ON ¢-GALOIS EXTENSIONS OF SIMPLE RINGS
HISAO TOMINAGA

To the memory of Professor Tapast Nakavama

In 1952, the late Professor T. Nakayama succeeded in constructing the
Galois theory for finite dimensional simple ring extensions [7]. And, we believe,
the theory was essentially due to the following proposition: If a simple ring
A is Galois and finite over a simple subring B then A is B'-A-completely
reducible for any simple intermediate ring B' of A/B [7, Lemmas 1.1 and
1.27]. Moreover, as was established in [5], Nakayama’s idea was still efficient
in considering the infinite dimensional Galois theory of simple rings.

In this paper, we shall present first such a generalization of the proposition
stated above that contains [5, Lemma 2] as well. And then, by the aid of
this generalization, several facts obtained in [6] and [8] for division rings will
be extended to simple rings. In fact, under the assumption that a simple ring
extension in question is %-¢-Galois and left locally finite, many important
results previously obtained in [2]-[10] can be unified.

Throughout the present paper, A = >\iDe;; will represent a simple ring
where E = {e;’s} is a system of matrix units and D= V4(E) a division ring,
and B a simple subring of A containing the identity 1 of A. And we use the
following conventions: V and H mean V.(B) and V4i(B) = V.i(V.(B)), re-
spectively. If H is a simple ring, we set H= > \Kdsx where 4={ds’s} is a
system of matrix units and K = Vx(4) a division ring. If T is a regular subring
of A containing B, &(7, A/B) will mean the set of all the B-(ring) isomor-
phisms of T onto regular subrings of A. And finally, A/B is said to be /-
Galois®' if B is regular and ®A, is dense in Homg (A, A), where & is the
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1) These lemmas were stated under the weaker assumption that A/B is (finite and)
weakly normal.

5 In [4], A/B was defined to be h-Galois if (i) B is regular, (ii) A is Galois over B’
and V%(B') is simple for any regular subring B’ of A left finite over B, and (iii) A’=V?%(4")
and [A': Hli=[V: V4(A')]- for every regular subring A’ of A left finite over H, and it

(Continued on next page)
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group of all the B-automorphisms of A. As to other notations and terminologies
used here, we follow [4] and [5].
The following propositions previously known will play important roles in

the present study.

ProrosiTioN 1. Let B' be a subring of A containing 1 of A, V' = V.(B")
and H'=V'i(B".

(@) If A is B'-V'-A-irreducible, then A is homogeneously completely reducible
as B'-A-module and as V'-A-module, both V' and H' are simple rings, LA| B} +A,]
=LV'|V'] and [A|Vi-A,1=[H'| H']".

(b) If B' is an intermediate ving of A/B left (vesp. right) finite over B and
A is B'-V'- A-irveducible (resp. A-B'+V'-irreducible), then [V : V'1,<[B' : H*],
(resp. [V : V'1,<[B' : H*1,) for any simple intermediate ving H* of HN B'/B.

(¢) If B' is an intermediate ring of A/BLE] left (resp. right) finite over B
and A is left (resp. right) locally finite over B, then [V : V'1,<[B' : Bl (resp.
[V:VvV'31<[B: Bl). ([2, Lemma 1 and Cor. 21.)

ProrosiTiON 2. Let A be outer Galois and left locally finite over B, and A’
an intermediate ving of A/B.

(a) A' is simple, AJA' is (two-sided) locally finite, and each B-(ring) iso-
morphism of A' into A can be extended to an element of ®.

(b) A/B is h-Galois, and there exists a 1-1 dual correspondence between closed
subgroups of & and intermediate rings of A/B, in the usual sense of Galois theory.

(¢) If [A': Bli< o then [A': Bli=[A": Bl, =% (D|A") for any Galois
group  of A/B. ([3, Th. 1.1], [3, Cor. 1.4], [4, Lemma 1.8] and [9].)

Prorosition 3. Let A be Galois over B with a regular Galois group 9, and
H a simple ring left locally finite over B. And let T be an intermediate ring of
A/B such that [T : Bl;< o and A is T-A-irreducible.

@ If[T: HN T =LV : Vi(T)], then Homp (T, A) = (DI T A, and S| T
=9IT.

was shown that if A/B is h-Galois and left locally finite then ®A- is dense in Homp ( A,
A). And more recently, in [2], T. Nagahara has shown the converse implication. How-
ever, one will see later the converse implication to be true even under a somewhat
weakened assumption. (Cf. Ths. 2 and 8.)

3) [A,B;’Ar] and [V’]|V’] denote the length of the composition series of the B-A-
module A and the length of the composition series of the V’-module V’ (the capacity of
the simple ring V"), respectively.
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(b)) If T'=J(S(T), A) then [HNT': B1< . ([4, Lemma 3.1] and [5,
Lemma 51].)

1. Preliminaries. The present section starts with the following brief lemma.

LemMa 1. Let B' be a simple intermediate ring of A/B with [B'|B']l=n(=
capacity of A). If a is an arbitrary element of A and T an arbitrary simple
intermediate ving of A|/B' then [aB'|B'1=[aT|T]. And, if A/B is left locally
finite and [B' : Bl < o then there exists an intermediate ring B' of A/B' such
that [B" : Bli< o and [aB"|B"]="[aA| Al

Proof. Without loss of generality, we may assume that B’ contains E and
aB'=>)laei;B' = ®'aeiiB' (m=[aB'|B']). Aseach ¢;T=¢;B'T is a minimal
right ideal of T, aT =aB'T = > 1ae;T implies then [aT|T]l<m. Now, the
rest of the proof will be obvious.

The proof of the next lemma proceeds in the usual way (cf. [4]), and may

be omitted.

LemMma 2. Let B’ be a simple intermediate ring of A/B with [B'|B'l=n, «
and B elements of &(B', A/B), and 9 a subset of &(B', A/B).

(a) aA, is By-A,-irveducible and « is linearly independent over A,.

(b) Let m be a By-A,-submodule of 9A,. m is B;—A,-irreducible if and only
if W =ouAr with some c =9 and some non-zero u<s V.

(¢) aA, is By-A,-isomorphic to BA, if and only if a = p# with some us V'
(the multiplicative group of the regular elements of V), and so if « is contained

in DA, then a =av with some s and v V".

We consider here the following conditions :

(1) Homg,(B', A) =& (B', A/B)A, for any regular intermediate ring B’
of A/B with [B': Bli< .

(1") Homs,.(B', A) = 8(B', A/B)A, for any regular intermediate ring B’ of
A/B with [B" : Bl;< .

(2) &(Bi, A/B)|B:< &(B:, A/B) for any regular subrings Bi2B, of A
containing B with [B; : B], < =,

(2" ®&(B:, A/B)| B,.<®(B:,, A/B) for any regular subrings B.2B, of A
containing B with [B; : B], < «.

Remark 1. If the condition (1) is satisfied, then J(&(B', A/B), B') =B

https://doi.org/10.1017/50027763000026325 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000026325

488 HISAO TOMINAGA

for any regular intermediate ring B' of A/B with [B': Bl;< . In fact, if
b is an arbitrary element of J(8(B’', A/B), B') not contained in B then T =
B[#'] is a subring of B’ properly containing B. Since Homg,(B', A) = &(B’,
A/B)A,, we have Homp (T, A) = Homg/(B', AT = (8(B', A/B)I DA, =
117)A,, whence it follows a contradiction [T : Bl =1.

Now, we shall prove our first theorem which contains evidently the pro-
position cited at the opening as well as [5, Lemma 21.

