for X < R, then X =0 for all 1 <i < n.
Hence y; € [x(X) and a € Alg(X).

Conversely assume a€Ag. Then arg(a) =0, which by the assumption
implies a € Algrg(a); i.e. there exists a;e 4, y;elgrg(a), 1 £ i £ n, such that
a = X}_,a;y;. Furthermore if ax = 0 for some xeR, then y,x =0 for all
1 £ i £ n, since every y; € Izrg(a).

(ii) Let ae A and ax = 0 for some xe R. Then by (i) ae Alg(x) which of
course implies Ay is H-torsion-free.

(ili) Let a € Ag, a right PTF R-module. Then there exists {a;,4a,,-+,a,} < 4
and {yy,y2 -V} S R such that a = T}.,a;y; and rg(a) = N, re(y). If
rg(a) is an essential right ideal, then so is rg(y;) for every 1 £ i £ n. But this is
impossible for we have assumed Zg(Rg) = 0.

(iv) Assume R is a commutative integral domain and A4e %, Then if
ae A and ad = 0 for some d € R part (i) of this lemma gives that a € Alz(d) = 0.
The converse of this result is just as straightforward and so will be omitted.

RemMARk 1. It is not known in general when every H-torsion-free R-module
is a PTF module. When R is a commutative ring for which every principal ideal
is flat it may be shown that the two concepts coincide if and only if R is a finite
direct sum of integral domains.

Further results concerning part (iii) of the lemma are presented in Section 4
of this paper.

LemMMA 2.2. (i) Every projective right R-module is PTF.
(ii) If Ag is a cyclic R-module, Ay is projective if and only if Az € Fx.

Proor. (i) Let a € Ag a projective R-module. Then by the dual basis lemma
there exist homomorphisms {¢;,¢,,--,¢,} < Homg(4,R) and elements
a;,as -, a, S A such that @ = X7_; a;¢,(a). If ax = 0 for some xeR, then
dfa)x = ¢ ax) =0forall1 £i < n. Hence Az € F.

(ii) Let aR = Ay be a cyclic PTF module. Then there exists elements
{by, by, -+, b,} = P and {xy,%,,**,%,} S R such that

https://doi.org/10.1017/51446788700020516 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700020516

210 M. W. Evans [4]
i=1

and if ay = O forsome yeR, x;y =0 forall1 £i < n.

By (1) a(l — X{-;bx;) =0 and hence x,(1 — X}_,bx;) =0 for every
1 £i £ n. Thus we have that X7_, bx,(1 — X}_, bx;) =0 and (X}, b;x;)?
= X'., bix;. Since X7_, b;x; is an idempotent of R we have rg(a) = rg(X%-, b;x,)
= (1 — X}_{ bx;)R. Since 1 — ., b;x; is also an idempotent of R aR = R/ry(a)
is isomorphic to a direct summand of Ry and hence is projective.

Let Pd(A) denote the right projective dimension of the right R-module Ag.
The right global dimension of R, written GD(R) is defined by GD(R)
= sup {Pd(A): Ae./#g}. Auslander has shown that GD(R) = sup {Pd(R/I): I is
a right ideal of R}. We will say a ring R is semi-simple if GD(R) = 0; i.e. if every
R-module is projective.

COROLLARY 2.3. R is a semi-simple ring if and only if every right R-module
is a PTF module.

Proor. If R is a semi-simple ring every R-module is projective and hence
PTF by Lemma 2.2 (i).

Conversely assume every right R-module is PTF. Then every cyclic right
R-module is a PTF module and thus projective by Lemma 2.2 (ii). By the com-
ments above we have GD(R) = 0.

ReMARK 2. It may be suspected that every right flat R-module is PTF. But
thus is not so. For example choose R to be a regular ring which is not semi-simple.
Then every R-module is flat, but as R is not semi-simple there must exist an
R-module which is not PTF.

LEMMA 2.4. Suppose ¢: R — S to be a ring homomorphism. Inducing a
right R-module structure on S. Then any PTF right S-module Ag remains PTF
when considered as a right R-module under the induced action.

PrOOF. Let ae 4 and X < R such that aX = 0 under the induced action;
i.e. agp(X) = 0. Then there exists elements {a;,a,,--,a,} < A4 and {s,5,,+,5,}
< Ii(p(X)) such that a = X7_,a;s;. But the assumption on S implies that
I(p(X)) € SP(Ix(X)). Hence for each s;, 1 £i < n there exists element
{ti, ta,tn} = Sand {y;, y5,:, Ym} S ¢(r(X)) such that s;=3X7_, t;m;. Thus
a=2%_ya;X7.,t;y; which is an element of Alz(X). Lemma 2.1 gives that
Ae .
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3. Conditions on S

LemMmA 3.1. For any ring R:
(i) Fgis closed under group extensions.
(ii) S is closed under isomorphic images.

