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HOMOMORPHISMS ON FUNCTION ALGEBRAS 

M. I. GARRIDO, J. GOMEZ GIL AND J. A. JARAMILLO 

ABSTRACT. Let A be an algebra of continuous real functions on a topological space 
X. We study when every nonzero algebra homomorphism <p: A —> R is given by eval
uation at some point of X. In the case that A is the algebra of rational functions (or 
real-analytic functions, or Cm-functions) on a Banach space, we provide a positive an
swer for a wide class of spaces, including separable spaces and super-reflexive spaces 
(with nonmeasurable cardinal). 

Introduction. Let A be an algebra of continuous real functions defined on a topolog
ical space X. We shall be concerned here with the problem as to whether every nonzero 
algebra homomorphism (f.A —> R is given by evaluation at some point of X, in the sense 
that there exists some a in X such that ip(f) — f(a) for every/ in A. This problem goes 
back to the work of Michael [22], motivated by the question of automatic continuity of 
homomorphisms in a symmetric *-algebra. More recently, the problem has been consid
ered by different authors, mainly in the case of algebras of smooth functions: algebras 
of differentiable functions on a Banach space in [2], [14], [16] and [17]; algebras of dif
ferentiate functions on a locally convex space in [4], [5], [6] and [7], and algebras of 
smooth functions in the abstract context of "smooth spaces" in [21]. 

In this paper we shall be interested both in the general case and in the case of functions 
on a Banach space. Section 1 is devoted to algebras of continuous functions over an arbi
trary topological space X. Some results for quite general algebras are obtained, including 
a characterization of algebras for which every homomorphism is a point evaluation on X. 
Some applications are also given. In Section 2 we concentrate on algebras of continuous 
functions over an arbitrary subset Q of a Banach space E. Our results here are valid not 
only for the algebra of Cm -functions, but also for the algebras of real-analytic and rational 
functions on Q. In particular, we obtain a positive result for these algebras (every homo
morphism is a point evaluation on Q) when the space E injects linearly into £P(T), for 
some 1 < p < oo and some index set T (with nonmeasurable cardinal). This condition 
is satisfied, for instance, if E is separable, or if E is super-reflexive (with nonmeasurable 
cardinal). For spaces not verifying this condition, such as co(T) with T uncountable, the 
situation is shown to be different: in this case the answer to the problem depends on the 
geometry of Q. 
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1. General results. For a topological space X, let C(X) be the algebra of all contin
uous real functions defined on X, and let C*(X) be the subalgebra of all bounded functions 
in C(X). If A is a subalgebra of C(X), we denote by Horn A the set of all nonzero multi
plicative linear functionals on A. For each a G X, let 6a be the functional/ —> Sa(f) = f(a) 
on A; clearly èa G Horn A. We shall write HomA = X when every (p G Horn A is of the 
form if = 6a for some a G X. Recall that a subalgebra A of C(X) is said to be inverse-
closed (respectively, closed under bounded inversion) if whenever/ G A and/(x) ^ 0 
(respectively, \f{x)\ > 1) for every x G X, then 1 / / G A. 

We shall use the following well-known result: 

LEMMA 1.1. Let X be a topological space, let A C C(X) be an inverse-closed sub
algebra with unit and let p G Horn A. Then: 

(1) Given f\,f2,... ,fn G A, there exists a G X such that <p(fj) = fj(a), for j = 
l,2,...,rc. 

(2) IfX is compact, there exists a G X such that p — ba. 

If X is a completely regular space, let f3X be the Stone-Cech compactification of X 
and, for/ G C(X), let/: J3X —> R U {oo} denote the continuous extension of/. Note that 
if/ is bounded then/ is finite. For each £ G /3X we define the algebra 

A c - { / G C ( X ) : / ( 0 ^ o o } . 