TuaroreM 1. Let A/B be left locally finite, and the condition (1) satisfied.
If T is a simple intermediate rving of A/B with [T : Bli< o then A is T-A-
completely reducible. In particular, if T is a regular subring of A with [T : Bl
< oo them A is homogeneously T-A-completely reducible with [A|Ti*A,]1=
[V I V(T and T is f-regular.

Proof. Let M be an arbitrary minimal 7-A-submodule of A such that thh
composition series of M as right A-module is of the shortest length among
minimal 7-A-submodules of A. Then, M =e¢A with a non-zero idempotent e.
In virtue of Lemma 1, we can find an intermediate ring 7 of A/TLE, e] with
[T*: Bli< o and [eT*| T*]1=[eA|A]. One may remark here that TeT*=
eT*. In fact, for each t < T there exists some a < A with ea = te= T%, so that
te=ereaceT”*. By Lemma 2 (a), Homp (T*, A) =&(T* A/B)A, is T}-A,
completely reducible. Accordingly, the T'/-A,-module Hom, (7%, A) = &M,
with T7-A,-irreducible M;. By Lemma 2 (b), M; = sju, A, with some 4 &
®&(T*, A/B) and non-zero ;< V. Since MjcHom¢, (T*, A) and TeT* = eT™*(<
T%*), each Mj= (Te)M; is a T-A-submodule of A. Further, there holds M, =
uj (Te)oj* A=uj (TeT*) s+ A=uj* (eT*)oj* A=u;+es;* A, whence it follows [M;|A]
= [ujresj* AlAJ<[esj* AlAT<[eoj* T*0j| T*0;1 = [eT*|T*1=[M|A] by Lemma 1.
Recalling here that [M|A] is the least, we see that each Mj; is either 0 or
T-A-irreducible.  Finally, noting that A is T;*Hom.,(A, A)-irreducible, there
holds A =e(Ti*Homy (A, A)) = (Te)Homz, (T*, A) = (Te)>)M; = > M, which
proves evidently the complete reducibility of A as T-A-module. Now, the
latter assertion will be evident by Prop. 1 (b).

The next has been proved in [2] and [5]. Nevertheless, according to the

idea in [7], we shall present here another proof that needs only Lemma 2 and
Th. 1.
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CoroLLARY 1. Let A be left locally finite over a regular subving B, and DA,
is dense in Homp,(A, A) for an automorphism group 9 containing V. If B’ is
a regular intermediate ring of A/B with [B' : Bli< o then H(B"A, is dense
in Homp (A, A) and J(H(B'), A) = B'.

Proof. Let T be an arbitrary intermediate ring of A/B'[E] with [T : B
< o, Evidently, Homg (T, A) is a T,-A,-submodule of Hom, (7T, A) =
(HITA,. And then, by Lemma 2 (b), Homs (T, A) = @ (s;ui] T) A, with some
0;€ 9 and non-zero ;€ V. In general, if tw| T(r€ 9, we V) is contained in
Homgp (T, A), one will easily see that rw; is contained in Vy(B;) (% = Hom(A4, A4)).
Now, let ou; be an arbitrary oui. Since A is homogeneously B’-A-com-
pletely reducible by Th. 1, a standard argument enables us to find such an
inversible element » € ng[(,B;) that a,» =v(as), forall ae A. As » ‘ou;is then
contained in V(B A,) = V.(B")1, owr=vvi1+ * * * + vvnm with some v; € Va(B')".
Noting that 7" contains E, one will easily see that every (vvj;| T)Arisa Ty-A,-
irreducible submodule of Homg (T, A), so that (wviul T)A,= (rw;;| T) A, with
some r€9 and wjc V (Lemma 2). We have then A =v;4=v;*Av=v;*(T*
A Vv = vj*Tv A = T VA, = T(rwjl TV A, = wj*Tr+ A = w;jA, whence it
follows wje V'. Hence, rib; = rwjw;, is contained in Vo(B) NH=H(B). It
follows therefore Homg (T, A) = (H(B')| T)A,, which forces H(B")A, to be
dense in Homs (A4, A). Finally, to be easily verified, B, = Vi(B) = Vy(DA4,),
which implies J(§, A) = B. And hence, by the fact proved above, J(H(B"), A)
=B/

Patterning after the proof of [2, Lemma 2], we readily obtain the next:

LemMa 3. Let H be simple, and T an intermediate ring of A/BL4]. If there
exists an automorphism group 9 of HLT1 with J(9, HLT]) = T and HD = H, and
if HN T is simple, then T is linearly disjoint from H.

The following proposition is a part of [2, Th. 1]. However, for the sake

of completeness, we shall give here the proof.

ProrositioN 4. If B is a regular subring of A, the following conditions are
equivalent to each other:

(A) A is h-Galois and left locally finite over B.

(A" A, is dense in Homp, (A, A) and A/B is vight locally finite.

(B) A is Galois and left locally finite over B, and B-V-A-irreducible,
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(B A is Galois and right locally finite over B, and A-B-V-irreducible.
(C) A is Galois and left locally finite over B, and A-B-V-irreducible.
(C") A is Galois and right locally finite over B, and BV A-irreducible.

Proof. (A) = (B) is obvious by Th. 1 and Cor. 1. Next, we shall prove
(B) =(C") = (A"). As A is B-V-A-irreducible, H is simple by Prop. 1 (a).
For an arbitrary intermediate ring T of A/BLE, 4] with [T : Bl,< «, we
set T'=J(®(T), A) and H'=HNT'. Then, [V: V(TNL=LV: V(DI
[T : Bl by Prop. 1 (b), and so Lemma 3 and Prop. 1 (b) imply [T’ : H'],
=[T'H: HI,<[V3(T" : H1,<[V : V.(T"1,< . On the other hand, noting
that A is A-T'-irreducible, Prop. 1 (b) yields also [V : V. (T)1<[T' : H'],
< o, Combining those above, we obtain [T : H'1,=[V : V.(T")];. Since
[T': Bl,=LT': H1[H': Bl< > by Prop. 3(b), the proposition symmetric
to Prop. 3 (a) yields Hom,.(7T', A) = (&|T’)A;, which proves (C') ==(A").
In case the condition (B) is satisfied, for an arbitrary intermediate ring T of
A/BLE, 4] with [T : Bl;< o there holds [V : V.(T)1,<[T : Bl;< > (Prop.
1 (¢)). And so, repeating the above argument, we obtain [T : B1l,<[ T : Bl,
< o which means A/B is right locally finite. We have proved thus (A) = (B)
= (C') = (A"), and symmetrically (A’) = (B") = (C) = (A).

CoROLLARY 2. Let A be left locally finite over a vegular subring B. If the
condition (1) is satisfied, then (H is simple and) A is h-Galois and locally finite
over H. And, if A/B is Galois and the condition (1) is satisfied then A/B is h-

Galois, and conversely.

Proof. Let B' be an arbitrary intermediate ring of A/BLE] with [B': B];
< oo, Then, by Prop. 1 (¢), we have [V : V.(B")1<[B': Bl;< . Since A
is B:V-A-irreducible (Th. 1), A is V+H-A-irreducible much more and H is
simple by Prop. 1 (a). And then, by Prop. 1 (b), it follows [V4(B") : HI,
<[V : V.(B" 1< =, which proves evidently the right local finiteness of A/H.
Hence, Prop. 4 asserts that A/H is locally finite and %-Galois. The latter
assertion is a direct consequence of Th. 1 and Prop. 4.

The following theorem coincides essentially with [10, Th. 31.

