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1. Introduction

A right ^-module AR will be said to be right projectively torsion-free
(AR is PTF) if for every ae A, there exist subsets {aua2,---,an} sA and
{x1,x2,•••,xn} £ R such that a = Zf=1a,X; and for all xeR, if ax = 0 then
xtx = 0 for all 1 ^ i g n.

Let £?R denote the class of right PTF modules of the ring R. It is shown
that yR is the torsion-free class of a hereditary torsion theory if and only if R is a
right non-singular ring and every right complement ideal of R is generated by an
idempotent. These rings include the continuous regular rings as discussed by
Y. Utumi (1961) and (1963).

Hattori (1960) defined a module AR to be torsion-free if for all aeA and
xeR, ax = 0 implies there exist subsets {xltx2, •••,*,,} £ R, with x(x = 0 for
all 1 | i ^ «, and {ai,a2,---,an} c A such that a = S" = 1 a,*;. We will call such
modules H-torsion-free. This property may be considered as a 'one-dimensional'
flatness. Similarly we show that PTF may be regarded as a 'one dimensional'
projectivity. Some of the results of this paper may be considered analogous to
results on H-torsion-free K-modules by Hattori (1960) and the author (1973).

Baer rings, in the sense of Kaplansky (1969), are characterised by right PTF
modules. In section three it is shown that SfR is closed under submodules if and
only if every principal right ideal of R is projective. The property that S?R is closed
under direct products is also considered in this section.

In the final section of this paper it is shown that for a commutative non-
singular ring R, SfR is closed under forming injective hulls if and only if Mini?,
the space of minimal prime ideals of R, is compact and extremally disconnected.

Some portions of this paper appeared in the authors' Ph.D. thesis at Monash
University.
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2. Notation and Preliminaries

Throughout this paper R is an associative ring with identity and all modules
are unitary. Let JiR denote the category of right R-modules. If AeJtR, ER(A) is
the right injective hull of A (Lambek (1966 page 92)). The maximal right quotient
ring of R is QR (Lambek (1966; page 94)). A ring R is said to be right P.P. if
every principal right ideal of R is projective. By a regular ring we mean a von-
Neumann regular ring. A ring R is regular if and only if every right R-module is
flat (Lambek (1966; page 134)). For tring and homological noation the reader is
referred to Cartan and Eilenberg (1956) and Lambek (1966).

Given a subset X of a right .R-module AR, we set rR(X) = {yeR:Xy = 0}.
lR(X) is denned similarly when X is a subset of a left R-module.

A submodule BR of a module AR is said to be an essential submodule of AR,
written B £ ' RA, if BR n CR ± 0 for every non-zero submodule CR of AR. If
BR £ ' R AR £ DR it is said that AR is an essential extension of BR in DR. A right
ideal of a ring R is said to be essential if IR £ ' R RR. if A e JtR, let
ZR(AR) = {as A: rR(a) is an essential right ideal of R}. When ZR(A) = 0, AR is
said to be a right non-singular .R-module. R is said to be a right non-singular
ring if ZR(RR) = 0.

A submodule CR of a right R-module, >1R is said to be a right-complement
submodule of v4R if CR has no proper essential extension in AR. A right ideal /
of R is a rig/if complement ideal of R if /R is a complement submodule of RR.
For further details of essential and complement submodules the reader is re-
ferred to Faith (1967).

A class ^R of right R-modules is said to be closed under group extensions if
whenever BR is a submodule of AR with BR and A\B in (€, then so is AR. A class of
right R-modules ^R, is the torsion-free class of a torsion theory Stenstrom
(1971; pages 5-6), if it is closed under isomorphic images, submodules, direct
products and group extensions. <€R is the torsion-free class of a hereditary torsion
theory if it is also closed under forming injective hulls. For details of torsion
theories see Stenstrom (1971).