Proor. (i) Let By = A; and assume B and A/B are PTF modules.
Let acA and aX = 0 for some X < R. Then (a+ B)X =0+ B in A/B.
Hence there exists {a;,a,;,-,a,} S A and {y;,y,, ", ¥a} S Ig(X) such that
a+B=(Xi_;a;+ B)y; = X'_, a;y; + B. Hence a — 2., a;,y;€ B. By the
assumption aX = 0 and as y;elg(X), (@ — X}~ a:y)X = 0. Since Bre Sy
there exists {b;,by, *+sb,} € B and {z,,2;,++,2,,} < lg(X) such that a—27_, a;y,
=3"_1bjz;. Thus a = X}_ a;y;+ X7-1b;y;€ Alx(X). Lemma 2.1 gives that
Ap€Fp.

(ii) This is clear.

These are the only two of the necessary and sufficient conditions for &, to
be the torsion-free class of a hereditary torsion theory which hold for an arbitrary
ring. In the following results of this section we investigate when the remainder of
these conditions hold.

The following Lemma’s proof is taken from page 96 of Blythe and Janowitz
(1972).

LEMMA 3.2. Let R be a right P.P.ring. Then if {x,,x,,,X,} < R there
exists an idempotent h e R, such that N ., rg(x;) = hR.

Proor. We give a proof for n = 2. Let {x;,x,} < R. Then as R is a right
P.P. ring there exists idempotents {e, f} = R such that rg(x,) = eR and rg(x,)
= fR. Let g> = ge R be such that gR = rx(f —ef). Then (f —ef)fg
= (f—ef)g = 0. Hence fgegR and fg = gfg. Thus (fyg) is an idempotent
of R.

We show rg(x,) N rg(x;) = (fg)R. Clearly (fg)R = fR. Also, (1 —e)fg
= (f—ef)g = 0. Hence fgR < rg(l — e) = eR and thus fgR & fR NeR.

Conversely assume x€eR NfR. Then (f—ef)x=(1-e)fx =1 —e)x
=1 —e)x=x—ex=0 and so xegR. Then x = gx, x = fx and x = fgx
and we have eR N fR = fgR.

The following result is a generalisation of Theorem 3.2 of Evans (1972).

THEOREM 3.3. If R is a ring, the following are equivalent:
(i) R is a right P.P. ring.

(ii) g is closed under submodules.

(iii) Every submodule of a projective R-module is PTF.
(iv) Every submodule of a free R-module is PTF.

(v) Every right ideal of R is a right PTF module.
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ProOF. (i) = (ii) Let a € A, a right PTF module. Then a = X!_, a,x; with
{a;,a5,-a,} €A and {x;,%,5,+,x,} SR such that rg(a) = N7 re(x).
By the Lemma 3.2 there is an idempotent heR such that rg(a) = hR. Thus
aR = Rjrg(a) = (1 — h)R is projective as an R-module. Thus every cyclic sub-
module of Ay is PTF by Lemma 2.2. Clearly this implies every submodule of Az
is PTF.

(ii) = (iii) Lemma 2.2 gives that every right projective R-module is PTF.

(iii) = (iv) Every free R-module is PTF.

(iv) = (v) Rpgis free.

(v) = (1) Let xeR. Then xR is a PTF module and thus projective by
Lemma 2.2,

It is shown by Hattori (1960), that every principal right ideal of a ring R is
flat if and only if every submodule of right H-torsion-free R-module is H-torsion-
free.

A direct sum of right PTF modules is always a PTF module. The following
result is analogous to Proposition 8 of Hattori (1960).

THEOREM 3.4. If R is a ring the following are equivalent:

(1) Fgis closed under direct products.

(i) Every direct product of copies of Ry is a right PTF module.
(iii) Every left annihilator ideal of R is finitely generated.

ProoF. (i) = (ii) Ry is a right PTF module.