TureoreM 2. Let A be left locally finite over a regular subving B, and the
condition (1) satisfied. If A' is a simple intermediate ring of A/H with [A': H],
< oo, then A' is f-regular and Vi(A") = A',
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Proof. By Cor. 2, A/H is h-Galois and locally finite. If A,is an arbitrary
intermediate ring of A/A'[E] with [A4, : Hli< o then A is A, A-irreducible
and A-V-H-irreducible (Prop. 4). Hence, [4o : H1L,=[V : Va(A)1L=L[Vi(Ad) :
H1=[A4, : H] by Prop. 1 (b), whence it follows [A, : Hi=[V : Vi(4d .
And then, Prop. 3 (a) asserts that Homg, (4o, A) = (V|Ay))A,, which means
that VA, is dense in Homg, (A, A). And then, the proof of [10, Th. 3] asserts
that A’ is regular. Accordingly, [V : V.(AN],<[A’ : H],< o by Th. 1 and
Prop. 1 (b), and V%(A4") =J(V (4", A) = A' by Cor. 1.

LemMA 4. Let A/B be left locally finite, and the condition (1) satisfied. If p
is a B-ring homomorphism of an intermediate ring A, of A/B with [A, : B
< o onto a simple intermediate ring A of A/B such that Vi(A:) is a division
ving, then p is contained in & (Ao, A/B)|A; for any regular intermediate ring A,
of A/A, with [Ae 1 Bli< .

Proof. Let = (A, A/B). Since [A:: Bli<[A, : Bi<~ and V(4.
is a division ring, A is A,~A-irreducible (Th. 1). And, we have Homg,(4,, 4) =
(H1ANA, =>0(0il ADA, with some o€, for [Homp (A4, A) : 4,1 =
[A;: Bli<o. Now, the rest of the proof proceeds in the same way as in the
proof of [4, Lemma 3.11].

TueoreM 3. Let A/B be left locally finite, and the conditions (1), (2) satisfied.
If B\2 B: are regular intermediate rings of A/B with [By: Bl < o then &(B,,
A/B) =@®(By, A/B)|B,.

Proof. Let o be an arbitrary element of 8(B,, A/B), and B;= Bw. We
set Vi= Va(Bi) = XM Uigh(i =2, 3), where {g4)’s} is a system of matrix units
and Ui = Vi, ({gpe'"’s)) is a division ring. If m;>m; then we can consider the

subrings A», As of A defined as follows:

Ay=3)""B:g}4) + B:g, where g=2317,,¢43, and
As=2"Bsg4,.
Evidently, A. is an intermediate ring of A/B: with [4, : Bl;< <, A; a simple
intermediate ring of A/Bs;, and V.(As) = Us a division ring. As {g,s} is
linearly independent over B;, we can define a B-linear map o of A. onto A; by

the following rule:
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(B:g)o =0,
{ (XT0pagba) 0= 201" (b35e0) g5 (bpa€ Be).

Then, one will easily see that p is a ring homomorphism and s=p|B.. If A,
is an arbitrary regular intermediate ring of A/A.[B,] with [A4, : Bl;< < then
¢ is contained in &(A,, A/B)| A, (Lemma 4), so that ¢ = o|B.= 8(4,, A/B)|B:
= (8(4y, A/B)|B)|B.<®(B;, A/B)|B. by (2). On the other hand, if m.<m;
then the same argument applied to o' (instead of ¢) enables us to find a
simple intermediate ring A, of A/Bs; with [A4, : Bl;< « such that V.(4,) is
a division ring and ¢7'=p|B; for some p= (A4, A/B). Applying again the
above argument to o~', we can find a simple intermediate ring A™ of A/(A.p)
[B] with [A* : B];< « such that V.(A™¥) is a division ring and o '=1|Aw
for some re ®(A* A/B). Then, v=p"'|B=t|B.c&A* A/B)|B, @B,
A/B)!B.. Hence, in either cases, we have seen &(B:, A/B)<®& (B, A/B)| B,
whence it follows eventually &(B., A/B) = &(B;, A/B)| B..

CoroLLARY 3. Let A be left locally finite over a regular subring B, and 9
an automorphism group of A containing V. If DA, is dense in Homy (A4, A)
then &(B', A/B) =9|B' for each regular intermediate ring B' of A/B with
[B:Bli<o. In particular, if A/B is h-Galois and left locally finite, then the
condition (2) is fulfilled. (Cf. [4, Cor. 3.7].)

Proof. If By= B'[E], then 8(B,, A/B) SHomp (B, A) = (H|B) A,, whence
it follows &(B,, A/B) = 9|B, (Lemma 2 (c)). Now, the same argument as in
the proof of Th. 3 enables us to see that §(B', A/B)<®&(B,, A/B)|B'=9|B’,
whence it follows &(B’, A/B) =9|B'.

2. g-Galois Extensions. A/B is said to be ¢-Galois (resp. right q-Galois)
if B is regular and the conditions (1), (2) (resp. (1), (2")) are satisfied. To
be easily verified, if A is a division ring, the notion of g¢-Galois coincides with
that of quasi-Galois defined in [8] provided A/B is left locally finite (cf. [8]
and Remark 2). And, A/B is said to be locally h-Galois if for each finite subset
F of A there exists such an intermediate ring A’ of A/B[F] that A'/B is &-
Galois. Needless to say, if A/B is h-Galois or locally Galois then it is locally
h-Galois.

ProrosiTioN 5. If A/B is locally h-Galois and left locally finite then it is q-
Galois,
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Proof. Let B2 B, be regular intermediate rings of A/Bwith [B; : B];< =,
and ¢ an arbitrary element of &(Bi, A/B). Then, the simple rings V.(B)),
V4(B:) and V.(Bis) are represented as the complete matrix rings over division
rings with the systems of matrix units Iy, I; and I3, respectively. Now, for
an arbitrary finite subset F of A, choose an intermediate ring A* of A/B.[B.s,
F, E, Iy, Ik, T3] such that A*/B is %-Galois.  Then, by Cor. 3, s can be
extended to an automorphism ¢* of A*. Since V. (B) and Vi (Beo) = Vi (B:) o™
are simple rings, they are the complete matrix rings over division rings with
the systems of matrix units I'* and I's, respectively. If we set B* = B[ By,
F, E, I'*, I'f] (A", B* is a regular subring of A left finite over B such
that Vs(B) and Vs(Bs) are simple. Hence, we have seen that there exists
a directed set {B)} of regular intermediate rings B} of A/B.,[B.s] such that
[BX:Bli< =, A= UBY and that V;}(B) and Vz}(Bw) are simple. It follows
therefore V= U Vs (B) and V.i(B:s) = U Vz(B,s) are simple by [4, Lemma
1.1], which proves (2). Moreover, noting that B™ contains E, we see that
Homp(B*, A) = Hom,(B*, AMA, = (8(A*/B)|B" A/ A, < &(B*, A/B)A,.
And so, by (2), it follows eventually Hom(B:, A) = Homg,(B*, A)|B: = (8(B*,
A/B)|B)A, =8 (B., A/B)A,.

We insert here [4, Th. 2.3] as an easy consequence of Cors. 2 and 3.

ProrosiTioN 6. If A/B is Galois and locally Galois then A/B is &-locally

Galois, and conversely.

Proof. A/B is h-Galois by Cor. 2, so that for each shade B' we have
®(B'/B)c@®(B', A/B) =&|B’ (Cor. 3). And the converse part is obvious.

By the validity of Th. 1, the proof of the next lemma proceeds just like
that of [5, Lemma 8] did.

Lemma 5. Let A/B be left locally finite, the condition (1) satisfied, and A*
a regular subring of A containing B. If F is an arbitrary finite subset of A*, then
A* contains a regular subring B' of A such that B'2 BLF] and [B' : Bl;< ».