PROPOSITION 1.2. Let X be a completely regular space, let A C C(X) fee A subal
gebra with unit, closed under bounded inversion, and let (f G Horn A. Then there exists 
£ G /3X swcfe /fear A C Â  arcd </?(/) =f(Qfor every f G A. 

PROOF. Define A* = A n C*(X) and A = {/ : / G A*}. Note that A is an inverse-
closed subalgebra of C(/3X). Consider the algebra homomorphism (p G Horn A given by 
$(/) ~ ^(f)» f° r every/ G A*. From Lemma 1.1 we obtain that there exists £ G /3X such 
that (/?(/") =/(£)» for every/ G A*. 

We have that A C A .̂ Indeed, if there exists/ G A with/(£) = oo, consider g = 
(1 + / 2 ) - 1 . Then g G A* and <£>(g) = g(£) = 0, but this is a contradiction since g is a unit. 

We can then consider the algebra homomorphism 6% on A defined by 6^(f ) = /(0> 
for every/ G A. Now let / G A such that <p(f) = 0; then fe = /2(1 + / 2 ) - 1 G A* and 
0 = v?(fe) = fe(£)- Thus/(£) = 0. This shows that Ker <p C Ker<^ and therefore p — b^ 
on A. 

REMARKS 1.3. (1) In Proposition 1.2, the point £ G /3X is not unique, in general. 
We can consider as an example the subalgebra A C C(R) of all bounded uniformly 
continuous functions on R. In this case each £ G /3R defines a homomorphism on A, and 
it is not difficult to check that two points £,77 G /3R define different homomorphisms on 
A if, and only if, there exist C,D C R such that dist(C,D) > 0 and £ G C^R, 77 G D^R 
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(see [18] Proposition 9 for an analogous situation). Now let (xn) and (yn) be discrete 
sequences in R such that M — {xn} and N = {yn} are disjoint closed subsets of R, and 
\xn — yn\ —• 0- Taking convergent subnets (xna) —> £ and (ynJ —» 77 in /3R, we have that 
£, ̂  rj but, since |x„a — j„ a | —+ 0, the points £ and 77 define the same homomorphism 
on A. 

(2) We cannot delete the condition "A is closed under bounded inversion" in Proposi
tion 1.2. For instance, if X = [0,1] and A C C([0,1]) is the subalgebra of all polynomial 
functions on [0,1], then /3X = X but every ( Ç R defines a homomorphism on A. 

(3) Let X be a completely regular space and let A C C(X) be a subalgebra with unit. If 
p G Horn A is positive (that is, (p(f) > 0 whenever/ > 0) then Proposition 1.2 implies 
that there exists £ G /3X such that A C A^ and p(f) = / (£ ) for every/ G A. Indeed, the 
algebra 5 = {f I g '• f,g £ A\\g\ > 1} is closed under bounded inversion, and ip can be 
extended to a homomorphism (p G Hom(#) by the formula (pif /'g) = <p(f)/<p(g). Now 
Proposition 1.2 applies to (p. On the other hand, it also follows from Proposition 1.2 that, 
if A is closed under bounded inversion, then every (p G Horn A is positive. 

Our next result follows at once from Proposition 1.2. 

PROPOSITION 1.4. Let X be a completely regular space and let A C C(X) be a sub
algebra with unit, closed under bounded inversion. Suppose that for each £ G (3X \ X 
there exists/ G A such thatf(Q — 00. Then Horn A = X. 

The condition in Proposition 1.4 is quite abstract, but it can be applied directly in many 
cases. For example, if A C C(Rn) is a unital subalgebra closed under bounded inversion 
and A contains the projections TTJ•: Rn —> R (j = 1,2,..., n), then Proposition 1.4 implies 
that Horn A = Rn. Indeed, in this case (7rf + • • •+TT^)A(0 = 00 for every £ G /3R" \ Rn. In 
particular, A could be the algebra of all rational functions, or all real-analytic functions, 
or all C^-functions (1 < m < 00) on Rn. More generally, if X is locally compact, a-
compact and noncompact, there exists h G C(X) such that 

(*) h(0 = 00, for every £ G (3X \ X. 