When ZR(RR) = 0, the right non-singular .R-modules are the torsion-free
R-modules of the torsion theory co-generated by ER(RR), the right injective hull
of R. This torsion theory was named the Lambek torsion theory, in Stenstrom
(1971). The right complement ideals of R are closed ideals of the Lambek torsion
theory when ZR(RR) = 0. Also when ZR(RR) = 0, QR coincides with ER(RR) and
QR is a right self-injective regular ring. For further details of this see page 106

of Lambek (1966).
The following lemmas will be used throughout the paper. Lemmas 2.1 and

2.2 explain the choice of the name 'projectively torsion-free'.
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LEMMA 2.1 (i) ARe £fR if and. only if aeAR and aX = 0, for a subset
X £ R, implies aeAlR(X).

(ii) / / AR e yR it is H-torsion-free.
(iii) IfZR(RR) = 0 and ARe £fR> then ZR(AR) = 0.
(iv) If R is a commutative integral domain, Ae £fR if and only if AR is

torsion-free in the classical sense.

PROOF, (i) Assume a e AR a right PTF module. Then there exists
{fli, a2, -,an} £ A and {yu y2, - , yn} £ R such that, a = I " = 1a;y,- and
rR(a) = nn

i = 1rR(yt). If aX = 0 for X £ R, then ytX = 0 for all 1 < i g n.
Hence yt e lR(X) and a e A/R(X).

Conversely assume a e A^. Then arR(a) = 0, which by the assumption
implies aeAlRrR(a); i.e. there exists ateA, yielRrR(a), I ^ i ^ n, such that
a = ZJ=1a,.yj. Furthermore if ax = 0 for some xeR, then j ;x = 0 for all
1 g i ^ «, since every y,- e lRrR(a).

(ii) Let a e .4 and ax = 0 for some x e i?. Then by (i) a e 4̂/j{(x) which of
course implies AR is H-torsion-free.

(iii) Let a eAR, a right PTF R-module. Then there exists {aua2, •••,an} £ A
and {ylty2,—,yn} £ ^ such that a = li^a^i and ^(a) = 01 = ! ^ ^ ) . If
rjj(a) is an essential right ideal, then so is rR(yt) for every 1 ^ i ^ n. But this is
impossible for we have assumed ZR(i?R) = 0.

(iv) Assume R is a commutative integral domain and A e S?R. Then if
a e A and ad = 0 for some deR part (i) of this lemma gives that a e AlR{d) — 0.
The converse of this result is just as straightforward and so will be omitted.

REMARK 1. It is not known in general when every H-torsion-free .R-module
is a PTF module. When R is a commutative ring for which every principal ideal
is flat it may be shown that the two concepts coincide if and only if R is a finite
direct sum of integral domains.

Further results concerning part (iii) of the lemma are presented in Section 4
of this paper.

LEMMA 2.2. (i) Every projective right R-module is PTF.
(ii) IfAR is a cyclic R-module, AR is projective if and only ifAReS?R.

PROOF, (i) Let aeARa. projective fl-module. Then by the dual basis lemma
there exist homomorphisms {<j>i,<i>2,---,^n} £ HomK04,R) and elements
fli.a2»"#>an — ^ s u c n t n a t a = ^7=ia;0i(a)- If ax = 0 for some xeR, then
<£i(a)x = 4>i{ax) = 0 for all 1 ^ i ^ n. Hence AR e SfR.

(ii) Let aR s AR be a cyclic PTF module. Then there exists elements
{bltb2,---,bn} £ P and {xt,x2, •••,xn} £ / ? such that
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(1) a = £

and if ay = 0 for some y e R, xty = 0 for all 1 ^ i :g n.

By (1) a ( l - 2 ? = t M / ) = 0 and hence x;(l - 2 ? = 1 M.-) = 0 for every
1 ^ i g B. Thus we have that 2 ? = 1 6,x,(l - I " = i M i ) = 0 and ( 2 ? = 1 &;X,)2

= 2" = i b;X;- Since 2 " = 1 f>,x« is a n idempotent of/? we have rR(a) = rR(2" = 1 fr;x()
= (1 — 2 " = 1 biXj)R. Since 1 — 2 " = 1 &,-Xj is also an idempotent of R aR £ RjrR(a)
is isomorphic to a direct summand of RR and hence is projective.