Lemma 6. Let A/B be q-Galois and left locally finite. If A’ is an f-regular
intermediate ring of A/B then (HN ANG(A', A/B)CH.

Proof. Let o be an arbitrary element of §(A’, A/B), and % an arbitrary
one of HN A'. And, choose a simple intermediate ring B’ of A'/BlLki] such
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that V.i(B") = V(A" and [B': Bli< . Then, by Lemma 5 the regular
subring A's contains a simple subring B™* containing B's such that V.(B¥) is
simple and [B* : Bl;< . Here, needless to say, B"”=B*:"' is a regular
subring of A as an intermediate ring of A’/B'. And so, "' = ¢"*| B* is contained
in ®(B*, A/B). If v is an arbitrary element of V, " =r|B* with some r &
®(B*E, v], A/B) (Th. 3). As vr is contained in V, we have h-vr=uvr+h,
whence it follows Zo*v =v+hs. We see therefore ho= H.

Now, we can prove the following theorem that corresponds to [8, Cor. 11.

TueoreM 4. If A is q-Galois and left locally finite over B, then H/B is outer
Galois and &(H, A/B) = &(H/B).

Proof. Let B’ be an arbitrary intermediate ring of H/B[4] with [B' : B];
< (Cor. 2). Since B'G(B', A/B)cH (Lemma 6), Lemma 2 (a) yields
[®(B', A/B)H, : H,],<[B': Bli<~. Hence, 8(B', A/BH,= ®iaH, with
some ¢; € 8(B', A/B) and so &(B', A/B) = (B!, H/B) = {a1, ..., ot} by
Lemma 2 (c). Now, we set H= U B,, where B, ranges over all the inter-
mediate rings of H/B[4] with [B, : Bl;< . We can consider then the inverse
limit =li_rE ®(B., A/B), that may be regarded as a set of B-(ring) isomor-
phisms of H into H. Since every &(B., A/B) is finite and &(B., A/B)|B; =
®(B:, A/B) for each B,2B; (Th. 3), we obtain $|B.=&(B., A/B) ([1, Cor.
3.91). If T is an arbitrary subring of H properly containing B with [T : BJ:
< o then there exists some B. containing T and then J(8(B., A/B), B.) =B
by Remark 1. Combining this with 9| B.=&(B., A/B), we readily see that
J(9, H) =B. Further, if ¢ is in  then for each B, we can find a positive
integer #, such that ¢"*| B, =1, which proves Hs = H, that is, ¢ is an automor-
phism of H. Finally, if r is an arbitrary element of &(H, A/B) then Hrc H
(Lemma 6), and so we obtain 8(H, A/B) =& (H/B) by Prop. 2 (a).

CoroLLARY 4. Let A/B be q-Galois and left locally finite. If A' is a simple
intermediate ring of A/H with [A': Hl;< o then A' is f-regular and &(A',
A/B)| HCG(H/B).

Proof. The first assertion is contained in Th. 2, and then HS(A', A/B)c
H (Lemma 6). Recalling now that H/B is outer Galois (Th. 4), the latter is
obvious by Prop. 2 (a).
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3. h-g-Galois Extensions. A/B is said to be %-g-Galois (resp. right h-q-
Galois) if B is regular and A/B' is ¢-Galois (resp. right ¢-Galois) for each
regular intermediate ring B’ of A/B with [B' : B];< = (resp. [B' : B], < ).
If A/B is left locally finite and locally %-Galois then it is Z-¢-Galois by Prop.
5 and Cor. 1. Moreover, in case A is a division ring, the notion of ¢-Galois
coincides with that of %-¢-Galois (Lemma 2).

Now, assume that A/B is A-¢-Galois and left locally finite. If B'is a
regular intermediate ring of A/B with [B' : B];< =, then A/B' is ¢-Galois
and VX(B"/B' is outer Galois (Th. 4), and so H[B'] is a simple ring (Prop.
2). Recalling that A/H is locally finite (Cor. 2), Th. 2 yields H[B']= V4(B").
(This fact will be used often without mention in the sequel.) Since &(V%(B')/
B Hc®(H/B) (Cor. 4), s~>¢| H is a continuous monomorphism of compact
®(Vi(B")/B'") into ®(H/HN B') and its image is a Galois group of H/HN B'.
Hence, we see that ¢—~¢| H is an isomorphism onto G(H/HN B'). (Cf. [4] or
[91). By the aid of this fact, the same argument as in the proof of [5, Lemma
9] enables us to see that if A is 4-¢-Galois and left locally finite over B and
A’ is a regular intermediate ring of A/B with [H[A'] : H];< o« then H[A']
is outer Galois and locally finite over A’ and G(H[A']J/A) =~@(H/HN A') by
contraction. Accordingly, by the validity of Lemma 5, we can apply the same
argument as in the proof of [5, Th. 6] to obtain the next theorem that is
stated without proof.

TueoreEM 5. Let A be h-q-Galois and left locally finite over B. If A' is a
regular intermediate ring of A/B, and H' an intermediate ring of H/B that is
Galois over B, then H'[A'] is outer Galois and locally finite over A' and S(H'[A']1/
ANXS(H'/H'N A" (algebraically and topologically) by contraction.

As the first corollary to Th. 5, we shall remark that if A/B is % -g-Galois
and left locally finite then the condition (2) can be sharpened as follows:

2*) (A, A/B)|A,c®(A,, A/B) for each f-regular intermediate rings
A2 A, of A/B.

To prove (2%), let ¢ be an arbitrary element of &(A4,, A/B), and B; a
simple intermediate ring of A,/B with [B; : Bl;< « and V.(B) = V.(A4). If
B, is an arbitrary regular subring of A between A; and B with[B; : B]; < o,
then we can find a regular subring B* of A between A.s and (Bi[B;]1)s with

[B* : Bli< » (Lemma5). Evidently B'=B*s ' is regular as an intermediate
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ring of A;/B;. Hence, o' =¢|B' is in &(B', A/B), and so B:s = B¢ is regular
by the condition (2). Now, let B, be specialized as a simple intermediate ring
of Ay/B with [B, : Bli< « and Vi(B,) = Va(A4,). Since A:= (HN A:)[B:] by
Th. 5 and Prop. 2, Lemma 6 yields Vi(A4:0) = Va(((HN As)a)[Bes]) = Va(Bso).
Hence, V.(Bss) being simple by the above remark, it follows that o)A, is
contained in &(A4., A/B).

CoroLLARY 5. Let A/B be h-q-Galois and left locally finite. If B’ is a regular
intermediate ring of A/B with [B': Bli< < then &(B', A/B) =& (Vi(B'),
A/B)|B'. '

Proof. By Th. 5, H*=V%(B') = H[B'] is outer Galois over B’. We set
here H*= U B, where B. ranges over all the &(H™/B')-invariant shades.
Now, let p be an arbitrary element of §(B’, A/B). Then, the set €, ={p' e
®&(B., A/B) ; p'|B'=p} is non-empty (Th. 3). If o' and p" are in €, then
o' = p'e with some B'p-(ring) isomorphism ¢ between regular subrings B¢ and
Blp". As BL=(HN BYIRB'] (Th. 5 and Prop. 2), B.p'cH[B'ol= Vi(B’p) by
Lemma 6. And so, recalling that A is ¢g-Galois and left locally finite over B'p
and Bip'/B'p is Galois, by [4, Cor. 3.9], Lemma 6 and Prop. 2 (a), we see
that & (BLe'/B'p) = &(VL(B'0)/B'p) |Blo' = 8(BLe', A/B'p). Consequently,
S (BLp', A/B'o) =& (BlLo'/B'p) ~®(BL/B') is finite, and so €, is finite, too.
Thus, by [1, Th. 3.6], the inverse limit € = l(ﬂ €, is non-empty, which means
that pe @(B', A/B) can be extended to an isomorphism p* of H™ into A.
Since (HN BL)p'cH for each ¢'= €, (Lemma 6), H**= (U (HNBLLBD o*
is to be regular. Hence, we have seen (B!, A/B)<®(H*, A/B)|B'. The

converse inclusion is secured by (2%).