Now if A C C(X) is a unital subalgebra closed under bounded inversion and A contains 
a function with property (*), then Horn A = X. 

On the other hand, Proposition 1.4 certainly applies to algebras which are not inverse-
closed, as the following example shows. We recall that, with some technical modifica
tions, an analogous example can be constructed for any realcompact non-pseudocompact 
space X. 

EXAMPLE 1.5. Let X be a locally compact, cr-compact, noncompact space. Consider 
go e C(J3X) such that pX \ X = {£ G J5X : g0(O = 0}. Using the fact that (3X\X 
is not a P-space (see [13]) it is possible to find g\ G C(/3X) and 77 G f3X \ X so that 
77 G Z = {£ G /?X\X : g i (0 = 0} but Z is not a neighbourhood of r? in /3X\X. Consider 

1 
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Note that Z = {£ E 0X : g(£) = oo}. Now let A be the unital subalgebra of C(X) 
generated by g and Av, that is: 

^ { / o + / i g + - + / / : / o , / i , - . , / „ ^ ^ G N } . 

The algebra A has the following properties: 
(1) A is closed under bounded inversion. 
This is clear since C*(X) C A^ C A. 
(2) For each £ e (3X\X there exists/ E A such that/(£) = oo. 
First note that g(rj) = oo. Now if £ e f3X\X, £ ^ r], there exists h E C((3X) such that 

/*(£) = 0 and h(y) > 0 for every y E I U {//}. Then/ - | | x E A^ C A and/ (0 = oo. 
(3) HomA = X. 
It is a consequence of Proposition 1.4. 
(4) If /* E C(X) satisfies /z(0 = oo, for every £e(3X\X, then /i £ A. 
Indeed, if/ = / 0 +/ig + • • • + /„#" E A (where/0,/i,... ,/„ E A^), then/0 , / i , . . . , /„ 

extend finite and continuously to a neighbourhood of 77 in /?X, and therefore/ extends 
finite and continuously to some point of f3X \ X. 

(5) A is not inverse-closed. 
Otherwise we would have A = C(X) (since C*(X) C A and every function in C(X) is 

the quotient of two functions in C*(X)). But (4) shows that this is not the case. 
Now suppose that in Proposition 1.4 the condition on A is not fulfilled, i.e. there ex

ists £ E /3X \ X such that/(£) ^ oo for every/ E A. We can then consider the algebra 
homomorphism 6% on A defined by 8^(f) = /(£) for every/ E A. Suppose that, in addi
tion, A separates points and closed sets of X (that is, if C C X is closed and a E X \ C, 
there exists/ E A such that/(a) $f(C). Then for each a E X there exists/ E A so that 
f(a) 7^/(0> and therefore <$£ is not given by evaluation at any point of X. Summarizing, 
we have the following. 

THEOREM 1.6. Let X be a completely regular space and let A C C(X) be a subalge
bra with unit, closed under bounded inversion, which separates points and closed sets 
ofX. Then the following are equivalent: 

(i) HomA = X 
(ii) For each £ E /3X \ X there exists/ E A such thatf(^) = oo. 

Motivated by the results of [21], we give a simple application for algebras of contin
uous functions over an arbitrary product of real lines. 

COROLLARY 1.7. Let X c R7 be a closed set and let A c C(X) be a subalgebra 
with unit, closed under bounded inversion. Suppose that 717 |x E Afar each projection 
7Tt: R

7 —> R (/ E I). Then HomA = X. 

