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STICKELBERGER ELEMENTS AND KOLY VAGIN
SYSTEMS

KAZIM BUYUKBODUK

Abstract. In this paper, we construct (many) Kolyvagin systems out of Stick-
elberger elements utilizing ideas borrowed from our previous work on Kolyvagin
systems of Rubin-Stark elements. The applications of our approach are twofold.
First, assuming Brumer’s conjecture, we prove results on the odd parts of the
ideal class groups of CM fields which are abelian over a totally real field, and
we deduce Iwasawa’s main conjecture for totally real fields (for totally odd
characters). Although this portion of our results has already been established
by Wiles unconditionally (and refined by Kurihara using an Euler system argu-
ment, when Wiles’s work is assumed), the approach here fits well in the general
framework the author has developed elsewhere to understand Euler/Kolyvagin
system machinery when the core Selmer rank is > 1 (in the sense of Mazur and
Rubin). As our second application, we establish a rather curious link between
the Stickelberger elements and Rubin-Stark elements by using the main con-
structions of this article hand in hand with the “rigidity” of the collection of
Kolyvagin systems proved by Mazur, Rubin, and the author.
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§1. Introduction

The Euler/Kolyvagin system machinery is designed to bound the size
of a Selmer group. In all well-known cases, the bounds obtained relate to
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L-values and thus provide a link between arithmetic and analytic data. Well-
known prototypes for such a relation between arithmetic and analytic data
are the Birch and Swinnerton-Dyer conjecture (more generally, Bloch-Kato
conjectures) and the main conjectures of Iwasawa theory. The Kolyvagin
system machinery has been successfully applied by many to obtain deep
results towards proving these conjectures.

In [MR1], Howard, Mazur, and Rubin show that the existence of Koly-
vagin systems relies on a cohomological invariant, what they call the core
Selmer rank (see [MR1, Definition 4.1.11]). When the core Selmer rank is
1, they determine the structure of the Selmer group completely in terms of
a Kolyvagin system. However, when the core Selmer rank is greater than 1,
not much could be said. One of the principal objectives of the current arti-
cle is to explore this more mysterious case in depth for a particular Galois
representation, for which the core Selmer rank is greater than 1.

Let k be a totally real field of degree [k: Q] =r, and let Gy := Gal(k/k)
be its absolute Galois group. Fix once and for all an odd rational prime p,
and let ¢ : G — Z; be a totally even character which has finite prime-to-p
order. Consider the Gj-representation T := Z,(1) ® 9»~1. The core Selmer
rank of the Galois representation 7" is r, and T” leads us to one of the basic
instances when the core Selmer rank is greater than 1. In [B1] and [B2], the
author studied the Kolyvagin system machinery for 7”. The main idea in
these two papers is to modify the relevant Selmer group appropriately and
construct Kolyvagin systems out of Rubin-Stark elements defined in [R2]
so as to control this modified Selmer group. In this paper, we consider the
G-representation T' = Zy(x), where x : Gy — Z,; is a totally odd character
which has finite prime-to-p order. The Gp-representation 7' turns out to
have core Selmer rank r as well. As in [B1] and [B2], we introduce certain
modified Selmer groups associated with the representation T'. In this setting,
the Euler system that gives rise to the Kolyvagin system which controls the
modified Selmer group is obtained from the Stickelberger elements.

Before we state the main results of this article, we set some notation
which will be in effect throughout the paper. Let p,k,Gi, and r be as
above, and let y : Gy — Z; be a totally odd character, which is different
from the Teichmiiller character w that gives the action of Gj on the pth
roots of unity. Let ko denote the cyclotomic Zp-extension of k. Consider
the following properties.

(A1) For any prime p of k above p, we have x(p) # 1.
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(A2) Any prime of k above p totally ramifies in ko /k.

Note that (A2) is true, for example, if k£/Q is unramified. Hypothesis (A1)
ensures that the associated Deligne-Ribet p-adic L-function £, -1 does not
have a trivial zero in the sense of [G]. Note that Wiles in [W2] gave a proof
of the main conjecture without assuming these two hypotheses.

Let L be the fixed field of ker(x) inside a fixed algebraic closure k of k;
write A = Gal(L/k). For any number field K containing L, let Ax be the
p-part of the ideal class group of K, and let A}C( be its x-isotypic part. We
fix S as the set of places of k which consists of all infinite places of k, all
places A which divide the conductor f, of x, and all the places of k above p.
Finally, let 01, s = 61, € Z,[A] be the Stickelberger element (defined precisely
in [Ku, Section 1.2]; see also Section 3 below) relative to S. For the main
results of this article, we will assume the y-part of Brumer’s conjecture, as
follows.