(if) = (iii). Let X = R and Ay = I, ,(xyR, be a direct product of iso-
morphic copies of R indexed over [x(X). Let a € Ay, be the element of Ay having z
in the zth place for all z e lx(X). Since Ay € ¥, and aX = 0. Lemma 2.1 gives
that there exists {y;,¥2 - Vn} S Ig(X) and {ay,a;,---,a,} = A such that
a=2t_,ay

Write a(z) as the zth component of a and aj(z) as the zth component of a;
where a;€{a;,as,,a,}. Then z = a(z) = Yio1ai(2)y; for all zelp(X) and
thus the set {y;, ¥2,*+, .} is a generating set for [z(X).

(iii) = (i) Let {A4,},; be a family of right PTF modules and 4 = I14, its
direct product. For a = (a)€A and X € R, aX =0 implies a,X = 0 for
each o. Assume I(X) is generated by a finite number of elements, say {yy, ¥z, ", Yu}-
Then for each a there exists elements a;, € 4, such that-aq, = X}_, a;,y;. Put
a; = (a;,); then a = X"_, a;y; and hence a € Alg(X). Lemma 2.1 gives that A4 is
PTF.

For the question of when & is closed under injective hulls we have been
able to obtain results for the case Zg(Ry) = 0.

PROPOSITION 3.5. If Zz(Rg)=0, ¥ is closed under forming injective hulls
if and only if Qg the maximal right quotient ring of R is a right PTF module.
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PrOOF. Assume Qg €%y and let 4 €.%. Then by Lemma 2.1, Zz(AR) = 0.
Lemma 8.3 of Stenstrom (1971) gives that Eg(A4) is a Q-module and clearly
Zy(Eg(A)) = 0. Now since Zx(Rg) = 0, Q is a right self injective regular ring.
Theorem 4, page 71 of Faith (1967) gives that every right complement ideal of Q
is generated by an idempotent. Let a € Eg(A4). Then ry(a) is a right complement
ideal of Q and thus aQ is a projective Q-submodule of Egx(4). Hence by Lemma
2.2 (i), E(A)e %,. Lemma 2.4 now gives that E(A4) € F.

Cateforis (1969) gave the following definitions.

DEFINITION 3.6. A right R-module, Ay is essentially finitely generated
(Ag is EFG) if there exists {a,,a,,---,a,} S A such that £7_, a;R <’ gA.

DEFINITION 3.7. A right R-module, By, is essentially finitely related (Ay is
EFR) if there exists an exact sequence 0 - A - F — B — 0 with Fy finitely
generated and free with Ay EFG.

THEOREM 3.8. If Zo(RR) = 0, Qg, the maximal right quotient ring of R,
is left PTF as an R-module if and only if for every subset X of R, rg(X) is EFG.

PrROOF. Assume Qg is a left PTF module. Then by the dual result to
Lemma 2.1 we have that for each subset X of R rp(X)Q = ry(X). Now since Q is
a right self-injective regular ring there exists e* = ee Q such that ry(X) = eQ.
Thus there exists elements {x,X,, -, x,} < rg(X) and {g,,9,,",4,} < Q such
that 7., x;q; = e.

Now if yerg(X) € ro(X), y = ey = (X/21x4)y = Li-1x:(q:y).
Since Q is a right essential extension of R, there exists z e R such that 0 # yz
= X"_,x(q;yz)e X7-, x;R. Hence X7, x;R <’ grp(X) and rg(X) is EFG.

Conversely assume rg(X) is EFG for every X < R. It is sufficient to show
that if X S R, rg(X)Q = ro(X). By the assumption there exists {x,, x,,**,X,} < R
such that X7_; ;R &’ prp(X). Thus X7_, x,0 S ro(X) as Qs a right essential
extension of R. Since Q is a regular ring there exists an idempotent ee @ such
that 27_; x;Q = eQ. But eQ is a right complement ideal of R and thus has no
proper essential extension in Q. Hence ry(X) = eQ < rg(X)Q. Lemma 2.1 now
gives the result.

In Evans (1973) it is shown that if Zg(Rg) = 0, rg(x) is EFG for every xe R
if and only if Qg is a left H-torsion-free R-module. In the commutative case it is
shown that this is equivalent to Qg being flat.

From Proposition 3.5 and Theorem 3.8 we have the following Corollary.

CoRrOLLARY 3.9. If R is commutative and Zg(Rgp) = 0 the following are
equivalent:

(i) g is closed under injective hulls.

(ii) Qg is a PTF module.

(iii) For every subset X of R, rg(X) is EFG.
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4. & froms a torsion-free class

A ring R is said to be a Baer ring if for each X < R, there exists an idem
potent e* = ee R such that rg(X) = eR. These rings are discussed by Kaplansky
(1969). If X = R, where R is a Baer ring, there exists e = ee R such that /x(X)
= [grplp(X) = Iz(eR) = R(1 — e). It is easily seen that R is a Baer ring if and
only if each left annihilator ideal of R is generated by an idempotent.