PROOF. Let %^ be the smallest subalgebra with unit of C(X) which is closed under 
bounded inversion and contains 7171* for every / E /. That is, each g E %, is a function 
of the form g = P/Q, where P and Q are polynomials in a finite number of projections 
and inf{|<2(jt)| : x E X} > 0. Note that ^ C A. 
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Consider <p G H o m ^ . For each / G / define at — <p(iX[\x), and set a — (<?/)/£/. We 
shall show that a G X. Indeed, suppose that U C\X — 0 for some open set U of the form 
U = Uiei Uh where Ui — (a, — £, <2/ + e) if / G {/j,..., im}, being e > 0, and (7/ = R if 
i e I\ {iu . . . , / m } . Then P = (TT/, - <2/,)2 + • • • + (7r/m - aim)2 G ^ satisfies p(P) = 0 
and P(JC) > e1 > 0 for every JC G X, and this contradicts Proposition 1.2. 

Now since ^(^/ix) = 7r/(^) f° r every z G /, it follows that <p(g) — g(a) for every 
g G ^ . This shows that Horn ^=X. On the other hand, since ^ separates points and 
closed sets of X, Theorem 1.6 implies that Horn A = X. 

THEOREM 1.8. Let Xbe a realcompact space and let A C C(X) be a subalgebra with 
unit, closed under bounded inversion. If A is uniformly dense in C(X), then Horn A = X. 

PROOF. Let £ G f3X \ X. Since X is realcompact, there exists g G C(X) such that 
g(0 = oo (see e.g. [11]). Choosing/ G A with |/(x) — gO)| < 1 for every x G X, we 
have that/(£) = oo. Then the result follows from Proposition 1.4. 

Now Corollary 1.9 below can be obtained as an easy consequence of Theorem 1.8 and 
the results of [12] on uniform density (see also [1]). This corollary extends Theorem 3.2 
of [21] and Theorem 2 of [17]. 

First recall that a zero-set in X is a set of the form Z(f) = f~x (0), for some/ G C(X). 
Also, for/ G C(X) we denote coz(/) = X\ Z(f). 

COROLLARY 1.9. Let X be a realcompact space and let A C C(X) be a subalgebra 
with unit satisfying: 

(i) A is closed under bounded inversion, 
(ii) IfZo,Z\ C X are (nonempty) disjoint zero-sets, then there exists f G A such that 

f(Z0) = 0andf(Zl)= 1. 
(Hi) Ififn) is a sequence of functions in A such that coz(fn)ncoz(fm) — tyfor \n — m\ > 

IthenTZifntA-
Then A is uniformly dense in C(X), and therefore Horn A = X. 

Our next result, which follows the lines of Theorem 1 of [4], will be useful in the 
sequel. 

PROPOSITION 1.10. Let X be a completely regular space and let A C C(X) be an 
inverse-closed subalgebra with unit. 

(1) Suppose that (fn) G A is a sequence such that, for every summable sequence (an) 
of positive numbers, Y.n

 anfn andY.n
 anfn belong to A. Then for each (f G Horn A 

there exists a G X such that (f(fn) —fn(a)for all n. 

(2) Suppose that, in addition, (fn) separates the points ofX. Then Horn A = X. 

PROOF. (1) Let (p G HomA be given. By Proposition 1.2 there exists £ G f3X such 
that A C A^ and ip(f) = /(£) for every/ G A. Suppose that there exists no a G X such 
that (f(fn) =fn(a) for all n. Now choose a summable sequence (an) of positive numbers 
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such that go = E„ <xn(fn - <p(fnj) and gx = £„ 2 nan(fn - tp(fn)) belong to A. Since 
go is never zero on X, we have that 1 /go G A and g(£) ^ 0. Then consider 

/ i = g i = E 2 - " a " ^ " ^ 2 ^ . 
#0 n g0 

The series defining h is uniformly convergent on X, and therefore 0 = /z(£) = < (̂/0- But 
this is a contradiction, since h is a unit in A. 

(2) is a consequence of (1). 