Let Pd(A) denote the right projective dimension of the right R-module AR.
The right global dimension of R, written GD(R) is defined by GD(R)
= sup {Pd(A): AtJfR}. Auslander has shown that GD(R) = sup {Pd(R/I): / is
a right ideal of R}. We will say a ring R is semi-simple if GD(R) = 0; i.e. if every
R-module is projective.

COROLLARY 2.3. R is a semi-simple ring if and only if every right .R-module
is a PTF module.

PROOF. If R is a semi-simple ring every R-module is projective and hence
PTF by Lemma 2.2 (i).

Conversely assume every right R-module is PTF. Then every cyclic right
R-module is a PTF module and thus projective by Lemma 2.2 (ii). By the com-
ments above we have GD(R) — 0.

REMARK 2. It may be suspected that every right flat R-module is PTF. But
thus is not so. For example choose R to be a regular ring which is not semi-simple.
Then every R-module is flat, but as R is not semi-simple there must exist an
R-module which is not PTF.

LEMMA 2.4. Suppose <p: R -* S to be a ring homomorphism. Inducing a
right R-module structure on S. Then any PTF right S-module As remains PTF
when considered as a right R-module under the induced action.

PROOF. Let a e A and X s R such that aX = 0 under the induced action;
i.e. a<j)(X) = 0. Then there exists elements {al,a2,---,an} £ A and {s!,s2,•••,$,,}
£ ls((j)(X)) such that a = Z"=1a;Si. But the assumption on S implies that
ls(fj>(X)) £ S<f>(lR(X)). Hence for each s;, 1 | i ^ n there exists element
{tu t2,.», Q £ S and {yuy2, -,ym} £ cj>(lR(X)) such that s,= 1.%^^. Thus
a — L" = 1 flj 27=i tj)fj which is an element of AlR(X). Lemma 2.1 gives that
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3. Conditions on £fK

LEMMA 3.1. For any ring R:
(i) ZfK is closed under group extensions.
(ii) £PK is closed under isomorphic images.

PROOF, (i) Let BR £ AR and assume B and A\B are PTF modules.
Let aeA and aX = 0 for some X z R. Then (a + B)X = 0 + 5 in A/B.
Hence there exists {al3a2, •••,an} £ A and {yuy2, ••-,)>*} S lR(X) such that

a + B = ( I " = 1 a; + B)yi = X?=1 a,j>; + -B. Hence a - L" = i a ,̂- e B. By the
assumption aX = 0 and as ytelR(X), (a — Z" = 1 a^XY = 0. Since BRe£fR

there exists {fe1,b2,-")i'm} £ # a nd {zi>22.---»
zm} S l«ffl such that a—"L"=yaiyi

- It
nj = 1bjZj. Thus a = Z?=iaj>'j+ ZJ= 1 bjyjeAlR(X). Lemma 2.1 gives that

(ii) This is clear.
These are the only two of the necessary and sufficient conditions for SfR to

be the torsion-free class of a hereditary torsion theory which hold for an arbitrary
ring. In the following results of this section we investigate when the remainder of
these conditions hold.

The following Lemma's proof is taken from page 96 of Blythe and Janowitz
(1972).

LEMMA 3.2. Let R be a right P.P. ring. Then if {xux2,---,xn} £ R there
exists an idempotent heR, such that n"i = 1rR(x,) = hR.

PROOF. We give a proof for n = 2. Let {xt,x2} £ R. Then as R is a right
P.P. ring there exists idempotents {e,f} £ R such that rR(Xj) = eR and rR(x2)
= fR. Let g2 = g e R be such that gR = rR(f - ef). Then (f-ef)fg
= (/— ef)g = 0. Hence fgegR and fg = gfg. Thus (fg) is an idempotent
ofR.

We show rR(Xi) n r^(x2) = (/<?)/?. Clearly (/<?)£ £ fR. Also, (1 - e)/<?
= ( / - ef)g = 0. Hence fgR £ ^(1 - e) = eR and thus /#/? £ fR O e£.

Conversely assume xeei? H/.R. Then (/— ef)x = (1 — e)/x = (1 — e)x
= (1 — e)x — x — ex = 0 and so x e gR. Then x = gx, x = fx and x =
and we have eR C\fR = fgR.

