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ON ODD FUNCTIONS OF BOUNDED BOUNDARY
ROTATION

RONALD J. LEACH
1. Introduction. Let Vx denote the class of functions

f@@) =2+ 22 az"

that are analytic in the unit disc U, satisfy f’(z) # 0 in U, and map U onto a
domain with boundary rotation at most K= (for a definition of this concept,
see [9]). V. Paatero [9] showed that f(z) € Vi if and only if

1.1) f@) = foz exp[— J:# log(1 — ze_“)dy(t)]dz,

where u(t) is real valued and of bounded variation on [0, 2] with

O [ a0=2 @ [ o<k

Vs is precisely the class of normalized univalent convex functions and it is
known that for 2 < K = 4, Vi consists only of univalent functions. J. Noonan
[8] has recently shown that if f(z) = 2 + > 5 ob,z™ € Vg, then

S B
(1.2) Im 2™ = W& + 2)/2)

where
B =lim (1 — 7)™ P2, 1").

r>1

Let Wx denote the class of odd functions in V. Let

A2n+1(K) = max la2n+1|.
TEW K

In this paper we will determine 4;(K) and 43(K) for all K = 2. We will prove
a result for Wx analogous to (1.2) and will show that

3
A2n+l(K) < % (KZ +K)(%)K/4—1/2(2n + 1)K/4—3/2.

2. Distortion theorems. We begin our study of the class Wi with a
theorem relating this class to the class V.
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TureoreEM 2.1. f(z) € Wk if and only if there is a g(z) € Vi such that f'(z) =
{g' )}

Proof. Suppose that g(z) € Vg. Then g’(z) # 0 in U and hence if
F(z) = f F'(&)dz, where f7(s) = (g’ )},
0

then f(z) is single valued and analytic in U. We have

(@) ")
7@ ST

A short calculation shows that (with { = 22 = r2e'®)

f:ﬂ {1 T re}o’(’r’e(re)w)} l a0 = f:x {1 + Shg”m} ‘ da.

1+2

)
Therefore
N o zf"(z)} I Gl I ?g"(s“)}
1) llzllrfl 11+f() ,do_llrlgl Reyt+ &) \da

and consequently f(z) € Wx if g(z) € Vg, since f(z) is odd.
Suppose now that f(z) € Wk. Let
¢@) = | @z where ) = [£@)]"
0
Then (2.1) holds and thus g(z) € Vk.

COROLLARY 2.2. f(3) € Wk if and only if there are two odd starlike functions
s1(z) and so(z) such that

F16) = [sl(z)]mwm/ [M](K—Z)M.
3

Proof. This follows immediately from Theorem 2.1 and a result due to
D. Brannan [2].

We observe that Corollary 2.2 and the distortion theorem for odd univalent
functions easily yield sharp bounds for | f/(z)| and | f(2)|.

THEOREM 2.3. Let f(z) € Ws. Then f(2) s close-to-convex in U.

Proof. By a result due to Kaplan [5], f(z) is close-to-convex in U if and only
if for each » with 0 < » < 1 and each 6, and 6, with 0 < 6, < 6, < 2,

(2.2) fo jz {1 + ”; (:e(’e)w)}da > —.

The conclusion is well-known for convex functions and thus we may assume
f(z) is a non-convex function in Wx with 2 < K < 6. Let k(r, 6) denote the
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integrand in (2.2). Since Re {1 4 zf’'(z)/f’(z)} is harmonic in U, the sub-
harmonic function |Re {1 4 zf "/(z) /f ' (z)}| cannot be harmonic in p < 3] < 1.
By a result of F. Riesz [12] on subharmonic functions,

fo " kG, 0)ldo

is a strictly increasing function of 7 for near 1. Consequently, for any fixed r
sufficiently near 1,

2
| e 0)las < o
0

Suppose that for some 61, 6 with 0 £ 6; < 6, < 2,
02
h(r,0)d6 = —ar (@ > 0).

61

We may suppose without loss of generality that §; = 0 since if not we consider
e1f(e=*%13). There are three possibilities to consider.
If 6; = 7, then since f(z) is odd,

2 f h(r,0)dd = —am,
0

which is impossible since « > 0.
Suppose 6; < 7. Then [0, 6] and [, 6: + 7] are disjoint subintervals of
[0, 27] with

[:23 Oo4m
—ar = h(r,0)do = f h(r, 6)d6.
0 T
Since
W27 2
J h(r,0)d = 2= and f |h(r, 6)|d6 < 6,
0 0
it follows that, denoting the union of [0, 6] and [, 6, + =] by E,
—2am = f h(r,0)do > —27
E

and hence o < 1.
Finally, if 8, > 7, we have

T [
f Ko, 0)d8 + | B(r,0)d0 = —ar
0

T

Thus (0, s — =] and [, 82] are disjoint subintervals of [0, 27] with

fo—m 02
—aT — T = f h(r,8)d = h(r, 6)do.
0

T
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Denoting the union of the two intervals by F, we have

—2ar — 27 = f h(r,0)d6 > —2=
F

which is impossible since « > 0.
Thus in any case @ < 1 and hence since r was arbitrary, f(z) is close-to-
convex in U.