2. Functions on Banach spaces. We now turn our attention to the case of functions 
over a real Banach space E. Let (9{E) denote the algebra of all continuous polynomials 
on Zsand, for y = 0,1,2, . . . , let (P(?E) denote the space of all continuousy-homogeneous 
polynomials on E. That is, each Pj G tP(jE) is a function of the form Pj(x) — 7}(JC, . . . ,x), 
where 7} is a continuousy-linear functional on E x • • • x E (thus for j = 0, PQ is constant), 
and each P G (P(E) is a finite sum P = P0 + Pi + • • • + Pm, where Pj G ̂ F ) for 
j — 0,1,2, . . . , m. Recall that a function/ defined on an open subset U of E is said to 
be real-analytic on £/ if, for every x G U there exist a neighbourhood W of 0 and a 
sequence (Pj) with each P, G ÎV'/s), such that/(x + h) = Eĵ o ^/W> f o r everY h e W. 
Now let Q be any subset of E. We denote by ^(£2) the algebra of all rational functions 
on Q, i.e. the functions of the form P/Q, where P,Q G ^P(£) and <2(;t) ^ 0 for every 
x G Q. Also, we denote by J?L(£l) (respectively, Cm(Q), 1 < m < oo) the algebra of all 
real functions on £2 which can be extended to a real-analytic function (respectively, an 
m-times continuously Fréchet differentiable function) on an open subset of E containing 
Q. Note that !^(Q) C Jl(Q) C Cm(Q), and they are inverse-closed subalgebras of C(Q). 

We start with the special case of the separable Hilbert space E — £2-

PROPOSITION 2.1. Let A C C(JLi) he an inverse-closed subalgebra with unit. Sup
pose that A contains the dual space t\ and the polynomials P(x) = Y%L\*i and Q(x) = 
H%L\ SnX^, where (sn) is a given summable sequence of positive numbers. Then Horn A = 

PROOF. We shall denote I2 = X. Let <p G Horn A be given. By Proposition 1.2, there 
exists £ G (3X such that A C Â  and tp(f) = /(£) for every/ G A. Let (xa) be a net in 
X such that xa —-> £ in /?X. Then \\xa\\

2 = P(xa) —> P ( 0 — ̂ (^) 7̂  °° a nd therefore 
we can suppose that (xa) is a bounded net in X. Let 5 C X be a closed ball containing 
(xa). By the weak compactness of B, we can also suppose that the net (xa) is weakly 
convergent to some point b — (bn) G B. We now consider the functions on X: 

g(x) = (P(x) - <p(P))2 (for* e X) 

h(x) = Y, s»(Xn ~ b„)2 (for x=(x„)eX). 
n 

It is clear that g, h E A, and <p(g) — 0. On the other hand, it is not difficult to check 
that h is weakly continuous on B, and therefore (p(h) = lima h(xa) = h(b) = 0. Then 
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Lemma 1.1 implies that there exists a G X so that g(a) — h(a) = 0. Thus a — b and 

lima \\xa\\
2 = ^(P) = P(a) = \\a\\\ 

Since the net (xa) is weakly convergent to b and ||jca|| —> \\b\\, it follows that (xa) is 

norm-convergent to b\ hence £ = b G X. 

Our next lemma is taken from [17]. 

LEMMA 2.2. Lef X and Y be topological spaces and let A C C(X) and B C C(Y) be 

inverse-closed subalgebras with unit. Suppose that: 

(i) H(B)=Y 

(ii) For each b G Y, there exists fb G B such thatfb~
x(§) = {b}. 

(Hi) There exists a one-to-one map h:X —> Y such thatf o h G A for every f G B. 

Then Horn A = X. 