COoROLLARY 6. Let A/B be h-q-Galois and left locally finite. If B'is a regular
intermediate ring of A/BL4] with [B': Bli< o then H*[B']l= H*B and
[H*B] : H*,=[A* : HN A*];=[B' : HN B'], for each intermediate ring H*
of H/HN B' and each intermediate ring A* of H[B']/B'.

Proof. We set H'=HN B' and &' = ®(H[B'1/B"). Then, H'is simple by
Th. 4 and Prop. 2. If M is an arbitrary @ (H/H')-invariant shade then
SML[B1/B") =@ |M[B'1=®'|M=8(M/H") (Th. 5), which implies [M[B']:
B'1=[M : H']. Accordingly, we obtain [M[B'] : M1;=[B': H'];. On the
other hand, by the validity of Th. 5, Lemma 3 applies to obtain [M-B' : M1
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=[B': H'];. It follows therefore M[B'l=M-B'. Now, it will be easy to
see that H[B'l= H-B'= @ Hb!, where {b/’s} is an arbitrary linearly inde-
pendent left H'-basis of B'. And so, we have H*[B'] = J(&'(H*[B']), & Hb;)
= @) H*b} (Prop. 2 (b)), whence H*[B'1=H*.B'. And, at the same time,
the latter assertion is also obvious by Th. 5 and Prop. 2 (b).

If A/B is h-q-Galois and left locally finite, we can prove the following
sharpening of Th. 3, which is at the same time an extension of [6, Th. 5] to

simple rings.

TueoreM 6. Let A/B be h-q-Galois and left locally finite. If A2 A: are f-
regular intermediate rings of A/B then &(A:, A/B) =S8(A,, A/B)|A,.

Proof. (I) We shall prove first our theorem for regular intermediate rings
A2 A, of A/H with [A,: Hl;<. By the validity of (2%), it suffices to
prove that &(A., A/B)S®&(Ai, A/B)|A.. Choose a simple intermediate ring
Bj of A,/B with [B; : Bl;< « and Vi(Bj;) = Va(A,) (Th. 2). And then, be-
tween A; and B} there exists a regular subring B; of A with [B, : B]li<
and A;=V4(B) = H[B]. If B,= A:N B, then BicB,C A»= V4(B;), and hence
B, is a regular subring of A left finite over B (Th. 4 and Prop. 2 (a)) and
Ay = V4 B:) = H[B,]. Since &(A;, A/B)|B:=®&(B:, A/B) =8&(B,, A/B)| B:=
®(A,, A/B)|B; (Cor. 5 and Th. 3), for each s= &(A4,, A/B) we can find some
pE ®(A1, A/B) with p|Bo=0g|B,. As Ass= H[Byw]l= H[B:x]= Az (Cor. 4),
op”' is contained in &(A./B.) = ®(A:/A:N B) =&(A,/B)| A, (Th. 5). Hence,
o is in G(A4:, A/B)| As.

(II) Now, assume that A; be f-regular, and take simple intermediate rings
Bi of Ai/B with [B;: Bli< and Vi(B) =V.(A) (i=1,2). Then, Ai=
Vi(B;) = H[B;] are finite over H (Cor. 2), Ai2 A}2 H and Ai2 Ai2B;. Now,
let o; be arbitrary elements of &(A;, A/B). Then, by Cor. 5 and (2%), 4| B;
=r;|B; for some r;e &(Ai, A/B). Recalling that A;=(HN A)[B:] (Th. 5
and Prop. 2), we see that Aisi = ((HN A)e)[Bio;1=H[Bizi1= A;r; (Lemma 6).
And so, git7' is contained in ®(Ai/Bi)| A; (Th. 4 and Prop. 2 (a)), whence it
follows o; = 8(A;, A/B)| Ai. Combining this with (2%), we obtain &(A:, A/B)
=@®(Al, A/B)IA;. On the other hand, there holds &(Ai, A/B)=G8(4i,
A/B)|A; by (I). Hence, it follows &(A., A/B) =8&(A:, A/B)| A = (8(Ai,
A/B) AN Ay = (8(AL, A/B)| AD| A= S&(A:, A/B)| A, completing the proof.
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Remark 2. Let A be a division ring, and left locally finite over B. Then,
®&(B', A/B) is nothing but the set of all B-ring isomorphisms of B' into A4,
and the condition (2) is superfluous. Following [6] and [8], we consider the
following conditions :

(1°) 8(B', A/B) =1 for each subring B' of A properly containing B with
[B': Bli<«, and &(B, A/B)|B,=®&(B:, A/B) for each intermediate rings
B2B; of A/B with [B; : B];< .

(2°) H/B is Galois, and 8(B;, A/B)| B, = 8(B,, A/B) for each intermediate
rings Bi2B: of A/B with [B, : Bli< «.

(3°) H/B is Galois, and ®&(A4;, A/B)| A, =®&(A,;, A/B) for each intermediate
rings A2 A, of A/H with [A;: H];< .

(4°) J(®(B', A/B), B") =B for each intermediate ring B' of A/B with
[B': Bli< .

If A/B is ¢-Galois (and necessarily %#-q-Galois by Lemma 2), then all the
conditions (1°)-(4°) are fulfilled by Remark 1 and Ths. 4, 6. Conversely, if
(4°) is satisfied then A/B is g-Galois. To see this, it will suffice to prove
that if {xi, ..., s} iS a subset of B’ that is linearly left independent over B
then there exists an element ¢ = §(B’', A/B)A, such that x£=0 for all ixn
and x.& %0, where B’ is an arbitrary intermediate ring of A/B with [B’ : Bl
<o, If n=2, by (4°) there exists some p<= G(B’, A/B) with (x1x7") p * %7,
and then one will easily see that &=p— 1(x7'*x10), is an element requested.
Now, assume that we can find &, ..., &:-1€ &(B’, A/B)A, such that x;§ =
dij%i (4, j=1, ...,n—1). There holds then x;(3)¢;-1) =0 for i=1, ...,
n-1. If x.(31¢;—1) %0, our assertion is true for § =>)£&;—1. If otherwise
%n= >,1 '%s&; then, say, {x;, x, &} is linearly left independent over B. We
set here £, = S\¥ppap, with pp= @(B', A/B) and apc A. If B"=B'[ UB'y,
{ap’s}], then by the case n =2 there exists an element ¢' € §(B", A/B)A, such
that x5’ =0 and x,5&' % 0. Now, it will be easy to see that x;%,4'=0 for i=
1, ...,n—1, so that £ =¢,¢' contained in &(B', A/B)A, is an element re-
quested.

Next, we shall prove the implications (2°) ==(4°) and (3°) =(4°). In
any rate, we have J(8(B’, A/B), B'YcJ(V|B', B') = HN B'. If (2°) is satisfied
then Q(H/B)|HN B'c®&(B', A/B)| HN B', whence it follows J(&(B’, A/B), B')
= B. On the other hand, if (3°) is satisfied then &(H/B)<@®(H[B'], A/B)|H
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(LHLB'] : H];< by Prop. 1 (b)), whence it follows again J(&(B', A/B),
B") = B.