In order to obtain an estimate on the radius of close-to-convexity of Wk,
we need to use the following lemma, the proof of which is implicitly contained
in a result due to Goluzin [3, p. 533].

LEMMA 2.4. Let s(2) be an odd starlike function. Then |arg s(z)/z| < arcsin |32
and this result is sharp.

THEOREM 2.5. Let f(z) € W. Then f(z) is close-to-convex (and hence univalent
for |z| < ro, wherero = 1, if K < 6 and ro = [sin /(K — 2)]'? if K > 6.

Proof. By Corollary 2.2, there are two odd starlike functions s;(z) and
s9(z) such that

S = I'fi%l]mw)ﬂ/[sjiﬁ]m—z)m.

z z
Then
o' ()| _ [51(2) / s2<z)]<""2’“‘
larg si@) |~ 2L 2
< K 2 2 2 arcsin 7 (z = re').

Now Re zf '(z)/s1(z) > 0 for |z| < 7 if and only if |arg zf ' (2)/s1(z)| < /2 for
|z| < r. Thus f(z) is close-to-convex (relative to the starlike function s,(z)) if

K —2 . 9 _ T
D) arcsin 7 <2,

which gives the result.

3. Sharp coefficient bounds. In this section we will find the values of
A3(K) and 45(K) for all values of K for all K = 2. In addition we will show
that As,1(6) = 1, for all # = 0. We will need the following result due to 0.
Lehto [6].

LeEMMA 3.1. Let g(z) = 2 + D 2b,2" € Vi and suppose

2@ = exp[—- J:r log(1 — ze‘“)dy(t)] .
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Then for n = 2,
— —(n—j) i0
by = n(n — ) 2 E b; f du(6).
Lehto conjectured that the coefficients of the function

e - k[ (1) 1]

solve the problem of determining max |b,| for the class V. Using a method
similar to Lehto’s, we will see that the function fy(z) deﬁnedzby

z z 2\ (K—2) /4
B 56 = [ (a6 = [ S

= E

gives the value of 4;(K) for all K = 2, but that (K2 + 4)/40 = A5(K) only
for K = 2or K = 4. We conjecture that the coefficients of f,(z) yield 42,1 (K)
for all K = 4.

THEOREM 3.2. Let f(3) = 3 + D p102,4122t1 € Wx. Then
(32) las] =K/6 2 =K,
(3.3) las] = (K*+4)/40 4 £ K,
(3.4) |as] = (14K + 4)/20(10 — K) 2 = K < 4.
All of these results are sharp for the indicated ranges of K.

Proof. By Lemma 3.1, we have that

1 27 240
6 fo e idﬂ(())

las| =

where

2

f'(z) = exp[— log(1 — ze_“)du(t):l .

for ldu(®)| < K

we have |a;| < K/6.
By Lemma 3.1, we have that

27 1 27 2
20a; = f e du(9) +§[ f e‘“"d,‘(e)].
0 0

Since
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We may suppose without loss of generality that a; is real and non-negative,
since if not we may consider e~%f(e?%z), where 6 is chosen so that e!'%; = 0.

Thus we have
2r 1 2 2
J‘ cos 40du(0) + 5 [ ( J cos 20du (0))
0 0

— ( Jjn sin 20du (0)) 2]

2

I

2r 2w
2 cos” 20du(9) — 2 + ;)1~ l:( f cos 20du (9))
0 ~ 0

— ( J: sin 20@(0))2:‘

2

2T 2w
<2 f cos” 20du () + % [ f cos 26d,u(0)] — 2.
0 0

Let us first suppose that u(f) is a step function with at most N jumps. If
w(8) has jumps d; at 6; (0 < 6; < 27), then

N N
(3.5) Z d; =2, Zl ld;| <K,
j=1 Jj=
and ’
N 0 1 N 2
3.6) 20u; < 2 Z:l cos” 20,d; + 5 I: Z:l cos 20]djjl -2,
= 2Ly=

We wish to find a maximum for the right hand side of (3.6), subject to the
constraints (3.5). The existence of a maximum is obvious, since we are con-
sidering a continuous function of the IV variables cos 26; defined on a compact
subset of Ey.