ASSUMPTION 1.1. 6% annihilates A%

We remark here that Wiles [W1] proved that Brumer’s conjecture as
stated above follows from his proof in [W2] of the main conjecture of Iwa-
sawa theory for totally real fields. In this paper, we prove the other way
around, namely, that, assuming Brumer’s conjecture, one might also prove
the main conjecture (see Theorem B below; see [Ku|, where Kurihara refines
Wiles’s result using a different type of Euler system argument).

The first application of the treatment here is Theorem 5.3 below.

THEOREM A. Suppose that hypothesis (A1) and Assumption 1.1 hold.
Then,

‘A>L<‘ = |Zp/X(9L)Zp‘-

With a bit more work, we can prove the Iwasawa theoretic version of
Theorem A, which we state below. Set I' = Gal(koo/k), and set A = Z,[[I']],
as usual. Let £, -1 € A denote the Deligne-Ribet p-adic L-function (see
[DR]). We recall in (5.2) the basic interpolation property which character-
izes L, 1. Let Tw, ) be a certain twisting operator on A (see Section 5.2
below for its definition). For any abelian group 4, let AY := Hom(A4,Q,/Z,)
denote its Pontryagin dual, and finally, let char(M) denote the character-
istic ideal of a finitely generated A-module M (with the convention that
char(M) =0 unless M is A-torsion). Then we are able to prove the follow-
ing (see Theorem 5.8 and Corollary 5.10 for a slightly improved version so
as to include the case p, C L).
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THEOREM B. Suppose that hypotheses (A1) and (A2) as well as Assump-
tion 1.1 hold. Assume also that L does not contain pth roots of unity. Then,

char ( (h_H)l Afn)v) = Tw<pcyc> (wail)'

n

These results have already been obtained by Wiles [W2] without appeal-
ing to the Euler system machinery, even without the assumptions of The-
orem B above. Kurihara [Ku| proved a refined version of Theorem B using
an Euler system argument (still building on Wiles’s results), though signifi-
cantly different than ours. The novelty in this paper is a new treatment of the
Euler/Kolyvagin system machinery via what we call L-restricted Euler sys-
tems (see Section 4.1, especially Remark/Definition 4.10 and Example 4.11),
when the core Selmer rank (in the sense of Mazur and Rubin [MR1]) of the
Galois representation in question is r > 1. One benefit of the new approach
presented in this paper is a rather surprising link between Stickelberger ele-
ments and the (conjectural) Rubin-Stark elements, which we prove below in
Theorem 5.16; see also Theorem C in this section and the paragraph that
follows its statement.

As in our earlier papers ([B1], [B2]), we improve the Euler/Kolyvagin
system machinery of [R3], [P2], [Kal], and [MR1] to prove Theorems A and
B, generalizing Rubin’s treatment in [R3, Section 3.4] of the Stickelberger
element Euler system. The main obstruction to apply the machinery of
[MR1] directly in our setting is the fact that when r > 1, what Mazur and
Rubin call the canonical Selmer structure in [MR1] produces a Selmer group
too big to control using the theory developed there. In order to deal with
this matter, we proceed as follows.

(1) We first “refine” the canonical Selmer structure by introducing more
restrictive local conditions at p. We achieve this by choosing a line £
inside a certain local cohomology group at p (see Section 2.3). This step
has to do with the issue discussed in Remark 3.5(i) below.

(2) We introduce what we call the module of L-restricted Euler systems
(see Definition 4.10). The point in doing so is that an Euler system (in
the sense of Rubin) a priori gives rise to a Kolyvagin system only for the
canonical Selmer structure, and not necessarily for the refined Selmer
structure defined in Step (1). On the other hand, as we verify here, an
L-restricted Euler system does give rise to a Kolyvagin system for the
refined Selmer structure.
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(3) We then obtain L-restricted Euler systems starting from Stickelberger
elements (see Example 4.11), which we apply to deduce Theorems A and
B above. For this part, one needs to determine the structure of semilo-
cal cohomology groups and, using this information, choose a useful col-
lection of homomorphisms (see Proposition 4.9). The choice of such a
collection also appears in [R3, Proposition D.1.3], where Rubin explic-
itly constructs one, though in a different way from ours; see Remark 3.5
for a comparison of our construction here to Rubin’s work in the case
k= Q [R3, Section III.4]. Rubin’s construction is useful only when the
base field k is Q, whereas we abstractly show that a collection of homo-
morphisms with the necessary properties exists for an arbitrary totally
real base field k.