Since the implication (1°) =(4°) is obvious, we have proved that A is g¢-
Galois if and only if any of the equivalent conditions (1°)-(4°) is satisfied (cf.
[6, Th. 1] and [8, Th. 31).

In case A/B is an algebraic field extension, it is well-known that A/B is
Galois (in our sense) if and only if it is normal and separable. The next
theorem may be regarded as an extension of this fact to simple rings, and
contains [6, Cor. 3] as well as [4, Th. 3.5].

TueoreM 7. If A is h-q-Galois and left locally finite over B and [A : H];
<8, then A/B is h-Galois and S(A', A/B) =G|A' for each f-regular inter-
mediate ving A' of A/B. In particular, if A is locally Galois over B and [A :
H1<$So then A/B is &-locally Galois.

Proof. Since A' is fregular, we can find an intermediate ring A" of
A/H[E, A'] with [A" : H];< e (Cor. 2). Now, by the validity of Cors. 2, 4
and Th. 6, we can apply the same argument as in the proof of [4, Lemma 3.9]
to see that §(A", A/B) =@|A"”. Then, we obtain §|A'=8(A", A/B)A' =
&(A’, A/B) (Th. 6), and in particular G| H=®(H, A/B)=G(H/B) (Th. 4).
Hence, there holds J(®, A)=J(8|H, H) = B. And so, A being B-V-A-
irreducible (Th. 1), A/B is 4-Galois by Prop. 4. The latter assertion is [4,
Th. 4.4] itself, and is clear by the former and Prop. 6.

Next, we shall prove an extension of the latter half of [2, Th. 1], that
contains completely [6, Cor. 2].

TueoreMm 8. Let A/B be h-q-Galois and left locally finite. If B'is a regular
intermediate ving of A/B with [B' : Bli< = then < >[B': B1"=[V : V.(B")]
=[VWB') : H1=[B' : HNB']l, and in particular A/B is (two-sided) locally
finite.

Proof. We set Vi(B') = S\K'd}, where 4'={d},’'s} is a system of
matrix units and K'= Vy2,»,(4'") is a division ring (Cor. 2), and consider T
= B'[E, 4, 41 and H'= HN T (simple by Th. 4 and Prop. 2). Since HG(V%
(T)/T) =H (Cor. 4) and A is B+V-A-irreducible (Th. 1), Prop. 1 and Lemma

4) In case [B': B]: coincides with [B’: B]r, the equal dimensions will be denoted as
[B : Bl
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3yield o >[T : H'1=[V : Va(DLi=[VUT) : Hl,.=[T-H: Hl,=[T : H'],.
And then, A being A-V*H-irreducible by Cor. 2 and Prop. 4, we obtain [T :
H1L=LV: V.D1=[V(T) : Hi=[H-T: Hl;=[T : H']; again by Prop. 1
and Lemma 3. Hence, it follows [T : H'1=LV : V.(D1=LVLi(T) : H] and
[T:Bl=LT: H1[H' : Bli=[T: H1+[H': Bl,=[T : Bl, by Prop. 2 (c).
Since A/B’' is h-q-Galois, by the same reason, we have [V.(B') : V.(T)]=
LVA(T) : Vi(B)] and [T : Bl =L[T: B'],. Combining those above with
the fact that A is B’'+V'-A-irreducible (Th. 1), it follows at once [B' : Bl,
=[B': Bl;=[V: Vu.(BY1=[V4B") : H] by Prop. 1 (b). Now, we shall
prove [B': HN B 1=[V%¥(B") : H]. If H*=(HNB)[4] and B*= H*[B"]
then B* is regular as an intermediate ring of V%(B')/B' (Th. 4 and Prop. 2
(a)). Hence, Cor. 6 yields [B* : HN B*1 =[ViY(B*) : H1=[V4%(B") : H].
Recalling here that 9 =&(V4(B")/B') =&(HLB'1/B"Y=&(H/HN B') by con-
traction (Th. 5), Prop. 2 (c) yields [B* : B'1=#(|B*) =4#(D|H*) =#(H|H
NB*)=LHN B* : HN B"], whence it follows [B': HNB'1=[B* : HN B*].
We have proved therefore [B’' : HN B 1=[V%(B') : H].

LemmMma 7. Let A be h-q-Galois and left locally finite over B. If A' is an f-
regular intermediate ving of A/Bthen AJA' is left locally finite and [A' : HN A'];
=[V: V.(4AN1].

Proof. Let N be an arbitrary &(H/B)-invariant shade of 4. Then, by Th.
5 and Prop. 2 (b), we have [N[A']: AT1=[N: NN A’J< > and HNN[A']
=HN (NLHNADLAT=N[HN A"]. Since HN A' is also a regular intermediate
ring of A/B (Prop. 2 (a)), we obtain [HNN[A']: HNA'1=[N[HNAT1:H
NAT=[N:NNAT=[N[A']: A7J< = again by Th. 5 and Prop. 2 (b). We
choose here a simple intermediate ring B' of A'/B with [B': B]< . and
Vai(B" = V.i(A", and set B*=N[B']. Then, B* is a regular subring of A
with [B* : B]< « as an intermediate ring of V4%(B’)/B' (Th. 4 and Prop. 2).
Recalling that H[B*1=ViW(B*)2 NLA'12B*24, Cor. 6 and Th. 8 imply
[N[AT: HNN[A T, =[B* : HN B*1=[V: VAB*1=[V: ViB)N]< o,
Combining this with [HNN[A']l: HN AJ=[N[A] : A'1< <, it follows at
once [A': HN A, =[N[AT : HN N[LA Tl =[V: V(BN =LV : V.(A],
which is the latter assertion. Next, we shall prove the first half. Here, without
loss of generality, we may assume that A’C H. For an 'arbitrary finite subset
F of A, we set Bi=B[E, 4, F1. Then, [A[THN B : A'1< ~ by Prop. 2 and
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[A[B]: ALTHNBI1li=[B, : HNB1,<[B, : B]< = by Cor. 6. It follows
therefore [A'[F] : A'i<[A'[B] : ALHN BI1-[ATHNB] : A]< co.
The next theorem contains evidently [6, Ths. 2 and 4].

Tueorem 9. Let A be h-q-Galois and left locally finite over B. If A' is an
Sf-regular intermediate ring of A/B then A is h-q-Galois, right h-q-Galois and
locally finite over A' and [A' : HN A1=[V : V.(AN1=[Vi(A4") : H].