First we suppose that the maximum value of (3.6) is attained at a point
where not all of the |cos 26, = 1. By relabeling if necessary, we may assume
that |cos 26,] # 1 for 1 £ j < r(r £ N). Then a differentiation of the right
hand side of (3.6) with respect to cos 26, yields

N
4 cos 20,d, + [Z cos 2o,dj]d,, =0 A<k
=1

Thus cos 26, is identically constant, say cos 20, = cos 2« for 1 < k& < r and

N
(3.7) —4cos2a = D cos20,d,.

=1

Substituting in (3.6) we have

T N
(3.8) 20a; < 2 cos’ Qa[ > d,-] — 242 [ > dj] + 8 cos” 2a.
=1 j

J=r+1
(In (3.8) we adopt the convention that if r = N, >7_,,1d; = 0.) From (3.5)
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we see that

T N
j=1 j=r+1
and
N
K
Z d; <1+ 5
j=7+1

It follows that

N N
2Oa5<2cos22a(2-— > d]-) —I—Q(E dj) + 8cos’ 20 — 2

F=T+1 j=r+1
< K+ (10 — K) cos’ 2a.
If K = 4, we use the inequality cos?2a < 1 to obtain
20a; = 10 = (K* + 4)/2.

Let us now suppose K < 4. From (3.7) we have

T N
— cos 2a (4 + > dj) = Z cos 20,d;
=1

j=r+1
and hence
N
‘ é cos 20,d; 91K
|cos 2a] = ; < 10 = K
4+ Z‘i d;
=
Thus if K < 4,
24+ K\*
20a; < K + (10 — K) (mt K)
14K + 4
T 10—-K -

We observe that (K + 4)/2 < (14K + 4)/(10 — K) if and only if
K3 — 10K? 4+ 32K — 32 > 0,

which is true for 2 < K < 4.
It remains to consider the case that each |cos 26, = 1 at the maximum. In
this case we have from (3.6) that

N 1 N 2
2005 < 2 D dj+§|:2 cos20]dj:| — 2
=1

=1

<4+%[ﬁ ldj|]2—z
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Since step functions are dense in the family of functions of bounded varia-
tion with the constraints (3.5), our results are valid for each function in Wk.
The function
K +4 e
40
of (3.1) shows that (3.2) and (3.3) are sharp. To show that (3.4) is sharp we
will construct a function u(¢) for which equality holds in (3.6) for 2 < K < 4.
Let « = § arccos (K + 2)/(10 — K). We define u(8) on [0, 27] as a step
function with jumps d;(1 =j =4) of (1 — K/2) at the values 6, = q,
=7 —a, 03=7m-+a and 0, = 2r —a and jumps d;(5 <j =< 6) of
(1 4+ K/2) at 65 = /2 and 6s = 3w/2. A short calculation using (1.1),
Corollary 2.2 and Lemma 3.1 shows that

f’(z) p— [(1 —_ 228—21'01) (1 — 22621'&)](1(/2—1)/4/(1 _I_ z2)(1+K/2)/2
and that a; = (14K + 4)/20(10 — K).

As a conclusion to this section, we obtain the sharp bounds for the coefficients
of a function in W.

THEOREM 3.3. Let f(z) = Dmeo@o,413¥t1 € We. Then |as,41| < 1, with
equality for f(z) = z/(1 — 22).

Proof. By Theorem 2.3, f(z) is close-to-convex in U. The result then follows
from a result of C. Pommerenke [10].

fole) = 5+ 50 + +...

4. Asymptotic coefficient estimates. We first consider the problem of
estimating | |@ants] — |@2.t+1| | for a function f(z) = X ,20ae,4122"t € Wk
K. Lucas [7] has shown that if f(z) = X 5 0@2,4122"t! is univalent,

| |a2n+3l - |(22n+1l | = 0(n'—2).

M. S. Robertson [13] has shown that if g(z) = > o 10,2" € VM S, then

3
ol = il 1 <2 (%) ' + 0
We will obtain estimates for Wi M S using Robertson’s technique.
LEmMMA 4.1. Let f(z) be an odd function in S. Then if |21 = 22| = 7,

1/2
2ty

(4'1) min(lf(21)l, lf(z2)l) < “212 _ 222|(1 _ 74)]1/2

1/2 2\1/2
@2) min(s' @ 15 @)) < -

Proof. Goluzin [4], has shown that if g(z) € S,

2]ts|
t— ta| (1 — |0]*)

(4.3) min(lg@], [g@)]) < | (Ita] = |ta] <1).
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If we apply (4.3) to the function g(z) defined by f(z) = {g(22)}/2, then (4.1)
follows. To obtain (4.2) we note that since f(z) is an odd univalent function,

' (2)
f(2)

Observing that | f'(z)| = | f'(z)/f(z)| - | f(2)] for z £ 0, we see that

147

8
ST/ (z = re”™).

2'"% 11+47°
e =]l =47

21/2(1 + 72)1/2
|212 — 271 — D)

0 < |21 = |22l =7 < 1).