A module Ay is said to be torsionless if A can be imbedded in a direct
product of copies of Rg. This is equivalent to: for every 0 # a e A there exists
S e Homg(4, R) with f(a) # 0.

THEOREM 4.1. If R is a ring the following are equivalent:
() R is a Baer ring.

(ii) Py is closed under direct products and submodules.
(iii) &y is the torsion-free class of a torsion theory.

(iv) Every right torsionless R-module is a PTF module.

Proor. (i) = (ii). Since R is a Baer ring, x € R implies rg(x) = eR for some
= e € R. Hence xR is projective and R is a right P.P. ring. Thus by Theorem 3.3
Fr is closed under the operation of taking submodules. Theorem 3.4 gives that
g is closed under taking direct products.

e2

(ii) = (iii). Lemma 3.1 gives that % is also closed under group extensions.

(iii) = (iv). If Ag is a right torsionless R-module, A can be imbedded in a
direct product of copies of Rg. Since &y is closed under isomorphisms, direct
products and submodules the result follows.

(iv) = (i). If xe R, xR is a right torsionless R-module and is thus PTF by
the assumption. Lemma 2.2 (ii) gives that xR is projective and thus we have R is
a right P.P. ring.

If X € R, then rg(X) = rglgra(X). By Theorem 3.3 Izrp(X) is a finitely
generated left ideal of R. Let {y,,y,,-'+,¥,} be a generating set for Igry(X).
Then rglgrp(X) = N].; rg(y;) Lemma 3.2 gives that R is a Baer ring.

REMARKS 3 (a). Hattori (1960) shows that the left H-torsion-free R-modules
form the torsion-free class of a torsion theory if and only if R is a right P.P. ring.

(b) Let g% denote the class of left PTF modules of R. From the comments
preceding the statement of Theorem 4.1 it may be seen that the three other equi-
valent conditions may be added. These are:

(il gz is closed under direct products and submodules.

(iii)’ g¥ is the torsion-free class of a torsion theory.

(iv)" Every left torsionless R-module is a left PTF module.

We have another characterisation of Baer rings in terms of PTF modules.
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ProOPOSITION 4.2. R is a left P.P. ring, Zx(Rg) = 0 and Qp, the maximal

right quotient ring of R, is left PTF as an R-module if and only if R is a Baer
ring.

Proor. First assume R is a left P.P. ring and Qgez¥. Let X < R and
yerg(X). Then lzrp(X) < Ix(y). Since R is a left P.P. ring, Iz(y) = Re for some
e? = ecR. Hence rp(X) = rplgrg(X) 2 rplp(y) = (1 — e)R. Thus we have
1—eerg(X) and y = (1 — e)y. It follows that for 'each zerg(X) there exists
cerg(X) such that z == ¢z. Thus if J is a left ideal of R, J N rp(X) = rr(X)J.
Hence by Proposition 3 page 133 of Lambek (1966), R/rz(X) is a flat R-module.

Now since Qg € g, Theorem 3.8 gives that rg(X) is EFG and thus by the
exact sequence

) 0o 7rg(X) > R—> R/rg(X) - 0

we see that R/rp(X) is EFR. By Theorem 1.7 of Cateforis (1969), R/rg(X) ® 0 is
projective as an R-module.

Theorem 3.1 of J¢ndrup (1970) gives that R/rg(X) is a projective R-module.
Hence the exact sequence (2) splits and we see that rg(X) is a direct summand
of R.

The converse is immediate as any Baer ring, R is a left P.P. ring, Z(Rg) = 0
and Theorem 3.8 gives thas Qg € z..

REMARK 4. The analogous result for H-torsion-free R-modules appeared
in Evans (1973). Qg is regular, left H-torsion-free as an R-module and every
principal left ideal of R is flat if and only if R is a right P.P. ring.

As noted in Section 2, Qg the maximal right quotient ring of R, a right non-
singular ring, is a right self-injective regular ring. The right complement ideals
of Qg are simply the principal right ideals of Q. The lattice of right complement
ideals of R, C(R), is isomorphic to the lattice of right complement ideals of Q.
The isomorphism being determined by the map a: C(Q) — C(R) defined by «(J)
= J N R. This material appears on pages 61 and 71 of Faith (1967).