The Galois representation (and the Euler system attached to it) which we
treat in this paper needs to be handled in a slightly different manner than
the case of Rubin-Stark elements (which was studied in [B1], [B2]), as far as
the Euler/Kolyvagin system machinery is concerned. In a forthcoming paper
[B4], the setup from the current article and that from [B3] are combined to
treat the theory of Kolyvagin systems which descend from Euler systems®*
for an arbitrary self-dual Galois representation whose core Selmer rank is
r>1.

Our method to improve the results of [P2], [R3], and [MR1] relies on the
choice of a rank 1 direct summand (which we call £ above) inside the semilo-
cal cohomology group at p. This makes our approach seem less natural. We
address this issue in Remark 2.32 and show that the module generated by
the “leading terms” of the Kolyvagin systems constructed this way does not
depend on the decomposition of the semilocal cohomology group at p into
rank 1 direct summands (see Theorem 2.33).

Besides the standard applications (i.e., Theorems A and B above) of our
construction of what we call an L-restricted Kolyvagin system (see Defini-
tion 2.36, Theorem 4.15, and Remark 4.8) out of Stickelberger elements, we
also prove the following statement regarding the local Iwasawa theory of
Rubin-Stark elements, which was proved in [B2] assuming the truth of the
main conjecture.

THEOREM C. Let ¢ : Gy, — Z, be a totally even character. Suppose that
both 1 and x = wy ™! satisfy hypothesis (A1), and assume that (A2) holds

*More precisely, Euler systems of rank r in the terminology of [P2].
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as well as Assumption 1.1. Then,
char (AR H' (kp, T' @ A)/A - ¢} ) =Ly

Here, T' =Z,(1) ® ¢!, and c}fw = {cZn} is the 1-part of the collection
of (conjectural) Rubin-Stark elements (which we assume to exist) along
the cyclotomic tower (see [B2, Section 3] for a precise definition of these
elements).

In fact, we are able to prove considerably more than Theorem C in
regard of the Rubin-Stark elements. In Theorem 5.16(i), we obtain a rela-
tion between the Stickelberger elements and Rubin-Stark elements (note
that the existence of the latter is conjectural), making use of the formalism
of L-restricted Euler systems we develop in this paper, as well as the rigidity
of the module of A-adic Kolyvagin systems proved in [B3]. This, we believe,
is interesting on its own right. We also note that the “rigidity phenome-
non” which plays an important role for the link we obtain here (between
the Stickelberger elements and Rubin-Stark elements) has recently been uti-
lized by Mazur and Rubin [MR2] (in a rather similar fashion) to prove an
important portion of Darmon’s refinement of Gross’s conjecture.

We finally remark that, thanks to (an appropriate variant of) Proposi-
tion 4.5, we may bypass the need to appeal to Krasner’s lemma in [B1] and
[B2], and hence we may remove the hypothesis that y is unramified at all
primes p C k above p on the main results of [B1] and [B2].

Notation. Besides what we have fixed above, the following notation will
be in effect throughout.

For any field F', let Gr denote the Galois group of a fixed separable
closure F of F. For any abelian group A, write

A" ;= Hom(Hom(A,Qp/Zy),Qp/Zy)

for its p-adic completion. Suppose in addition that A acts on A; we then
write AX for the y-isotypic component of A™.

For ko /k as above, let k,/k be the unique subfield of degree p™. We
set I'), = Gal(k, /k), and we write L,, = Lk,,. For any prime q C k, let k(q)
denote the p-part of the ray class field extension of k& modulo gq. For any
square-free integral ideal q; ---q,, =7 C k, we set k(7) as the composite

k(1) =k(qr) - k(an)-

Set A; = Gal(k(7)/k). We let L(7) = Lk(7), kn(T) = knk(7), and L, (1) =
knL(T).
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82. Local conditions and Selmer groups

Much of this section is a review of the Kolyvagin system machinery and
the terminology of [MR1], which we will employ for the remainder of this
paper. The reader who is comfortable with the language of [MR1] may
safely jump to Section 3 after a glance at Sections 2.3.1 and 2.3.2 and
then at Proposition 2.21, Corollary 2.22, Propositions 2.23 and 2.29, and
Theorem 2.37. We also note that Remark 2.32 (esp. Theorem 2.33) should be
of interest for the general understanding of the Kolyvagin system machinery
when the core Selmer rank is greater than 1.

2.1. Selmer structures on 7T =Zy(x)

Below we use the notation that was set in Section 1. Recall that I' :=
Gal(ks/k) and A :=Z,[[I'] is the cyclotomic Iwasawa algebra.

