
ON INVARIANT MEANS WHICH ARE NOT 
INVERSE INVARIANT 
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In (1) R. G. Douglas says: "For a finite abelian group there exists a unique 
invariant mean which must be inversion invariant. For an infinite torsion 
abelian group it is not clear what the situation is." I t is not hard to see that if 
every element of an abelian group G is of order 2, then every invariant mean 
on G is also inversion invariant (see 1, remark 4). In this note we prove the 
following theorem (Theorem 1 below): An abelian torsion group G has an 
invariant mean which is not inverse invariant if, and only if, 2G is infinite. This 
result, together with the theorems of Douglas, answers completely the ques
tion of the existence (on an arbitrary abelian group) of invariant means which 
are not inverse invariant. 

Definitions and notations. Suppose G is an abelian group written additively. 
Then G is a torsion group if, and only if, every element of G is of finite order. 
If E C G and y £ G we write — E = { — x: x £ G} and y + E = {y + x: x£E}, 
and if n is a positive integer, then nE = {nx: x £_ E\. Let m(G) be the 
Banach space of all bounded real-valued functions in G with the sup norm. 
A mean on m(G) is a bounded linear functional /x on m(G) such that 
/x(l) = ||/x|| = 1, where 1 is the constant 1 function on G. A mean /x is in
variant if n(f) = n(fx) (f G m (G)) where fx is the translate of/ by 

x:fz(y) =f(x + y) (ye G). 

Finally a mean /x is inverse invariant if, and only if, /x(/) = /*(/*) if G m (G)) 
where f*(x) = f( — x) (x £ G). 

LEMMA. Let G be a countable abelian torsion group and suppose 2G is an 
infinite set. Then there is a set E C G such that 

(i) E H -E = 0 and 
(ii) for every finite set S C G there is an element s G G such that s + 5 C E. 

Proof. Let y0, yi, . . . be an enumeration of all elements of G with y0 = 0. 
Put H0 = {yo}- Let n± be the first positive integer k such that 2yk ^ 0 and let 
Hi be the group generated by yQ, yi} . . . , yni. Since G is a torsion group, Hi 
is finite. Let n2 be the first positive integer k such that k > ni and 2yk (? Hi; 
such a k exists because Hi is finite and 2G is infinite. Let H2 be the group 
generated by y0, yi, . . . , yn2. In this way we get an infinite sequence 
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Ho C Hi C H2 . . . of finite subgroups of G whose union is G, and an infinite 
sequence yni, yn2, . . . of elements in G such that 

(1) 2ynk (i Ht-t and ynk G Hk (k = 1, 2, . . . ) . 

Let 

(2) E* = 3W + ff*-i (* = 1, 2, . . .) 

and 

(3) £ = U £*. 

Then £ is a set which has the desired properties (i) and (ii) in the s t a t ement 
of the lemma. 

T o see (i) observe first t h a t since Hk-\ is a group and 2ynk £ ET*_i we have 
both ynk d Hk-x and —ynk & Hk-i (k = 1, 2, . . . ) . Now if k ^ I, then 
Ek H -El = 0 (k, I = 1, 2, . . . ) , for if x£Ekr\ -El and, say, / > jfe, then 
there would exist xk Ç Hk-ia.ndxi £ i^z-i such tha t x = ynÀ. + xk = —(yni + Xi) 
and hence ynl = — (xt + XyO — y ^ G -H"z-i, a contradiction. Similarly, 
E* H -Ek = 0 (jfe = 1, 2, . . .) because 2yk (2 # , _ L Therefore 

(4) E H - E = ( Û E*J O ( U - EkJ = 0. 

(ii) is trivial: if S is a finite subset of G, then there is a positive integer k, such 
t h a t 5 C Hk-i. Then yw/c + 5 C ynk + # * - i = E* C E, i.e., (ii) holds with 5 = ynfc 

T H E O R E M 1. An abelian torsion group G has an invariant mean which is not 
inverse invariant if and only if the set 2G is infinite. 

Proof. Suppose 2G is infinite and suppose also tha t G is countable. A basic 
theorem of Mitchell (2, Theorem 8) s tates t ha t if E is a subset of a left 
amenable semigroup 2 , then there is a left invariant mean ^ on 2 such tha t 
V(XE) — 1 if and only if for each finite subset F of 2 there exists a £ 2 such 
tha t Fa C E . Here XE is the characteristic function of E . Hence letting E be 
a subset of G t ha t has properties (i) and (ii) of the lemma, there is an invar iant 
mean M on G such t ha t H(XE) = 1- Since /x(x#*) = H(X-E) = 0, M is not 
inverse invariant . 

If G is not countable, then there is a homomorphism 0 of G into some 
countably infinite group D such tha t both cj>(G) and 4>(2G) are infinite. T h e 
a rgument for this goes as in (3, p. 45) : let A be a countably infinite subgroup 
of G, embed A in a countable divisible group D, and extend the embedding 
to a homomorphism <j> from G into D. Since <t>(G) is a countable torsion group 
and 20(G) = <t>(2G) is infinite, there is an invariant mean /x on c/>(G) which 
is no t inverse invariant . Define a functional y by 7 (/[$]) = M(/ ) ( / £ m ( $ ( G ) ) . 
Then y can be extended to an invariant mean y defined on all of m{G) and 
7 is not inverse invariant. 
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On the other hand, if 2G = {gi, . . . , gn) and if / £ m(G), then, since 
x + 2G = -x - 2G, 

n n n 

E/„•(*) = E/(g< + *) = S/(-g« - *) = E/«(*) (* e G) 
2 = 1 2 = 1 2 = 1 

and hence for any invariant mean /JL 

Remark. Douglas showed that in a non-torsion abelian group (i.e., one in 
which at least one element is of infinite order) there always exists an in
variant mean that is not inverse invariant. Since in such a group G the set 
2G is always infinite, we can summarize the whole situation with 

THEOREM 2. An abelian group G has an invariant mean which is not inverse 
invariant if and only if the set 2G is infinite. 
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