THEOREM 4.3. Let R be a ring. Then the following are equivalent:

(i) g is the torsion-free class of a hereditary torsion theory.

(ii) R is a right P.P. ring and Qg€ %p.

(iii) R is a right P.P. ring and &y is closed under injective hulls.

(iv) Every right complement ideal of R is generated by an idempotent.
(V) For all Ae My, Zg(Ag) = 0 if and only if Ag€ .

ProoF. (i) = (ii). By Theorem 4.1 R is a Baer ring. Hence Zg(R) = 0 and
Qp is the right injective hull of R. Thus Qz € F.

(ii) <> (iii). This is Proposition 3.5.
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(ii) = (iv). Let J be a right complement ideal of R. Then by the comments
preceding the theorem there exists an idempotent e of Q such that J = eQ N R.
Now eQ = ry(1 —e) and thus J = ry(1 —e) N R = rg(l — o).

By the assumption R is a right P.P. ring and thus by Theorem 3.3 every
submodule of Qg is also a PTF module. In particular (1 — )R € &£ and is thus
projective by Lemma 2.2 (ii). Hence the exact sequence

0>J—->R->(1-eR->0

splits and J is a direct summand of R.

(iv) = (v). Let ae Ag, where Zg(Ag) = 0. Then Z(aR) = 0 and rg(a) is a
right complement ideal of R. Thus aR 2 R/rg(a) is isomorphic to a direct sum-
mand of R and is thus projective. Hence aR € ¥ and so Az € %;.

(v) = (i). Rgze P and thus Z(Rg) = 0. When Z(Rg) = 0 the non-singular
R-modules are the torsion-free class of a hereditary torsion theory.

We will call the rings defined by the equivalent conditions of Theorem 4.3
right strongly Baer rings. Left strongly Baer is defined similarly. A ring R, is said
to be strongly Baer if it is both left and right strongly Baer. An important example
of strongly Baer rings are the continuous regular rings as defined by J. V n
Neumann.

DEerFINITION 4.3. (Utumi (1960)). A regular ring R is right (left) continuous
if its principal right (left) ideals form a complete lattice L and for any directed
set {A;}; e of elements of L and AeL.

ANV 4)= V(A AA4)

iel iel

A regular ring is continuous if and only if it is both left and right continuous.
Utumi (1961) has given the following characterisation of right continuous regular
rings.

LEMMA 4.4. A regular ring R is right continous if and only if every
right ideal of R is an essential submodule of a direct summand of R.

We will need the following lemma.

LeMMA 4.5. Let Zg(Rg) = 0. Then the following are equivalent:

(i) Every right complement ideal of R is EFG.
(ii) For all right ideals I of Q, (I N R)Q = I.

ProoF. (i) = (ii). This is Lemma 2.4 of Cateforis (1969a).

(ii) = (i). If J is a right complement ideal of R, then there exists an idem-
potent ee Q such that eQ "R = J.
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Hence by the assumption J@ = (eQ N R)Q = eQ. Thus there exists elements
{x1, X3 %,p < J and {qy,92,-,9,} S @ such that X}_;x,q, =e Let
yeJ < eQ. Then y = ey and hence y = ( X- x;q;)y. Since Q is an essential
right extension of R, there exists z e R such that 0 # yz = 27_x;(q;y)ze X~ ;x;R.
Hence J is EFG.

CoRrOLLARY 4.6. If R € S < @, S a subring of Q and R satisfies the equivalent
conditions of Lemma 4.5, then I being a right ideal of Q implies (I N S)Q = I.

Proor. Let I be a right ideal of Q. Then (I N S)Q < I and asI = (I N R)Q
cs(InSHYI=INSISQ.

ProrosiTION 4.7. If R is a regular ring, the following are equivalent:
(i) R is a right continuous regular ring.

(ii) Every right complement ideal of R is EFG.

(iii) For all right ideals I of Q, N R)Q = I.

(iv) R is a right strongly Baer ring.

ProOF. (i) = (ii). LetJ be a right complement ideal of R. Then by definition
J has no proper essential extension. Thus J is a direct summand of R by Lemma 4.4

(ii) <> (iii). This is Lemma 4.5.

(ii) = (iv). By the assumption there exists elements {x;,x,,-:,x,} < J
such that X?_,x,R <’ J. Since R is regular there exists e2 = ee R such that
¥4.,x;R = eR. But ¢R is a right complement ideal of R and has no proper
essential extension.