We first recall Mazur and Rubin’s definition in [MR1, Definition 2.1.1] of
a Selmer structure, in particular, the canonical Selmer structure on T' and
T®A.

2.1.1. Local conditions. Let R be a complete local Noetherian ring, and let
M be an R[[Gj]]-module which is free of finite rank over R. In this paper,
we are interested in the case when R = A or its certain quotients, and when
M is T'® A or its corresponding quotients by ideals of A. For example, if we
start with the Galois representation T'® A with coefficients in A, we get the
representation 7' upon taking the quotient of T'® A by the augmentation
ideal of A.

For each place A of k, a local condition F (at X\) on M is a choice of
an R-submodule Hx:(ky, M) of H'(ky,M). A local condition F at p is a
choice of an R-submodule H }(k:p,M ) of the semilocal cohomology group
HY(ky, M) := 69@\10 H'(kg,, M), where the direct sum is over all the primes
p of k which lie above p.

For examples of local conditions, see [MR1, Definitions 1.1.6 and 3.2.1].

Suppose that F is a local condition (at A\) on M. If M’ is a submodule of
M (resp., M" is a quotient module), then F induces local conditions (which
we still denote by F) on M’ (resp., on M") by taking Hx(kx, M) (resp.,
Hx(ky,M")) to be the inverse image (resp., the image) of H}(ky, M) under
the natural maps induced by

M <M,  M-M.
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DEFINITION 2.1. Propagation of a local condition F on M to a submodule
M’ (and a quotient M" of M) is the local condition F on M’ (and on M")
obtained following the procedure above.

For example, if I is an ideal of R, then a local condition on M induces
local conditions on M /IM and M[I], by propagation.

2.1.2. Selmer structures and Selmer groups. Notation from Section 2.1.1 is
in effect throughout this section. We will denote G}, by D) whenever we
wish to identify this group with a closed subgroup of Gj, namely, with a
particular decomposition group at A. We further define Z, C D, to be the
inertia group and Fry € Dy /Z) to be the arithmetic Frobenius element at .

DEFINITION 2.2. A Selmer structure F on M is a collection of the fol-
lowing data:

e a finite set X (F) of places of k, including all infinite places and primes
above p, and all primes where M is ramified,

e for every A € X(F), a local condition (in the sense of Section 2.1.1) on
M (which we view now as an R[[D,]]-module), that is, a choice of R-
submodule

Hx(kyx, M) C H'(ky, M).
If A\ ¢ X(F), we will also write Hx(kx, M) = H} (ky, M), where the mod-
ule H} (kx, M) is the finite part of H'(ky, M), defined as in [MR1, Defini-

tion 1.1.6].

DEFINITION 2.3. Define the Cartier dual of M to be the R[[G]]-module
M* :=Hom(M, pipe ),
where pip stands for the p-power roots of unity.

Let A be a prime of k. There is a perfect pairing
<, > H (ky, M) x H' (ky, M*) — H?(k, pipee ) — Qp/Z,
called the local Tate pairing.

DEFINITION 2.4. The dual local condition F* on M™* of a local condition
F on M is defined so that H.(ky, M*) is the orthogonal complement of
H}(kx, M) with respect to the local Tate pairing <, >.

The dual Selmer structure F* is defined by setting X (F*) = X(F) and
choosing the local conditions on M* as the dual local conditions
HL, (kx,M*)= Hk(ky, M)+ at every prime X\ € X(F*).
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DEFINITION 2.5. If F is a Selmer structure on M, we define the Selmer
module Hx(k, M) to be the kernel of the sum of the restriction maps

H'(kx, M) )

(2:0)  Hp (kM) = ber (' (Gallhsn 0, M) = D 7 3n

AEX(F)

Here, kx(7) is the maximal extension of k which is unramified outside X (F).

We also define the dual Selmer module HL. (k, M*) in a similar fashion: just
replace M by M* and F by F* in (2.1).

EXAMPLE 2.6. In this example, we recall [MR1, Definitions 3.2.1, 5.3.2].

(i) Let R=17Z,, and let M be a free R-module endowed with a continuous
action of G, which is unramified outside a finite set of places of k. We
define a Selmer structure F,, on M by setting
— X(Fean) = {A: M is ramified at \} U{p|p}U{v]|oo},

Hfl(k:)\,M) if A € X(Fean), A poo,
( A M) = 1 .
H (kx,M) if X|p.
Here, H{ (kx, M) :=ker{H"(kx,M) — H'(kx, M ® Qp)} for every A/
Plx-
The Selmer structure Fe., is called the canonical Selmer structure

on M.