Proof. To prove the first assertion, we may restrict our attention to the
case that A'CH. If A" is a regular intermediate ring of A/A’ with A" : A']
< oo then, to be easily verified, A" is f-regular. Since A,= A"[E, 4] is left
finite over A’ (Lemma 7), &(A", A/ANA, = (8(A4q, A/A")A")A, (Th. 6). And
so, we see that it suffices to prove that Hom, (A", A) =&(A", A/ANA, for
each intermediate ring A" of A/A'[E, 4] with [A" : A'"];< . By Th. 4 and
Prop. 2 (a), H"=A"NH is a simple subring of H. As G(H/B)| H" =8(H,
A/B)H"=8&(Vi(A"), A/B)|H" (Ths. 4 and 6), it follows G(H/AN|IH" =
S(viA"), AJANIH" (Prop. 2 (b)). Recalling that &(H/A") H, is dense in
Hom,, (H, H) (Prop. 2) and that [H" : A’]<  (Prop. 2 (c) or Th. 8), we
have then Hom,, (H", H) = (&(VL(A"), A/ANH")H, = ®;(s:| H") H, with
some g; = @(V4L(A"), A/A") (Lemma 2). Since a;| H'" % ;| H""(i % j), irreducible
(gil A")A, is not Ay-A,-isomorphic to (g;| A")A, (Lemma 2), which implies
S (i VIAMA, = ®i(aiVV | A")A,. By [4, Lemma 1.5] and Th. 8, there holds
[(VIAMA,: A, =LV : ValA")I=[V4iA") : H]. On the other hand, the
same reason together with Ths. 4 and 6 implies o« >[(s;V|A"MA, : A/, =
(V1A A, 2 ALy =V 2 Va(AV6))1=[Vi(A"s) : Hl=[(H[A"Do; : Hoil=
[Vi(A") : H]. It follows therefore [(s:iVIA") A, : AJ,=L[V : Vi(A")], whence
we obtain [D)j(aiVIAMA, 1 Adr=s[V: ViA")] = [Homs,(H", H) : H/1,+
[V:ViAI=[H" : A'J-[A" : H"]; =[A"” : A')y by Lemma 7. We have
proved therefore Homu,(A", A) = S} (aiV|A"A,= (A", A/ANA, by (2%),
and A/A’ is locally finite by Lemma 7 and Th. 8. The final equalities are
now direct consequences of Lemma 7 and Th. 8, for A'N H is fregular. In
particular, noting that A’ : HN A'1=[V : V.(A")], we can repeat a symmetric
argument to see that A/A' is right #-¢-Galois.

CoroLLARY 7. The following conditions arve equivalent to each other:
(Q) A/B is h-q-Galois and left locally finite.
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(Q" A/B is right h-q-Galois and right locally finite.
Combining Th. 9 with Th. 7, we readily obtain the following :

CoroLLARY 8. Let A be h-q-Galois and left locally finite over B and [ A :
H1<So. If A’ is an f-regular intermediate ring of A/B then A/A' is h-Galois
and locally finite.

Now, we shall add to Prop. 4 other equivalent conditions to complete [2,
Th. 11.

ProrosiTiON 7. Let B be a regular subring of A. A/B is h-Galois and left
locally finite over B if and only if any of the following conditions is satisfied:

(D) A is Galois and left locally finite over B, H is simple, and [Vi(B'): Hl
=[V : Va(B"], for every regular intermediate ring B' of A/B with [B': Bl
< oo,

(D') A is Galois and right locally finite over B, H is simple, and [V4(B'):
H), =LV : ViAB"]; for every regular intermediate ving B' of A/B with [B': B],
< oo,

(E) A is left locally finite over B and Galois over every regular subring left
finite over B, H is simple, and [A' : H);=[V : V.(A" ], for every regular inter-
mediate ring A' of A/H with [A' : H]; < .

(E") A is right locally finite over B and Galois over every regular subring right
finite over B, H is simple, and [A' : H1, =LV : V(A for every regular inter-
mediate ring A' of A/H with [A' : H],< o.

Proof. Since (A) = (D) and (E) is evident by Cor. 1 and Th. 9, it is left
to prove the converse. Now, let T be an arbitrary intermediate ring of A/B
[E, 4] with [T : Bli<, and set T'=J(&(T), A) and H'=HNT'. Then,
[H': B]< > by Prop. 3 (b). Noting that A is H'[ T]-A-irreducible, Prop. 1
(b) yields «« >[H'LT] : H1=[V.H") : V.HLT)H1 =LV : V.(T"],, whence
it follows [T’ : H'1;=[V : V4(T")],. In case (D), Lemma 3 yields then [T":
HY=[HT': Hy<[LVi(T) : Hi=[V(T) : Hi=[V: V(D) =[V:
Vi(T")]-. Hence, we have [T': H'];=[V : V.(T")],< «, so that it follows
Homp,(T', A) =(8|T"A, by Prop. 3 (a), which proves (D) =(A). Now,
we shall prove (E) = (A). If N is an arbitrary G(H/B)-invariant shade of
H', then &(T)|NLT] and G(T)|N are (outer) Galois groups of N[T1/T and
N/H', respectively. There holds then [N : H']=# (8(T)|N) =4 (&(T)|NLT])
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=[N[LT]: T (Prop. 2 (c)), and so Lemma 3 yields [N*T : H'};=[N-T : N
IN: H1=[T: H)[NLT]: T1=[N[T] : H'];, whence we obtain N:T =
N[T]. We readily see then H+ T is a regular intermediate ring of A/H with
[H'T: H;=[T: H] <. It follows therefore (T : H';=[H-T: H;=[V:
VaT)], and we have Homp( T, A) = (8| T)A, again by Prop. 3 (a).

We shall present here a notably short proof to [4, Lemma 2.2]%.

ProrositioN 8. If A is Galois and left locally finite over B and [V : C]< o,
then A/B is &-locally Galois.

Proof. By the validity of Prop. 6, it suffices to prove that A/B is locally
Galois. To be easily seen, (H is simple and) [V4(B') : H;=L[V : Vu(B")],
for each regular intermediate ring B’ of A/B with [B': Bli<». A/B is
therefore %-Galois by Prop. 7. We set here V= >Ugp,, where I'={gps} is
a system of matrix units and U= V»(I') a division ring. Now, let B’ be an
arbitrary intermediate ring of A/B[E, I'] with [B': Bl;< . Since J(&|B’, B')
= B, there exists a finite subset § of @ with J(F|B’, B')=B. If Nis an
arbitrary &( H/B)-invariant shade of B'[ é)%B '¢1N H thenB'[ U B's] is contained

in the simple ring M = N[B'] (Th. 5 and Prop. 2 (b)). And so, §=8(B")[F]
induces an automorphism group of M. Since J(HIM, M) =B and Vu(B) is
evidently simple, M/B is Galois, which implies that A/B is locally Galois.

We shall conclude this section with the following theorem, whose first as-

sertion is [4, Lemma 4.2].

Taeorem 10. (a) If A/B is locally Galois then H is simple and for each finite
subset F of A there exists a simple intermediate ving A' of A/HLF] such that
[A': Hl;< o and A'/B is Galois, and conversely provided A/B is left locally
finite.

(b) If A/B is locally Galois then so is A/A' for every f-regular intermediate
ring A' of A/B.

5) The proof of Prop. 8 given in [4] enabled us moreover to see that there exists a
Galois group 9 of A/B with the property that (9[F], A/B) is 1.f.d. for each finite subset
% of ®, which was needed only to prove the following: If A is Galois and left locally
finite over B and [V : C] <o, then every (*)-regular subgroup of ® is regular. However,
in [2] and [10], we have proved directly an extension of the last proposition (cf. also
Th. 11 (a)),
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Proof. (a) Let V= Ugs,, where I'={gp,s} is a system of matrix units
and U= Vy(I') a division ring. If B’ is an arbitrary shade of B[E, I'], then
A'=V:(B") = H[B'] = \UN.[B'], where N, ranges over all the §( H/B)-invariant
shades. Now, let B" be a shade of N.,[B'], and &' ={c = &(B"/B) ; B'o = B'}.
Then, noting that §(B'/B)<®'|B’, Th. 5 together with Lemma 6 and Prop. 2
proves that N,[B']/B is Galois. Hence, A'/B is locally Galois, and so it is
Galois by Th. 7, for [Vi(B) : Vu(ANI=LV4(H) : Va(ANI<[A' : Hli<
(Prop. 1). And, by the fact used just above, the converse part will be an
easy consequence of Prop. 8.