(iv) = (i). Let J be a right ideal of R. Then by Proposition 7, page 61 of
Faith (1967) there exists a right complement ideal K of R such that J =’ K.
Since K is generated by an idempotent Lemma 4.4 now gives the result.

In Lemma 1 of, Utumi (1960) it is shown that if L, the lattice of principal
right ideals of a regular ring R, is complete then R is a Baer ring. In Utumi (1963)
the following result is given

‘A regular ring for which Lis complete is continuous if and only if Qp is also
the maximal left quotient ring of R’.

We have the following generalisation of this.

PROPOSITION 4.8. A Baer ring R is strongly Baer if and only if Qy is also
the maximal left quotient ring of R.

Proor. This follows from Theorems 2.2 and 3.3 of Utumi (1963).

COROLLARY 4.9. If R isa commutative ring, then R is a Baer ring if and only
if R is strongly Baer.
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5. Min R compact and extremally disconnected

A characterisation of commutative non-singular rings for which &4 is closed
under forming injective hulls was given in Corollary 3.9. In this section it is shown
that this condition may also be characterised by a topological condition on the
minimal prime ideals of the ring.

For a commutative ring R, let Spec R denote the set of prime ideals of R with
the hull kernel topology and Min R the set of minimal prime ideals of R with this
topology. If I is an ideal of R, let D(I) = {PeMinR|I & P}. A set U < MinR
is open if and only if U = D(I) for some ideal I of R. A topological space Z is said
to be extremally disconnected if the closure of every open set of Z is open.

When R is a commutative ring, R is non-singular, if and only if R contains
no non-zero nilpotent elements. In this case the complement ideals of R are simply
the annihilator ideals.

Before we proceed to the main result of this section we need two lemmas.

LemmA 5.1. Let X be a subset of R, where R is a commutative non-singular
ring. Then the following are equivalent:

(1) re(X) is EFG, with X}_,z;R €'zrp(X), z;€ for1 < i £ n.

(ii) There exists elements {z,, z,, -+, z,} S R such that rgrg(X)
= Ni=1rr(2).

Proor. (i) = (ii). Since X7.;z;R €’ rp(X) we have

n

zR rRrR(.Z rRrR(zi)) <’ jrr(X).

i=1

p>

i=1

But rprp(Xh-;rere(z;) is a complement ideal of R and thus has no proper
essential extension. Hence rprp(Xio;rrrr(z)) = rr(X). Thus rgre(X)
= rp(rarr(Xi= 1 Trrr(z)) = D=y ra(2)-

(ii) = (i). Suppose rgprg(X) = N/ rx(z)). Then if yerg(X) and yR
N X! z;R =0, yz; = 0 for every 1 £ i £ n. But this implies that y e rgrg(X)
N re(X) = 0. Hence X}_;z;R €’ rp(X).

LEMMA 5.2. If R is a commutative ring, M(R) the flat epimorphic hull
of R is PTF when considered as an R-module.

ProOOF. Let X < R. Then ry(X) = (ry(X) N R)M = rg(X)M by Propo-
sition 14.3 of Stenstrom (1971). By Lemma 2.1, M € %y,

For details of M(R), the left flat epimorphic hull of a ring R, see Stenstrém
(1971).

THEOREM 5.3. If R is a commutative non-singular ring the following are
equivalent:
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sidered condition (v) and have given an example which shows that condition (v)
does not imply Qp is the flat epimorphic hull of R.

(b) It is shown in Evans (1973) that if R is a commutative non-singular ring,
Min R is compact if and only if Q is H-torsion-free or equivalently if the injective
hull of every H-torsion-free R-module is H-torsion-free.

COROLLARY 5.4. Let R be a commutative ring. Then R is a Baer ring if and
only if R is a P.P. ring and satisfies the equivalent conditions of Theorem 5.3.

Proor. This is immediate from Theorem 4.3 and Corollary 4.9.

EXAMPLE of a commutative ring which satisfies the equivalent conditions
of Theorem 5.3 but which is ot Baer.

Let R" = 2Z @ 2Z, where 2Z is the ring of even integers. Let R be the ring
obtained from R’ by adjoining a unity in the usual way (see for example, page 111,
Henriksen and Jerison (1965)). Then R has only finitely many minimal prime
ideals and is thus compact. Hence Proposition 1 of Quentel (1971) gives that
M(R) is regular and M(R) will have only a finite number of minimal prime ideals.
This implies M(R) is isomorphic to a finite direct sum of fields and hence, in
particular, isomorphic to a continuous regular ring.

R is not Baer as it has only two idempotents but many zero divisors.
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