THEOREM 4.2. Let f(2) = D meo@on4132T € Wi and suppose f(z) is univalent.
Then we have

min(|f'(z1)], | f'(z2)]) <

0
o

8(K* + K)e*5°"* _
| |azmps] — |azmp] | < -(~Zj—3\/)Te- Cn+ 17" (n>1).

Proof. Let z; be a point on |z| = 7 where | f’(z1)| = M(r, f’). Then by
Lemma 4.1,

21/2(1 + 72)1/2122 _ zl2|1/2

|z* — 212][]“(2)] < 1= )7~ (] = ).
Now
(" — 212)f"’(z) = — 6ag’ — 5::1 [@n + 3)(2n + 2)a2,,+3212
— 2n(2n — 1)as41](2n + 1)z
Therefore
@n + 1)[2n + 3)(2n + 2)amrz” — 20 2n — 1)agu|
<o [l el | L8 a
[2]2 — 2°|@ + ] 1 2” f"’(z)
< -7 2™ Jo @)
L2v2 1 (TR
< 7’2"(1 _ 72)3/2 f (Z)
Robertson [13] has shown that if f(z) € Vk, and hence certainly if f(z) € Wk,
1 (TG K +K
4.4) o 7 ( ) df < —
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It follows that
@2n 4+ 1)|2n + 3) (21 + 2)asmsz” — 2020 — 1)as,1|
24/2(K* 4+ K)

72n<1 _ 72)5/2
Choose |z1|2 = 72 = 20(2n — 1)/(2n + 2) (2n + 3). Then (4.5) yields
2n + 1) (2n) (2n — D)| |aonts] — |azea] |

< 2v/2(K* + K) [<2n +3)(2n + 2)]”

h [1 _ 2m@n—1) ]5/2 @ny@n —1) 1°
(2n +3)(@2n + 2)

Consequently,

N

| |@smts] — |asnsal |

2v/2(K* + K) [<2n +3)@2n + 2)]5’2

24/2(K* + K) (gp + 3)5/2 s @n+2)° (2n + 2)“2 Z1p
< 27 nt3 Cen@n—1D\my1) &t

=24+ 1)V > 1).

<

We now study the asymptotic behavior of |as,.1| by relating the growth of
the coefficients of f(z) to the growth of M(r, f’). We will show that

a=lim (1 — 1'2)(K+2)/4M(r,f’)

-1

exists and that a (and hence |as,41| for large #) is maximal for the class Wy
only for the function

z 2\ (K—2) /4
1+s
= AR d
fo(z) J; 1— 22)(K+2)/4 z
or its rotations.

THEOREM 4.3. Let f(z) Wk. Then
a=lim (1 — A)E21 6, 1)

1

exists and o = 252/ with equality if and only if

: (1 4+ 821022 (K—2) /4
f&) = J; ((1 — ezz?—)fxw)/‘; dz.
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Further, if « > 0, there are precisely two values of 6y such that

lim (1 — /)% 22 £7 (e = @
71

Proof. By Corollary 2.2, there are two odd starlike functions s;(z) and ss(z)
such that

F1) = [fl?(zz}mw)/«l/[%i)](x—mu.

Let Si(z) = [s1(+/2)]*. Pommerenke [11] has shown that, unless S;(z) =
5/(1 — etioug)?,

lim (1 — #)’M(r, S1) = 0.

=1

Hence if s1(z) is not of the form s,(z) = z/(1 — e 2¥32),
lim, (1 — )M (r,s1) =0
and thus since z/s2(2) is bounded in U

lim (1 — ) @, f7) = 0.

r—1

Suppose now that

lim sup(1 — 72)(K+2)/4M(r,f') > 0.