The following result is a generalisation of Theorem 3.2 of Evans (1972).

THEOREM 3.3. IfR is a ring, the following are equivalent:
(i) R is a right P.P. ring.
(ii) SfR is closed under submodules.
(iii) Every submodule of a protective R-module is PTF.
(iv) Every submodule of a free R-module is PTF.
(v) Every right ideal of R is a right PTF module.
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PROOF, (i) => (ii) Let a eAR, a right PTF module. Then a = S,"=1 a,*, with
{aua2,--,an} S A and {xux2,---,xn} ^ R such that rR(a) = O"i = 1 rR(x,).
By the Lemma 3.2 there is an idempotent /lei? such that rR(a) ~ hR. Thus
aR = RlrR(a) = (1 — /i)K is projective as an .R-module. Thus every cyclic sub-
module of AR is PTF by Lemma 2.2. Clearly this implies every submodule of AR

is PTF.
(ii) => (iii) Lemma 2.2 gives that every right projective .R-module is PTF.
(iii) => (iv) Every free i?-module is PTF.
(iv) => (v) RR is free.
(v) => (i) Let x e R. Then xR is a PTF module and thus projective by

Lemma 2.2.

It is shown by Hattori (1960), that every principal right ideal of a ring R is
flat if and only if every submodule of right H-torsion-free .R-module is H-torsion-
free.

A direct sum of right PTF modules is always a PTF module. The following
result is analogous to Proposition 8 of Hattori (1960).

THEOREM 3.4. IfR is a ring the following are equivalent:
(i) S?R is closed under direct products.
(ii) Every direct product of copies of RR is a right PTF module.
(iii) Every left annihilator ideal of R is finitely generated.

PROOF, (i) => (ii) RR is a right PTF module.
(ii) => (iii). Let X s R and Ax = I I Z 6 / R ( X ) R Z be a direct product of iso-

morphic copies of R indexed over lR(X). Let a e Ax, be the element of Ax having z
in the zth place for all zelR(X). Since AxeS?R and aX = 0. Lemma 2.1 gives
that there exists {yuy2, —,yn} £ lR(X) and {aua2, •-,an} £ A such that
a = Z" = 1aj)>j.

Write a(z) as the zth component of a and a /z ) as the zth component of aj
where aje{al,a2,---,an}. Then z = a(z) = £"• = ta;(z)j>f for all zelR(X) and
thus the se t^ i ,^ 2 » "•>>'/.} i s a generating set for lR(X).

(iii) => (i) Let {A}aej be a family of right PTF modules and A = IL4,, its
direct product. For a = (ax)eA and X ^ R, aX = 0 implies axX = 0 for
each a. Assume lR(X) is generated by a finite number of elements, say {yuy2, •••, yn}.
Then for each a there exists elements aix<=Ax such that-a,, = Z" = j a,-^. Put

a . = (a,n); then a = E"=iai}>; and hence aeAlR(X). Lemma 2.1 gives that A is
PTF.

For the question of when £fR is closed under injective hulls we have been
able to obtain results for the case ZR(RR) = 0.

PROPOSITION 3.5. / / ZR(RR) = 0, SPK is closed under forming injective hulls
if and only if QR the maximal right quotient ring of R is a right PTF module.
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PROOF. Assume QRe£fR and let Ae£fR. Then by Lemma 2.1, ZR(AR) = 0.
Lemma 8.3 of Stenstrom (1971) gives that ER(A) is a g-module and clearly
ZQ(ER(A)) = 0. Now since ZR(RR) = 0, g is a right self injective regular ring.
Theorem 4, page 71 of Faith (1967) gives that every right complement ideal of g
is generated by an idempotent. Let a eER(A). Then rQ{a) is a right complement
ideal of g and thus aQ is a projective g-submodule of ER(A). Hence by Lemma
2.2 (i), E(A) e SfQ. Lemma 2.4 now gives that E(A) e ^ R .

Cateforis (1969) gave the following definitions.

DEFINITION 3.6. A right R-module, AR is essentially finitely generated
(AR is EFG) if there exists {al,a2, •••,an} £ A such that Z " = 1 atR £ ' RA.