(ii) Now let R = A be the cyclotomic Iwasawa algebra, and let M be a free

1
a Hj:can

R-module endowed with a continuous action of G, which is unramified
outside a finite set of places of k. We define a Selmer structure Fp on
M by setting
— X(Fa) ={A:M is ramified at A\} U{p|p}U{v| oo},
— HE, (kx,M) = H'(kx,M) for X € $(Fy).
The Selmer structure Fj is called the canonical Selmer structure on M.
As in Definition 2.1, the induced Selmer structure on the quotients
M/IM is still denoted by Fa. Note that H}A (kx,M[/IM) will not usually
be the same as H'(ky,M/IM). In particular, when I is the augmen-
tation ideal inside A, Fx on M will not always propagate to Fcan on
M=M®A/I.
However, when M =T and M =T ® A as in Section 1, it is not hard
to see that Fp does propagate to Fean-

REMARK 2.7. When R=A and M =T ® A with T'=7Z,(x), we will see
in Section 2.5.2 that the Selmer structure Fc,y of [B3, Section 2.1] on the
quotients 7' ® A/(f) may be identified, under hypothesis (A1) on y, with
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the propagation of Fj to the quotients T'® A/(f), for every distinguished
polynomial f inside A.

DEFINITION 2.8. A Selmer triple is a triple (M, F,P) where F is a Selmer
structure on M and P is a set of rational primes, disjoint from X(F).

REMARK 2.9. In our setting, that is, when the Galois representation in
question is T'® A or its quotients by ideals of A, one may explicitly compute
the cohomology groups in terms of certain groups of homomorphisms (see
[R3, Sections 1.6.1-3]). Nevertheless, we will insist on using the cohomolog-
ical language for the sake of notational consistency with [MR1] from which
we borrow the main technical results. We also hope that the similarity of
the ideas applied here and in [B1] and [B2] is more apparent this way.

2.2. Computing Selmer groups explicitly

In this section, we give an explicit description of the Selmer groups for
the Gj-representations T = Z,(x) (resp., for T®@ A) and for T* = pryee @ x !
(resp., for (T'® A)*), following [R3, Section 1.6.2] and [MR1, Section 6.1].

2.2.1. Selmer groups over k. Recall that L is the CM field cut by . For any
m € Z*, it follows (as in [MR1, Section 6.1]) from the inflation-restriction
sequence that

(22)  HY(E,T/p"T)=H'(k.Z/p"Z(x)) = Hom(G,Z/p" L)X,

and similarly for every prime X of k,

x~ !
(2.3) H'(ky, T/p™T) = (@ Hom(G, ,Z/me))
qlA
Therefore, for the semilocal cohomology at a rational prime £, we have

—1

(2.4) H' (ke, T/p"T) = D) (D Hom(G,. 2/ 7))
N

Passing to the inverse limit, we obtain

(2.5) H(k, T) = Hom(GyL,7Z,)X

and

(2.6) H' (k. 7) = D (P Hom(Gr,.2,) )
PYVARNTY
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For the dual representation T, we have by the inflation-restriction se-
quence and by Kummer theory

(2.7) H'(k, T*[p"]) = H' (k,ppm @ x ) 2 (L /(L))
and similarly for every prime A C k,

(2.8) H' (ky, T [p™]) 2= (L3 /(L))

Also, for the semilocal cohomology, we have

(2.9) H ke, T p™]) = (L /(L))

where L) := L ® k), the sum of the completions of L at the primes above
A, and Ly := L ®qg Q. Taking direct limits, we see that

(2.10) H'(k,T*) = (L* © Qp/Zy)X
and
(2.11) HY ke, T*) 2 (L) ® Q,/Zp)X.

PROPOSITION 2.10. The canonical Selmer structure Fean on T (resp.,
fC*aIl

o X(Fean) = E(Fan) = {A: A | pfy} U{v | 0o}
and by setting (using the identifications above)

—1
° H}_—can(k:£7T) = (®q|€ HOm(GLq/Iq,Zp))X )
Hfl:é*an(kz’T*) = (OZ,B ® Qp/Zy)X, if LF# p,
° H}-—can(k}”T) - Hl (kP7T)7
H:}:éﬁan(kp’T*) = 0

on T*) is given by

Here, Z; stands for a fixed inertia group at q, and Op y:= O ® Zy is the
sum of the local units inside Ly =g, Lq-

Proof. This is proved in [R3, Sections 1.6.2-3]. 0

DEFINITION 2.11. We define the classical Selmer structure F¢ on 7' (and
aon T*) by setting ¥(Fa) = X(Fecan), and by letting

° H}:cl (kZ7T) = H}:can (kZ,T)7 a‘nd
i () = H (), i 04,
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—1
o Hi (kp,T)= (B, Hom(Gy,/Z4,Z,))* , and

H}C*l(kp, T*)=(0r, ® Qp/Zp)X.