REMARK 2.3. Let E be a real Banach space such that there exists a sequence (ipn) C 

E* of norm-one functional separating the points of E (for example, if E is separable or E 

is the dual of a separable space). Consider any set £1 C E and let A C C(Q.) be an inverse-

closed subalgebra with unit. Suppose that A contains the dual E* and the polynomials 

P = E« r ^ n a n d <2 — E w ^ n ^ i where (r„) and (sn) are two summable sequences of 

positive numbers. Then Horn A = £L This is a direct application of Proposition 2.1 and 

Lemma 2.2, using the map h: £1 —> £2 defined by h(x) = (r„^„(i)) 

Next we give the main result of the paper. First recall that a set T is said to have 

nonmeasurable cardinal if there exists no nontrivial two-valued measure defined on the 

power set of T (see e.g. [13] or [19]). 

THEOREM 2.4. Let Q be any subset of a real Banach space E such that there exists a 

continuous, linear, one-to-one operator from E into lp(T), for some p (1 < p < 00) and 

some index set T of nonmeasurable cardinal. Suppose that A C C(£l) is an inverse-closed 

subalgebra, such that P\Q G A for every P G *P(E). Then Horn A = Q. In particular 

H o m ^ ( Q ) = HomA(Q) = HomCm (Q) = £1, (1 < m < 00). 

PROOF. We shall consider two cases. 

CASE (i). Suppose first that £1 = E = 12(F), where T has nonmeasurable cardinal. 

Let (7r7)7Gr denote the biorthogonal functionals in £2(0* associated to the unit vectors 

(ei)ler of t2(T). 

Now let (f G Horn A be given. For each 7 G T define a1 — (^(7r7). It follows from 

Lemma 1.1 that (f is a positive functional on A, and therefore, for each finite subset 

A C T : 

E ai = ^(E A) < v?(E rf) < +°°-
7GA S e A y Ser J 

Hence a = (a7) G ^CO-

For each u G £00(O we define the polynomial Pu = £ 7 G r 7r7(w)(7r7 — a 7 ) 2 on ^ ( O -

CLAIM 1. Given a sequence (w«)neN C ^oo(r)> there exists some b G ^ ( H such that 
<p(PUn) = PUn(b), for all neN. 
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Let j5n — (1 + II^Hoo)-1 and consider fn = f3nPUn. It is clear that for each summable 
sequence (an) of positive numbers, £„ <*,/„, £„ &4l £ &(E) C A. Thus Claim 1 follows 
from Proposition 1.10. 

Next we define the linear functional *F: ^oo(0 —» R by 

¥(ii) = ip{Pu). 

CLAIM 2. The restriction *F|F is cr(£oo(r), £I(H)-continuous on each 

o"(^oo(0» ^i(r))-separable subspace F of loofD-
To prove Claim 2, let (v„) C F be a cr(£oo(r), £i(T)Vdense sequence in F. Claim 1 

provides us with some b G ^ ( D such that p{PVn) — PVn(b) for all n G N. It is sufficient 
to show that, in fact, ^(u) = Pu(b) for every u G F. Then fix u G F. Again by Claim 1 
there exists c G f2(H so that ip(Pu) = P(c) and ^(FVJ = PVn(c) for all w G N. By the 

ÇT), £i(r))-density of (v„), for each £ G N, we can find some % G N such that 

\Pu(b) -PVnk(b)\ < i and |F M (c) -F v Jc) | < 1. 

Therefore ¥(w) = P(c) = lim* ̂ (PVn^ ) = Pu{b). 
Now we use the fact that £i(T) is weakly realcompact when T has nonmeasurable 

cardinal (see [10]). Then we obtain from Claim 2 and the characterization of weak re-
alcompactness given by Corson in [81 that *F is cr(£oo(r), £i(T))-continuous on £oo(0> 
and therefore ¥(«) = I^u^ie^ for every « = (w7) G £oo(0- Since VF(^7) = <p(Pei) = 
^((7r7 — <27)

2) = 0 for each 7, it follows that *F = 0. In particular, for the polynomial 
Pi = Z7(7T7 — <37)

2 we have that ip{P\) = 0. 
Finally, consider any/ G A. By Lemma 1.1, there exists b = (fr7) G ^20O such that 

(f(f) =f(b) and 0 = <p(P\) = P\(b). Hence b = a, and therefore (p = Sa. 

