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0. Abstract. We prove that if n > 0 is an integer and r > 0 is a real number, then

(
The upper bound is best possible. Inequality (*) is a converse of a result of G. Bennett who proved that

G,.(r)>l-

1. Introduction. In three recently published papers [1, 2,3] G. Bennett presented
several interesting extensions as well as elegant new proofs of some classical inequalities
due to Hardy, Copson, Carleman and others. Furthermore, he established remarkable
new inequalities. One of the new results ([2]) states: if r e (0,1) and xt s 0 (i = 1, 2,. . .)
are real numbers, then

unless JC, = JC2 = ... =0. The constant is best possible.
To prove (1.1) Bennett provided an intriguing inequality for sums.
If r e (0,1) and x,• > 0 (i = 1,. . . , n) are real numbers, then

t (- i **Y =s K(r) S max xr
k, (1.2)

Equality holds in (1.2) if and only if JE, = . . . = * „ .
Since

Kr
lim An(r) = — — - ,
«-»» sin \Jtr)

inequality (1.1) follows from (1.2) by letting n tend to °°. A crucial role in the proof of
(1.2) is played by the inequality

Bennett, who emphasized that inequality (1.3) "seems to be genuinely difficult" [2, p.
397], presented an interesting—but rather complicated—proof of (1.3) by using the
theory of majorization. It is worth mentioning that in (1.3) the lower bound 1 cannot be
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replaced by a greater number (which is independent of r). Indeed, since

(see [4, p. 15]) it follows that lim Qn(r) = 1. It is natural to look for an upper bound for
r-.-0

the ratio Qn{r). More precisely we ask: what is the best possible constant cn, so that
Qn{r)<cn holds for all r > 0 ? It is the aim of this paper to answer this question. In the
next section we prove that the best possible constant is given by cn = (n + l)/n.

2. A converse inequality. Our main result is the following converse of inequality
(1.3).

THEOREM. Let « > 0 be an integer. Then we have, for all real r > 0:

^ l n + 2-iY \l"
n&\—f—J \ n + 1

< • (2-1)

The constant on the right-hand side is best possible.

Proof. The basic tool to establish (2.1) is the following lemma.

LEMMA. Let r > 0, a, and b,: (i = 1,. . . , m) be real numbers satisfying

a 1 > f l 2 > . . . > f l m > 0 , i 1 > 6 2 > . . . > 6

bm>am, Ylai^Ylbj for k = l,...,m.

m tn
Then E ar,< E br,.

i=i i=i

A proof can be found in [5, p. 35]; see also [6, p. 117].
We define

(n + l-p)n
Cpn + \=apn+2 = • • • =a(p+l)n~ ~ , for p =

P + l
h -h -h _(n-q)(n

• • • - O((?+i)(n + 1) — ,

for q = 0 , 1 , . . . ,n - 1, and
* k

Ak = l\ah Bk = X[blt for k = 1,2,. . . ,n(n + 1).
;=i i=i

Then inequality (2.1) is equivalent to the inequality

n(n + l) n(n + l)

2 << 2 v.
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Since

a, > fl2 > . . . > aB(B+1) > 0, b, > b2 > . . . > &B(J1+1) > 0,

and

bn(n+\) = (n + l)/n > n/(n + 1) = an(n+1),

it remains to prove that

Ak<Bk, for it = l , . . . ,n(n + l), (2.2)

where

v = i V V / \ I + 1

for in + 1 < it < (i + l)n, 0 < f < « , and

for j(n + 1) + 1 < t̂ < (y + l)(n + 1) and 0 < / < « - 1.
Let it e {1 , . . . , « (« +1)}; then there exists a uniquely determined integer ie

{0, . . . , n } , so that m + l<fc<(i ' + l)n. To prove inequality (2.2) we consider three
cases.

Case 1: i = 0. We have 1 < & < «, which implies that ,4* = B* = («(« + 1))*-

Case 2: i = n. Since n 2 + l < H n ( n + l) , we obtain

Ak = /I*(#I + l)"2+"-* < (n + l)*n"2+"-* = flfc.

Caje 3: l < i < n - l . Then we have in + l<fe </(« + 1) or ;(n + l) + l < & <
(/ + l)n. First we assume that in + 1 < & < i(n + 1). Then

A /(« + 2 - v)n\"/(n + 1 - i)n\k~inAk ~ l \ \ ) \
and

A /(« + 2 - v)n\"/(n + 1 -
~ l\ \ v ) \ i + l

Bt_firt» + l-v*..
V = l

which yields

B1=/ n \ (n + 1 - ,•)"+'-',•'("+'>-' /(n + l)(t + 1)\

Ak \i — 1/ (n + l)n (i + l ) ' n \ «i /

i - 1

say. We show that a-,(n)>l for l < / < n - l . Since (1 + 1/n)" is strictly increasing we
obtain

n-i
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which implies that

*.+.(") = / " - ' y-yn + iy/z + iy-11 + 2 > x

a-,(n) Vn + 1 - i) \ n I \ i I i + 1

and inductively we get
2(n + 1)

ai(n)>a1(n) = — - > 1 for l < i < / i - l .

Next we assume that i(n + 1) + 1 ^ k < (i + l)n. Then we have

*-n(«^)-(^r
and

g . = n ( ( " + 1 ~ v
v ) ( " + 1 ) )" + 1 ( ( n ~!)jn

1
+1))* I("+l).

Thus, we obtain

\k \i! (n- O'("+1) (n + 1)" V (n + 1 - i >

> ( . J(i + l)'(n - I)"- '( /I + l)"'«-"<'+1) = /3,(«),

say. The monotonicity of (1 + 1/n)" implies that

Pi+i(n) _(n-i- IN""''"1/" + 1\"/ ' + 2V+ 1

j8,-(n) \ « - i / \ n / V/TT/ > L

Hence, we get

„ , . „ , . In .. _,._ .
M — 1

for 1 ^ i s n - 1. This completes the proof of inequality (2.1). Because of

/ ^ i /w + 2 - i V y" n + 2-i
/ n h \ 1 \ max

.. I i=i\ i I \ is,s«+i i n +1
hm = =
r-«°l " /fl + l - i Y /i + 1 — i n

\ (n + 1) 1, I ; 1 / max ;

(see [4, p. 15]) we conclude that the upper bound (n + l)/n is best possible. •

REMARK. Inequality (2.1) states that the sequence ni->—^-r^[ : ) (n =

1,2,...) is strictly decreasing for every r >0. This is a counterpart of Bennett's result

that n>-*kn(r)=- £ I : j (n = 1,2,. . .) is strictly increasing for every r > 0. We
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out that An(r) converges to Jtr/sm(jzr) as n—»°° if r e (0,1). However, if r > l ,
then An(r) is divergent as n—><». More precisely we show that An(l) is asymptotic to

" 1log(/z), and, if r > l , then An(r) is asymptotic to £(r)nr • Since £ —'og(rt), we
i = i i

conclude from

A n ( l ) ^ n + 1 1 J , 1 1 _

log(/j) n log(n) ;", i log(rc)

that

AB(l)~log(n).

Let r > 1; then we have

,=i ,=2 v=i w / \ n

Setting

we get

Oj

l "
Since r > 1 we conclude from Cauchy's limit theorem that - 2 (' ~" l)'~r—* 0 as n —» «.

1 1=2

This implies An(r)~ ^(r)«r~1.
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