REMARK 2.12. If we assume that (A1) holds, it follows from the proof of
[R3, Proposition I11.2.6] (see also [MR1, Lemma 6.1.2]) that H}d(kp,T) =0
and that H }:l(kp,T *) = Hl(k,,T*). We therefore have the following exact
sequences:

locy,
0 —— Hp, (k,T) —— Hy  (kT) —— H'(k,T),

loc?

P
0 —= Hg. (k,T%) ——= Hp(k,T*) —— H'(k,, T").

Furthermore, the image of loc,, is the orthogonal complement of the image of
loc,, by the Poitou-Tate global duality theorem. We note that the classical
Selmer group H}Cl(k,T) (resp., ch*l(k,T*)) is denoted by S(k,T') (resp.,
by S(k,W*)) in [R3].

PROPOSITION 2.13. Let Aj, denote the p-part of the ideal class group of
L. Then, Hy (k,T)=0 and Hléﬁ(k’T*) ~ A%,

Proof. Proposition 6.1.3 of [MR1] gives
HL. (k, T) = lim Hom(A}, Z/p"7Z) = Hom(AY, Z,);

we note that the propagation of Fj to Z/p™Z(x) coincides with the Selmer
structure F* of [MR1, Section 6.1]. Since A} is finite, it follows that
Hg (k,T)=0.

Similarly, the propagation of F}} to p,m ® X~ coincides with the Selmer
structure F of [MR1, Section 6.1]. It therefore follows from [MR1, Proposi-
tion 6.1.3] that there is an exact sequence

0 — (OF /(OF )" )" — Hg (k. T*[p™]) — AL[p"]* — 0.

1

Taking the direct limit with respect to m, we obtain the following exact
sequence:

0— (OF ®Qy/Zp)X — H}:l(k,T*) — A} —0.

Since x is totally odd, it follows from [T, proposition 1.3.4] that (O} )X is
finite; hence, (O] ® Qp/Z,)X = 0. This completes the proof of the proposi-
tion. []
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2.2.2. Selmer groups over ks . Let k, denote the unique subfield ko, which
is of degree p™ over k. We also set L,, = L - k,,. Repeating the arguments of
the previous section (replacing the totally real field k& with the totally real
field k), we prove the following.

LEMMA 2.14. There is a canonical identification

lim Hz (kn,T*) =1lim A} .
n n

2.3. Modifying the local conditions at p

When the core Selmer rank of a Selmer structure (in the sense of [MR1];
see also Section 2.5 below) is greater than 1, it produces a Selmer group
which is difficult to control using the Kolyvagin system machinery of [MR1].
As we will see in Section 2.5, the Selmer structure Fea, on 7' (resp., Fa on
T ®A) has core Selmer rank r = [k : Q]. Hence, to be able to utilize the Koly-
vagin system machinery, we will need to modify F.,n and F, appropriately.
This is what we do in this section.

Throughout this section we assume (A1) and (A2).

2.3.1. Local conditions at p over k.

LEMMA 2.15. Under our running hypotheses,

H' (kp, T) :=EP H (ky,

plp
is a free Zy-module of rank r = [k : QJ.

Proof. We first prove this using the general structure theory of semilocal
cohomology groups at p. All the references in this proof are to [B2, Appen-
dix A] (we note that the results quoted there are originally due to Benois,
Colmez, Herr, and Perrin-Riou).

By [B2, Theorem A.8(i)], the A-torsion submodule H(k,, T ® A)oys is iso-
morphic to B, THre | where Hy,, = Gal(ky/kg,). Since we assume (A1),
it follows that H'(k,,T ® A)tors = 0. Then [B2, Theorem A.8(ii)] concludes
that the A-module H'(k,, T ® A) is free rank r. Furthermore,

COker[Hl(kp7T ® A) - Hl(kp7T)] = HQ(kp,T(EQ A)[fy - 1];

where v is any topological generator of I'. However, it follows from [B3,
Lemma 2.11] that H?(k,,T ® A) = 0; hence, the map

Hl(kpaT(X)A) —>H1(kP7T)
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is surjective. The lemma now follows. 0

REMARK 2.16. There is a more direct proof of Lemma 2.15. In this
remark, we include this alternative proof of this lemma.
By the explicit description of the semilocal cohomology groups in (2.6),