CASE (ii). The general case. Let T:E -—>• ^ ( D be a continuous, linear, one-to-one 
operator, where 1 < p < oo and T has nonmeasurable cardinal. Choose and odd integer 
TV with 2N > /?, and consider the map h: Q, —> ^ ( H defined by 

AW = ((7r7(7i)f)^r (*Gft). 

Now H o m ^ ( £ 2 ( r ) ) ) = £2(r) by Case (i). Also, for each a = (a7) G e2(F), the 

function/a = L y ^ — <z7)
2 G ̂ ( ^ C O ) satisfies/a

_1(0) = {a}. Finally, it is clear that h 

is one-to-one and/ o /z G A for every/ G ̂ ( ^ ( O ) - Then the conclusion follows from 

Lemma 2.2. 

REMARKS. (1) The hypothesis on E in Theorem 2.4 is satisfied if F is a separable 
space, or E is the dual of a separable space or, more generally, if F is a closed subspace 
of C(K), where K is a compact, separable space. In this case, we can indeed consider the 
operator T\E—*li defined by Tx — (2~nx(tnfj , where (tn) is a dense sequence in K. 

(2) Recall that super-reflexive Banach spaces can be defined as those spaces admit-
ing an equivalent uniformly convex norm (see for instance [9]). It follows from ([20], 
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Lemma 9) that the hypothesis on E in Theorem 2.4 is also satisfied whenever E is a 
superreflexive space with nonmeasurable cardinal. 

(3) The requirement on the cardinality of T in Theorem 2.4 is very mild, since in fact 
it is not known whether measurable cardinals exist. On the other hand, if we suppose that 
r has measurable cardinal, it follows that E — £2(0 is not realcompact (see [13]). In this 
case let vE denote the Hewitt-Nachbin realcompactification of E. Now if A C C(E) is a 
subalgebra as in Theorem 2.4, each point £ G vE\E gives a homomorphism (p(f) — /(£) 
on A and, since A separates points and closed sets of E, p is not given by evaluation at 
any point of E. 

(4) In Theorem 2.4 we cannot change the condition "A is inverse-closed" by 'A is 
closed under bounded inversion". Consider as an example E— £2, let Q be the open unit 
ball of E and define 

A = {P/Q :P,Qe mi)\ inf \Q{x)\ > 0}. 

Then A C C(Q) is a subalgebra with unit, closed under bounded inversion, which con
tains every polynomial function on Q. Now let £ G (3Q. \ £1. Since each function in A is 
bounded, £ defines the algebra homomorphism (p(f) = /(£) on A. But since A separates 
points and closed sets of £2, p is not given by evaluation at any point of Q. 

The result of Theorem 2.4 does not hold for arbitrary Banach spaces, as the following 
example shows. An analogous example can be seen in [15]. 

EXAMPLE 2.6. Let E = c0(r), where T is uncountable, and let Q. = co(T) \ {0}. 
Then: 

(1) For every real-analytic function/: Q —» R, there exists linv-^/Or). 
(2) The algebra homomorphism ip: JÎ(Q) —• R defined by <p(f) = linv^o/U) is not 

given by evaluation at any point of Q. 