DEFINITION 3.7. A right R-module, BR, is essentially finitely related (AR is
EFR) if there exists an exact sequence 0->A-*F->B~+0 with FR finitely
generated and free with AR EFG.

THEOREM 3.8. IfZR(RR) = 0, QR, the maximal right quotient ring of R,
is left PTF as an R-module if and only if for every subset X of R, rR(X) is EFG.

PROOF. Assume QR is a left PTF module. Then by the dual result to
Lemma 2.1 we have that for each subset X of R rR{X)Q — rQ(X). Now since g is
a right self-injective regular ring there exists e2 — e e g such that rQ(X) = eQ.
Thus there exists elements {x1,x2, •••,*„} £ rR(X) and {qi,q2, •••>qn} — Q s u c n

that S" = 1 x^i = e.
Now if yerR(X) £ rQ(X), y = ey = ( S,"=1 x-tq^y = L?=i XjfajO.

Since Q is a right essential extension of R, there exists zeR such that 0 ^ yz
= I.UiXl(q,yz)eirt = iX,R. Hence S^ = 1x;K c'RrR(X) and rR(X) is EFG.

Conversely assume rR(X) is EFG for every X ^ R. It is sufficient to show
that if X £ R, rR(X)Q = rQ(X). By the assumption there exists {xi,x2, •••,xn} £ R
such that I " = 1 x ; R ^' RrR(X). Thus Zr = 1 x ,Q £ ' Q r Q (Z)as g i s a right essential
extension of R. Since Q is a regular ring there exists an idempotent e e Q such
that Z" = iX,C = eg. But eg is a right complement ideal of R and thus has no
proper essential extension in g. Hence rQ(X) = eg £ /"ijpOg- Lemma 2.1 now
gives the result.

In Evans (1973) it is shown that if ZR(RR) = 0, rR(x) is EFG for every xeR
if and only if QR is a left ff-torsion-free J?-module. In the commutative case it is
shown that this is equivalent to QR being flat.

From Proposition 3.5 and Theorem 3.8 we have the following Corollary.

COROLLARY 3.9. If R is commutative and ZR(RR) = 0 the following are
squivalent:

(i) <yR is closed under injective hulls.
(ii) QR is a PTF module.
(iii) For every subset X of R, rR(X) is EFG.

https://doi.org/10.1017/S1446788700020516 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020516


214 M. W. Evans [8]

4. £fR froms a torsion-free class

A ring R is said to be a Baer ring if for each X £ R, there exists an idem
potent e2 = eeR such that rR(X) = ei?. These rings are discussed by Kaplansky
(1969). If X s R, where R is a Baer ring, there exists e2 = c e R such that ZR(X)
= lRrRlR(X) = lR(eR) = R(l - e). It is easily seen that R is a Baer ring if and
only if each left annihilator ideal of R is generated by an idempotent.

A module AR is said to be torsionless if AR can be imbedded in a direct
product of copies of RR. This is equivalent to: for every 0 ^ a e A there exists
feUomR(A,R) with/(a) ± 0.

THEOREM 4.1. J/ i? is a ring the following are equivalent:

(i) .R is a Baer ring.
(ii) ^ R is closed under direct products and submodules.
(iii) SfR is the torsion-free class of a torsion theory.
(iv) Every right torsionless R-module is a PTF module.

PROOF, (i) => (ii). Since R is a Baer ring, xeJ? implies rR(x) = eR for some
e2 = eeR. HencexR isprojective and R is a right P.P. ring. Thus by Theorem 3.3
£fR is closed under the operation of taking submodules. Theorem 3.4 gives that
£fR is closed under taking direct products.

(ii) => (iii). Lemma 3.1 gives that SfR is also closed under group extensions.

(iii) => (iv). If AR is a right torsionless .R-module, AR can be imbedded in a
direct product of copies of RR. Since £?R is closed under isomorphisms, direct
products and submodules the result follows.

(iv) => (i). If x e R, xR is a right torsionless .R-module and is thus PTF by
the assumption. Lemma 2.2 (ii) gives that xR is projective and thus we have R is
a right P.P. ring.