H(ky, T) = @(@Hom Gr,. ))

plp  alp

It follows at once from this description that H 1(k:p,T) is Z,-torsion free,
hence free. Further, since Z,, is an abelian group, we may rewrite the equality

H' (k. T) = P (P Hom (G, Z ))Xl,

plp  alp

above as

where Gi‘i’} stands for the abelianization of G'z,. By local class field theory,

G‘}Jb = Lél\, the p-adic completion of the multiplicative group of Lq. Further,
q
the valuation map valy gives an isomorphism

LX valq Z 69(9></\

We therefore have

—1

Hl(kpa T) = Hom (@(Zp b OZ;A)a Zp)x

qlp
= Hom((@ Zp)x = (@ (’)ZA>X,Z,,> :
qlp qlp

It follows from (A1) that (®q|p Zp)* = 0; hence,

H(k,, T) Hom<(@OX A) ,Zp).

qlp

To prove the lemma, it suffices to check that the Q,-dimension of V :=
(@q|p (’)Zq’/\ ® Qp)x is equal to r. The p-adic logarithm gives a homomor-

phism OZ;/\ — Of, with finite kernel and cokernel. Hence,

= (@oi) 2w) = (Donee,) =@y,
alp

qalp

and therefore the Q,-dimension of V' equals r by the normal basis theorem.
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DEFINITION 2.17. Fix a Z,-direct summand £ C H!(k,, T) such that £
is free of rank 1. Fix also a generator ¢ = ¢, of L. Define the L-modified
Selmer structure Fr on T as follows:

i E(Fﬁ) = 2(-f.can)v

o if A+p) H}-‘g (k)nT) = H_’}-'Can (k})\,T),

o Hi (kp,T):=LC H'(ky, T)=Hp,_ (kp,T).

2.3.2. Local conditions at p over ko. Set I' = Gal(k/k) as before. Let k,,
denote the completion of k at @, and let kg, o, denote the cyclotomic Z,-
extension of k. Since we assume (A2), we may identify Gal(k, o /k,) by T
for each @ | p, and henceforth I" will stand for any of these Galois groups.
Let A =7Z,[[I']] be the cyclotomic Iwasawa algebra, as usual. We also fix a
topological generator v of I', and we set X =~ — 1. We will occasionally
identify A by the power series ring Z,[[X]].

LEMMA 2.18. Under the assumptions (A1) and (A2),
H'(kp, T @A) =P H' (kp, T® A)
plp
s a free A-module of rank r.
Proof. This is checked in the first part of the proof of Lemma 2.15.  []

DEFINITION 2.19. Fix a A-rank 1 direct summand L C H'(k,, T ® A)
such that L. maps onto £ under projection

(2.12) HY'(k,,T®A) —= H(k,,T).

Fix also a generator ® = @, of L., which maps to ¢ = ¢, under projection
(2.12). Define the L-modified Selmer structure Fi, on T'® A as follows:

o X(FL)=X(Fa),

o if Mp, H}L(k,\,T@)A) :H}A(k)\,Téi)A),

o Hy (kp,T®A):=LC H'(ky,T®A\) = Hp, (kp,T ®A).

REMARK 2.20. By definition, the image of Hjl_-L(k‘p,T ®A) is H};ﬁ (kp,T)
under the map H'(k,,T ® A) — H'(k,,T). Further, it follows from [MR1,
Lemma 5.3.1(ii)] for ¢ # p that H}L(kg,T ® A) also maps to H}L(kg,T)
under the natural map H*(k;,T®A) — H'(ky, T). In other words, J, prop-
agates to F,, and there is an induced map

Hz (k,T®A) — Hg, (k,T).
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2.4. Global duality and a comparison of Selmer groups

In this section, we compare the classical Selmer group (which we wish to
relate to L-values) to the modified Selmer groups (for which we will apply
the Kolyvagin system machinery and which we will compute in terms of
L-values). The necessary tool to accomplish this comparison is Poitou-Tate
global duality.

2.4.1. Comparison over k. The definition of the modified Selmer structure
Fr and Remark 2.12 give us the following exact sequences:

locy,

0 —> Hk (k,T) —— H (k,T)

L,

locy,  HL, (kp,T*)
1 * 1 * P FaP
0 - H Z(k?T) > Hf;"l(k7T) H;_-Zl(kp,T*)'

Poitou-Tate global duality (see [R3, Theorem 1.7.3], [Mi, Theorem 1.4.10])
states that the image of loc), is the orthogonal complement of the image of
loc,, with respect to the local Tate pairing. Using this fact, together with
Proposition 2.13, one may prove the following proposition for 7' = Z,(x) as
above. Note that Hj_(k,T) =0 by Proposition 2.13. See [R3, Theorem 1.7.3]
for further details.