PROOF. (1) Let/: Q —» R be a real-analytic function, and consider any sequence 
(um) C £1 with um —>• 0. For each m G N there exist em > 0 and a sequence (P%)neN 
where each / ^ G ̂ P(%(r)), such that 

00 

(*) f(um + h) = f{um) + £ PZ(h), for ||A|| < £w. 
n=\ 

It is well-known that every continuous polynomial on CQ(T) is the uniform limit, on 
each bounded set, of a sequence of polynomials in a finite number of continuous linear 
functionals on CQ(T) (see [3] and [23]). Therefore the set 

00 

U {7 G T : P > 7 ) Ï 0} 
m,n—\ 

is countable, where (£7)7^ denotes the unit vectors of co(F). Thus we can select 7 G T 
such that P™^) = 0 for every m, n G N and also um+te1 ^ 0 for every m G N and every 
t G R. Now for each m G N, we obtain from (*) that/(wm + te7) = /O m ) if |f| < em\ and 
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since the function t —>f(um + te7) is real-analytic on R, we have that/(wm + te7) = f(um) 

for every t G R. In particular, f(um + e7) = /(wm) and, since limm wm + <?7 — <?7, there 

exists 

\imf{um) = \\mf(um + e1)=f(e1). 
m m 

(2) For each a G Q, we can consider a continuous linear functional/ on CQ(T) such 

that / (a) ^ 0, and then 0 = <p(f) ^f(a). 

Let £2 be an open subset of co(H> where T is uncountable. Since co(T) admits C°°-

partitions of unity (see [24]), it follows from Corollary 1.9 that Horn (^ (Q) = Q (see 

also [17]). However, in the case of real-analytic functions the situation is different. In 

fact, combining Example 2.6 with Theorem 2.7, we can see that the shape of Q plays a 

role. 

THEOREM 2.7. Let Q be an open ball of coCO, or let Q = CQ(T). Suppose that 

A C 5l(Q) is an inverse-closed subalgebra, such that P^ G A for every P G T(CQ(T)\. 

Then Horn A = Q. 

PROOF. First note that if T is countable, then the result follows from Theorem 2.4 

(see also Remark 2.5) for arbitrary Q. Therefore we shall consider that T is uncountable. 

We prove the result for Q, = CQ(T), only trivial modifications being necessary in the other 

case. 

Let (7r7)7Gr denote the unit vector functionals in coOO*. Now let <p G Horn A be given. 

For each 7 G T define a1 — <^(7r7), and set a — (a7)7Gr-

For each countable subset A of T, consider the natural projection TTA: CO(T) —> co(A), 

consider also the algebra 

AA = ( g e C ( c 0 ( A ) ) :go7TAeA) 

and define <pA G HomAA by (fA(g) = <p(g ° ^A)- Thus by Theorem 2.4 there exists 

bA G co (A) such that 

V\(g) = g(bA), for all g<EAA. 

In particular, for every 7 G A we have that 

a1 = (^(7T7) = (£A(7T7) = 7T7(£A). 

That is, bA — (a7)7 G A . It follows that, for each countable set A of T, (a7)7 G A G co(A); 

and therefore a G co(H. 

We shall see that tp = 6a. Consider/ G A. Since/ is real-analytic, there exist an r-ball 

Br(a) and a sequence (Pn) where each P„ G fP( co(O) such that 

oo 

/ (*) = / ( A ) + J2 pn(* - Û), for x G £r(fl). 

Using the fact that every continuous polynomial on co(H is the uniform limit, on each 

bounded set, of a sequence of polynomials in a finite number of continuous linear func

tionals ([3], [23]), we obtain that a countable subset A of T exists, such that Pn(u) = Pn(v) 
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(for all n > 1) whenever TTA(U) — 7rA(v). Therefore if x,y G Br{a) and TTA(X) = irA(y) we 
have that/(x) = f(y). Now let /A: co(A) —> co(T) be the natural inclusion given by 

and consider the function h =f o iAo TTA. It is clear that /i|#r(a) =f\Br(a) and, since/ and 
/* are real-analytic functions on co(T), it follows that/ = /z. Then/ o /A £ AA and, as we 
obtained before, <p(f) = (fA(foiA) = (f o iA)(nA(a)) =f(a). 

In closing, we recall the following open problem: 

PROBLEM 2.8. Characterize the subsets £1 of co(T), for uncountable V, such that 
Hom^(Q) = HomJ^(Q) = Q. 
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