(b) If B’ is an intermediate simple ring of A'/B with [B' : B} < o and
Vi(B') = V4(A"), then A/B' is locally Galois. And so, by (a), for each finite
subset F of A there exists a simple intermediate ring A" of A/V% (B)[F]
such that A"/B' is Galois and [V..(B') : Va(A"MI<[A" : VH(BNli< o,
Prop. 8 implies then that A"”/B' is 8(A"/B’)-locally Galois. Since A"/A' is
h-Galois and locally finite by Cor. 8, A"/A' is locally Galois again by Prop. 8.
We have proved therefore A/A' is locally Galois.

4. (*s)-Regular Subgroups. By the validity of Ths. 4, 9 and Cor. 2 (and
Lemma 3 if necessary), the proofs of Lemmas 2, 3 of [[10] are applicable without

any change to those of the following lemmas.

LemMa 8. Let A be h-q-Galois and left locally finite over B, and &' a (* £)-
regular subgroup of &. If A'=J(8', A) then [A' : HN A']; < o,

LemMA 9. Let A be h-q-Galois and left locally finite over B, and V' a simple
subring of V with [V : V'], <o, If VAVAVOHLFENCS V! for some finite subset
F of A then VAV is a simple ring.

The first assertion of the following theorem contains [10, Th. 21.

Tuareorem 11. Let A be h-q-Galois and left locally finite over B, and &' a
(*¢)-regulay subgroup of & with A'=J (8, A).

(a) & is f-regular (i.e. A' is simple) and dense in G A,

(b) V-Cl®*" =6 HN A".

(c) If © is an open subgroup of & then (C1G' : (HNCIS\Vg) < .

6 Cl & is the topological closure of ® in @,
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Proof. One may remark here that H'= HN A’ is fregular (Th. 4 and
Prop. 2). As[V: Vgl <o and Vg = Vi(Vs), Vi(A) = V. Vg) is simple
by Lemma 9. Further, by Lemma 8, there holds (A’ : H'];< «. Since A/H'
is locally finite (Th. 9), Vi3, (A') coincides with the center of V%(A’) and
J(®' VLA, VE(AN) = A’, [10, Lemma 1] proves that A’ is simple. And
so, A/A' is h-g-Galois and locally finite (Th. 9). If T is an arbitrary inter-
mediate ring of A/A'LE] with [T : A'"J< o, then A is T-A-irreducible and
[T: VHAYNTI=[V.(A" : Vi(T)] (Th. 8). Hence, A/A' is h-Galois and
®' is dense in (A') by Prop. 3 (a), which completes the proof of (a). Recalling
here that [T : H'1;=[T : A'}*[A' : H'];< ~» (Lemma 8), for each ¢ Cl(V*
CI®') we can find such an element r< V+-Cl® that | T=p|7. Andthen ot~}
is contained in G(7)<=®(A4’') =Cl @' by (a). Hence, s is contained in V7-C1 &,
which means that V-Cl @' is a closed (*s)-regular subgroup of & with J(V -
Cl®', A) = H'. Accordingly, (b) is a consequence of (a). Finally, we shall
prove (c). Since J(CI®', A) = A’ and Vo = Vg, it suffices to prove our
assertion for closed &' = &(A"). Moreover, without loss of generality, we may
assume that = G(B') for some intermediate ring B' of A/B[E] with [B' :
Bli< ., If T=AT[B'] (finite over A') then &' (T) is a closed (*s)-regular
subgroup of @' with J(&'(7T), A) =T by Cor. 1 or [5, Theorem 11. And so,
by (b), it follows (N &) e =G (T)Va(A) =G (V4 A) N T). Hence, by Th.
4 and Prop. 2 (c), we obtain (& : (HNG)Weg) = (& : & (VLAINT)) =
$(@NVHUA)NT) =[VI(A)NT : A< =,

As a direct consequence of Th. 11 (a) and Cors. 1, 8, we readily obtain

the following theorem.

TueoreM 12. If A is h-q-Galois and left locally finite over B and [A : H]
<80 then there exists a 1-1 dual correspondence between closed (*s)-vegular sub-

groups and f-regular intermediate rings of A/B, in the usual sense of Galois theory.

Remark 3. Evidently, Th. 12 is nothing but [2, Th. 5], and the assumption
cited in Th. 12 is the best one obtained by now to allow the existence of Galois
correspondence.

Let A/B be h-g-Galois and left locally finite. If T is an intermediate ring
of A/B left finite over B such that A is T-A-irreducible and J(&(T), A) =T,
then 7T is a simple ring by Th. 11 (a). In particular, if A/B is k-Galois then
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the assumption J(8(T), A) =T is automatically enjoyed by [5 Th. 1] (cf.
[2, Cor. 6]1). The next will be an easy consequence of the above remark, Th.
1 and [4, Lemma 1.1].

Prorosttion 9. Let A/B be locally h-Galois and left locally finite. If V is a

division ring then every intermediate ring of A/B is simple.

Remark 4. Let A be left algebraic over B (that is, [Blal : Bl;< « for
every a€ A). If every intermediate ring of A/B left finite over B is a simple
ring then V is a division ring. In fact, for an arbitrary non-zero element
ve V, Blv] is a simple ring, and so the center of Blv] is a field. Hence, v
belonging to the center of Blv] is regular and »™' is contained in V.

We shall conclude our study with the following (cf. [2, Th. 2]).

TaeoreM 13. Let A be h-q-Galois and left locally finite over B, and &' an
N-regular subgroup of ®. Then, & is (*s)-regular if and only if [V : I(@")],
< oo, VLUI(G)) = (&) =I(C1G) and (C1G' : (HNCIG)I(S)) < o for every
open subgroup 9 of S.

Proof. If &' is (*s)-regular then I(®') coincides with Vg, so that the only
if part is obvious by Th. 11. To prove the if part, we may restrict our proof
to the case that @' is closed. By Th. 11 (a), V.(I(®')) is simple and there
exists a finite subset F of V. (I(®')) with V.(B[F]) =I1(8'). If we set =
®(BIF)D), 8*=9NG" is a subgroup of H containing I(8"). And so, there holds
BIF1CJ(®*, A)CV.(I(®"), which implies I(8') = V.(BLF1)2 Vg 2 VL(I(8'))
=1(®"). We see therefore & is a closed (*y)-regular subgroup of & with
Ve =I11@®'). By assumption, (&' : §*) < o : @' = UG s;. Now, we set A*
=J1@&* A) and A'=J(®, A). Then &* =G(A*) and A is 4-Galois and locally
finite over A™ (Th. 11 (a) and its proof). And hence, by Th. 4 and Prop. 2,
A™ = A*[UT'A%s] is a @'-invariant simple ring as an intermediate ring be-
tween Vi(A™) = Vi V) = V.(I(&')) and A*. If an element ¢ = @& induces an
inner automorphism in A™ : ¢|A™ =7|A™ (v e V,«(A")) then ¢|DNA*=1,
and so ¢ is contained in §(HN A™) = @*V (Th. 11 (b)) : o =rii(z € &*, G V).
But then, t s=2@® NV = IZ\@) implies s~ IS < @®* so that » is contained
in Ve A*) = Vau(A*™). Hence, ol A* =7| A* =1, which means &'|A** is
an outer group of finite order. Accordingly, as is well-known, A™** is outer
Galois and finite over the simple ring A’. Moreover, noting that &= @&*(¥
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NS =@G*PTN® =G HN A" NG =G (HN A™), we obtain [A™: A'] = # (G A™)
=(® : ") =8 (S'ATLHN A*] =[ATHN A*] : A”7] by Prop. 2 (c), whence
there holds A® = A'LHN A™]. We see therefore our assertion I(®') = Vg = V.
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