If X £ R , then rR(X) = rRlRrR(X). By Theorem 3.3 lRrR(X) is a finitely
generated left ideal of R. Let {yi,y2,---,yn} be a generating set for lRrR(X).
Then rRlRrR(X) = n " = 1 rR(yt) Lemma 3.2 gives that R is a Baer ring.

REMARKS 3 (a). Hattori (1960) shows that the left /f-torsion-free /^-modules
form the torsion-free class of a torsion theory if and only if R is a right P.P. ring.

(b) Let RSf denote the class of left PTF modules of R. From the comments
preceding the statement of Theorem 4.1 it may be seen that the three other equi-
valent conditions may be added. These are:

(ii)' RSf is closed under direct products and submodules.
(iii)' K£f is the torsion-free class of a torsion theory.
(iv)' Every left torsionless R-module is a left PTF module.

We have another characterisation of Baer rings in terms of PTF modules.
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PROPOSITION 4.2. R is a left P.P. ring, ZR(RR) = 0 and QR, the maximal
right quotient ring of R, is left PTF as an R-module if and only if R is a Baer
ring.

PROOF. First assume R is a left P.P. ring and QReR&?. Let X s R and
y e rR(X). Then lRrR(X) £ lR(y). Since R is a left P.P. ring, lR(y) = Re for some
e2 = eeR. Hence rR(X) = rRlRrR(X) 2 rRlR(y) = (1 - e)R. Thus we have
1 — e e rjj(A') and y = (1 — e)y. It follows that for :each z e rR(Z) there exists
c e rR(Z) such that z = cz. Thus if J is a left ideal of R, J n rR(X) = rR(X)J.
Hence by Proposition 3 page 133 of Lambek (1966), R/rR(X) is a flat R-module.

Now since QR e R£f, Theorem 3.8 gives that rR{X) is EFG and thus by the
exact sequence

(2) 0 -> rR(X) -+R^ R/rR(X) -> 0

we see that R/rR(X) is EFR. By Theorem 1.7 of Cateforis (1969), R/rR(X) <g> K 2 is
projective as an i?-module.

Theorem 3.1 of J^ndrup (1970) gives that R/rR(X) is a projective i?-module.
Hence the exact sequence (2) splits and we see that rR(X) is a direct summand
of/?.

The converse is immediate as any Baer ring, R is a left P.P. ring, Z(RR) = 0
and Theorem 3.8 gives thas QReRy.

REMARK 4. The analogous result for //-torsion-free R-modules appeared
in Evans (1973). QR is regular, left //-torsion-free as an .R-module and every
principal left ideal of R is flat if and only if R is a right P.P. ring.

As noted in Section 2, QR the maximal right quotient ring of R, a right non-
singular ring, is a right self-injective regular ring. The right complement ideals
of QR are simply the principal right ideals of Q. The lattice of right complement
ideals of R, C(R), is isomorphic to the lattice of right complement ideals of Q.
The isomorphism being determined by the map a: C(Q) -» C(R) defined by u(J)
= J O R. This material appears on pages 61 and 71 of Faith (1967).

THEOREM 4.3. Let R be a ring. Then the following are equivalent:
(i) £fR is the torsion-free class of a hereditary torsion theory.
(ii) R is a right P.P. ring and QR e S?R.
(iii) R is a right P.P. ring and £fR is closed under injective hulls.
(iv) Every right complement ideal of R is generated by an idempotent.
(v) For all ABJ(R, ZR(AR) = 0 if and only ifARe^R.

PROOF, (i) =*• (ii). By Theorem 4.1 R is a Baer ring. Hence ZR(R) = 0 and
QR is the right injective hull of R. Thus QR

(ii) o (iii). This is Proposition 3.5.
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(ii) => (iv). Let J be a right complement ideal of R. Then by the comments
preceding the theorem there exists an idempotent e of Q such that J = eQ n R.
Now eQ = rQ(\ - e) and thus J = rQ(l - e) n K = rR(l - e).