71
Then s1(z) is of the form z/(1 — e~2"%3?) and we may assume 6, = 0. Since
f(2) is odd, we may choose a sequence 7, — 1 and a point z, on |z| = r, with
Re z, = 0 such that lim,_, (1 — 7,2) &2/ f/(z,)] > 0. We will show that for
each such sequence, there is a Stoltz angle A with vertex at 2 = 1 such that
2, eventually lie in 4. Suppose not. Let C > 0 be given. Then there is a sub-
sequence {z,} with [1 — z;] > C(1 —r;) and hence, since |5/s:(z)| < 2, we have
for j sufficiently large

(K—2) /4 2\ (K+2) /4 C(K+2)/4
2 >3 —r) 1= z‘zl(mzm
M

—2) /4
Y

S2 (‘;J)

(4.6) = LWV BEEDIY )
Letting j — o in (4.6) we obtain the inequality
2(K+2)/4 > C(K+2)/4 lim (1 _ sz)(KH)le'(Zj)ly
J—>c0

which isimpossible since C > Oisarbitrary and lim;,,, (1 — 7,2) 54274 £/ (3 )| >
0. It follows that the points 2, eventually lie interior to some fixed Stoltz angle
with vertex at z = 1. We recall that since s (z) is starlike, [1; 11], lim,_,7/s2(7)
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exists and is finite. (Since
Re ¥ (2)
>0,
f(z)

lim,,; |f(r)| exists (possibly =c0).) Since the sz, lie interior to some fixed
Stoltz angle, we have

r<-log| /)] = R

lim —2~ = lim —2—
Nsoo 32( n) Nsoo s2(2,)

It follows that

g, |ED/A ) 1 -7t (B+2) /4 e (K—2) /4
s2(2a) > 11—z, 52(22)
= (1= ) P £ @)
and hence
(&=2) /4
lim |~ > lim (1 — ) 27 17 (z,)]
-0 SZ(’n) N0

> lim (1 — ) 2 77 (r,)|

n—co

(K—2) /4

= lim |-

nsw 152 (rn)

for any sequence 7, so that lim, (1 — 7,2) &2/ f/(3,)| > 0. Therefore «
exists and equals lim,_; (1 — r2)E+D /4] £7/(y)]
A similar argument shows that

lim (1 — ) &8 £ (—p)| = o
751

We have a < 2= /4 with equality when 6, = 0if and only if s5(z) = z/(1 — 22)
and s3(z) = z/(1 + 2?) and consequently equality holds in general only for
rotations of the function

2\ (K—2) /4
56 = J G D e,

Remark. Noonan [8] has obtained a result similar to Theorem 4.3 for the class
Vi using the Hardy-Stein-Spencer equality.

A straightforward modification of Noonan's technique yields the following
theorem, whose proof will be omitted.

THEOREM 4.4. Let f(2) = > o o@o,4132"t! € Wk and let
a=lim (1 — )" M (@, ).
71
Then

lim |a2n+1| a

e 21+ 1) T T(K + 2)/4)
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Remark. Theorem 4.4 shows that for any fixed function f(z) € Wk, the
moduli of the coefficients of f(z) are eventually less than those of the function

2(K—2)/4
0= [ 4t

unless f(z) = e~ “f(ez). This is somewhat surprising since by Theorem 3.2,
fo(2) does not maximize |as| for 2 < K < 4.

To conclude this paper we will study the behavior of 42,,,(K) as K — .
The proof is based on a technique due to Robertson [13].

THEOREM 4.5. Let A2n+1(K) = maxewy|dznt1|. Then for K = 2

(47) Awn(K) <% <K + K)2E R o + 1R (1> 1)

A1 (K
(4.8) 11{1 (—2“‘_2|_—+11”§K/2—3/2 =0 (n=34,...).
Proof. Using the Cauchy integral formula, we see that
1 nr
@n + 1) (1) @1 — Dasys = - 1776 4,

2m lzl=r &
and consequently

f " (7’6 10)

e | %

1 2 ;
4.9) @rn+ 1)@2n)@2n — 1)|aml < Sy J; | £/ (re™)]
Corollary 2.2 easily yields

(K—2) /4
176 < S

Also, by (4.4) we have that for each f € Wk,

f"'(re“’) K'+K
FHZ) 1—7

Substituting into (4.9) we obtain

1 2r

271 Jo

a6 <

1+H%2* 1 K*+K

2n + 1)(2n)(2n — 1)A2mn(K) < 1— )(K+2§/4 W=
The choice 72 = 1 — 3/(2n + 1) yields
(2n + 1)(2n) 2n — 1)A 541 (K)
K2 +K ( 3 )(K—2)/4(2n + 1)K/4+3/2
<( 3 )2%—2 S | 3
=¥
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and

3
Ann®) < 5 &'+ K@@+ D > 1)
This is (4.7). To obtain (4.8) we note that

A1 (K K _
G < &+ @)

and consequently (4.8) follows by letting K — 0.

I would like to thank the referee for his helpful comments.
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