By the assumption R is a right P.P. ring and thus by Theorem 3.3 every
submodule of QR is also a PTF module. In particular (1 — e)R e £fR and is thus
projective by Lemma 2.2 (ii). Hence the exact sequence

0 -» / -> J? -> (1 - e)R -» 0

splits and J is a direct summand of i?.

(iv) => (v). Let aeAR, where ZR(ylR) = 0. Then Z(aR) = 0 and rR(a) is a
right complement ideal of R. Thus aR s R/rR(a) is isomorphic to a direct sum-
mand of .R and is thus projective. Hence aR e ,5% and so AR e .S^.

(v) => (i). RReSfR and thus Z(RR) = 0. When Z(RR) = 0 the non-singular
.R-modules are the torsion-free class of a hereditary torsion theory.

We will call the rings defined by the equivalent conditions of Theorem 4.3
right strongly Baer rings. Left strongly Baer is denned similarly. A ring R, is said
to be strongly Baer if it is both left and right strongly Baer. An important example
of strongly Baer rings are the continuous regular rings as defined by J. V n
Neumann.

DEFINITION 4.3. (Utumi (I960)). A regular ring R is right (left) continuous
if its principal right (left) ideals form a complete lattice L and for any directed
set {Ai}i£l of elements of L and AeL.

A A ( V Ai) = V(A A A,)
iel iel

A regular ring is continuous if and only if it is both left and right continuous.
Utumi (1961) has given the following characterisation of right continuous regular
rings.

LEMMA 4.4. A regular ring R is right continous if and only if every
right ideal of R is an essential submodule of a direct summand ofR.

We will need the following lemma.

LEMMA 4.5. Let ZR(RR) = 0. Then the following are equivalent:

(i) Every right complement ideal ofR is EFG.
(ii) For all right ideals I of Q, (I n R)Q = / .

PROOF, (i) => (ii). This is Lemma 2.4 of Cateforis (1969a).
(ii) => (i). If J is a right complement ideal of R, then there exists an idem-

potent e e Q such that eQ n R = J.
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Hence by the assumption JQ = (eQ n R)Q = eQ. Thus there exists elements
{xux2,---,xn} c J and {q1,q2,—,1«}^Q such that S"=iX,-^ = c. Let
y e J S e g . Then >> = ey and hence y = (,"L"i = iXiqi)y. Since g is an essential
right extension of R, there exists zeR such that 0 # j>z = S?=1x;(g,j>)ze S/^i*,/?-
Hence / is EFG.

COROLLARY 4.6. If/? c S s g , S a subring of Q and i? satisfies the equivalent
conditions of Lemma 4.5, then / being a right ideal of Q implies (/ n S)Q = / .

PROOF. Let / be a right ideal of Q. Then (/ n S)g s / and as / = (/ n /?)Q
£ (/ n S)G, / = (/ n S)S-

PROPOSITION 4.7. / / / ? is a regular ring, the following are equivalent:

(i) i? is a right continuous regular ring.
(ii) Every right complement ideal of R is EFG.
(iii) For all right ideals I ofQ, (I O R)Q = I.
(iv) R is a right strongly Baer ring.

PROOF, (i) => (ii). Let J be a right complement ideal of R. Then by definition
J has no proper essential extension. Thus J is a direct summand of R by Lemma 4.4

(ii) <s> (iii). This is Lemma 4.5.

(ii) => (iv). By the assumption there exists elements {xux2, •••,xn} s J
such that Z"=!*,/? £ ' J. Since R is regular there exists e2 = eeR such that
2J=1x,-R = eK. But eR is a right complement ideal of R and has no proper
essential extension.

(iv) => (i). Let J be a right ideal of R. Then by Proposition 7, page 61 of
Faith (1967) there exists a right complement ideal K of R such that J ^'RK.
Since K is generated by an idempotent Lemma 4.4 now gives the result.

In Lemma 1 of, Utumi (1960) it is shown that if L, the lattice of principal
right ideals of a regular ring R, is complete then R is a Baer ring. In Utumi (1963)
the following result is given

'A regular ring for which Lis complete is continuous if and only if QR is also
the maximal left quotient ring of/?'.

We have the following generalisation of this.

PROPOSITION 4.8. A Baer ring R is strongly Baer if and only ifQR is also
the maximal left quotient ring of R.

PROOF. This follows from Theorems 2.2 and 3.3 of Utumi (1963).

COROLLARY 4.9. IfR is a commutative ring, then R is a Baer ring if and only
ifR is strongly Baer.
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5. Min R compact and extremally disconnected

A characterisation of commutative non-singular rings for which £fR is closed
under forming injective hulls was given in Corollary 3.9. In this section it is shown
that this condition may also be characterised by a topological condition on the
minimal prime ideals of the ring.

For a commutative ring R, let Spec/? denote the set of prime ideals of R with
the hull kernel topology and Mini? the set of minimal prime ideals of R with this
topology. If / is an ideal of R, let D(I) = {P e Min R | / $ P}. A set U £ Min R
is open if and only if U = £>(/) for some ideal I of R. A topological space Z is said
to be extremally disconnected if the closure of every open set of Z is open.

When R is a commutative ring, R is non-singular, if and only if R contains
no non-zero nilpotent elements. In this case the complement ideals of R are simply
the annihilator ideals.

Before we proceed to the main result of this section we need two lemmas.

LEMMA 5.1. Let X be a subset of R, where R is a commutative non-singular
ring. Then the following are equivalent:

(i) rR(X) is EFG, with I ? = 1 z ; R ^'RrR(X), zts for 1 ^ i ^ n.
(ii) There exists elements {z1( z2, •••, zn} £ R such that rRrR(X)

= n 1 = 1rK(Z i ) .

PROOF, (i) => (ii). Since X • = i ztR £ ' rR(X) we have

£ ZiR £ rRrR(i rRrR(z;)) £ ' RrR(X).

But rRrR(L"i = 1 rRrR{z>j) is a complement ideal of R and thus has no proper
essential extension. Hence rRrR(X" = ± rRrR{z^)) = rR(X). Thus rRrR(X)

(ii) => (i). Suppose rRrR(X) = O"=1rJ?(zi). Then if yerR(X) and yR
n E?=iZ;R = 0, yzj = 0 for every 1 ^ i :g n. But this implies that yerRrR(X)
n rR(X) = 0. Hence I? = 1z,R s '

LEMMA 5.2. / / 1? is a commutative ring, M(R) the flat epimorphic hull
of R is PTF when considered as an R-module.

PROOF. Let X £ R. Then rM(X) = (rM(X) O fl)M = rR(X)M by Propo-
sition 14.3 of Stenstrom (1971). By Lemma 2.1, Me^R.

For details of M(R), the left flat epimorphic hull of a ring R, see Stenstrom
(1971).

THEOREM 5.3. / / R is a commutative non-singular ring the following are
equivalent:
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sidered condition (v) and have given an example which shows that condition (v) 

does not imply QR is the flat epimorphic hull of R. 

(b) It is shown in Evans (1973) that if R is a commutative non-singular ring, 

Min R is compact if and only if QR is H-torsion-free or equivalently if the injective 

hull of every H-torsion-free J?-module is H-torsion-free. 

COROLLARY 5.4. Let R be a commutative ring. Then R is a Baer ring if and 
only if R is a P.P. ring and satisfies the equivalent conditions of Theorem 5.3. 

PROOF. This is immediate from Theorem 4.3 and Corollary 4.9. 

EXAMPLE of a commutative ring which satisfies the equivalent conditions 
of Theorem 5.3 but which is ot Baer. 

Let R' = 2Z © 2Z, where 2Z is the ring of even integers. Let R be the ring 

obtained from R' by adjoining a unity in the usual way (see for example, page 111, 

Henriksen and Jerison (1965)). Then R has only finitely many minimal prime 

ideals and is thus compact. Hence Proposition 1 of Quentel (1971) gives that 

M(R) is regular and M(R) will have only a finite number of minimal prime ideals. 

This implies M(R) is isomorphic to a finite direct sum of fields and hence, in 

particular, isomorphic to a continuous regular ring. 

R is not Baer as it has only two idempotents but many zero divisors. 
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