ProprosITION 2.21. We have an exact sequence

loc, , (locy)V

0— Hp, (k,T) =5 L =" (Hp (k,T%)" — (Hps (k,T7)" =0,

where the map (IOC;)V 1s induced from localization at p and the local Tate

pairing between H'(k,, T) and H*(k,, T*).

Suppose that c € H }L (k,T) is any class. We still write ¢ for the image of
the class ¢ inside £L=H }L(k:p,T) under the (injective) map loc,,.

COROLLARY 2.22. The following sequence is exact:

Hjl-‘ (k,T) 10c, L (ocy)V 1 Y, 1 Y,
— ip.c —%Zp_c 5 (Hps (k,T%))" — (Hpy (k,T7)) " — 0.
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2.4.2. Comparison over ko,. Repeating the argument of Proposition 2.21
for each field k,, (instead of k) and passing to the inverse limit, we obtain
the following.

PROPOSITION 2.23. Both of the following sequences of A-modules are

exact.
locy,

(i) 0—Hj, (k, T®A) =L — (lim AY )V — (HE (k, (T@A)*)" —0.
(ii) For any class c€ H'(k,T ® A),
. H}_—L(k‘,T(@A) locy L

LR b i AY )Y (3 (k, (T @ A))” 0.

n

Proof. We give only a sketch since similar versions of this proposition are
already available in the literature (see [R3, Theorems 1.7.3, II1.2.10], [dS,
Section III.1.7]).

Thanks to the argument of Proposition 2.21 and [R3, Proposition B.1.1],
there is an exact sequence

0 — lim H, (kn,T)—lim £,— (lim H- (kn, T%))”

n n n
— (lim 7}, (b, T")" —0,
n

where £, is the image of L under the natural map
H(ky, T @ A) — H ((ky)p, T).

By definition, lim £, =L, and by [MR1, Lemma 5.3.1] (or rather by its
proof), it follows that there is a canonical isomorphism

lim Hy. (kn,T) = Hp, (k, T ®A).

n

Furthermore, by Lemma 2.14, lim HL. (k,,T*) = lim AY . Finally, by
—n cl —n n
Shapiro’s lemma,

HY (ky,, T*) = H(k, T* ® Z,[T)),

where T'), = Gal(k,, /k); hence,

(2.13) im H' (ky, T*) = H' (k, im T* @ Z,[T)).
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Now, using the fact that the functors — ®z, Z,[I',] and Homg, (Zy[T',], —)
are adjoint functors (we drop the subscripts below and write ® and Hom
for short), it follows that

(T ®A)* :=Hom(limT ® Zy[['s], Qp/Zy) (1)

n

o h_r)nHom(T, Hom(Zp[Fn]yQp/Zp))(l)
= lim Hom(T, Q,/Z,[Ts])(1)
2 lim Hom(T, Qp/Zy) (1) ® Zp[L'n] =: im T* ® Zy [T,

where the isomorphism of the modules in the second and the third lines
comes from the isomorphism

Hom(Zp[Un), Qp/Zp) — Qp/Zy[Tn]
R S R

of Zp|[I'y]-modules. This and (2.13) (together with its semilocal analogue)
show at once that

@H}ZR (kn, T*) = Hzs (k, (T @ A)*).

n

This completes the proof of (i), and (ii) follows trivially from (i). 0

2.5. Kolyvagin systems for modified Selmer groups
This section closely follows the exposition of [B1, Section 1.2] and [B2,
Section 2.5]. We assume (A1) and (A2) throughout this section.

REMARK 2.24. It is straightforward to verify that the following hypothe-
ses (which were introduced in [MR1, Section 3.5]) hold for T' = Z,(x).
(H.1) The residual F,[[G]]-representation T'/pT is absolutely irreducible.
(H.2) There is a 7 € Gj, such that 7=1 on ppe and T'/(7 — 1)T is free of

rank 1 over Z,.
(H.3) H°(k,T/pT) = H°(k, T*[p]) = 0.
(H.4) Hom]Fp[[Gk]] (T/pT, T [p]) =0.
We remark that hypothesis (H.3) above is implied by what Mazur and Rubin
call (H.3) (see [MR1, Lemma 3.5.2]). Hypothesis (H.3) is sufficient for our
purposes.
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Let P denote the set whose elements are prime ideals of k which are
prime to pf,. For each positive integer m and n, let

Prntn = {q € P : q splits completely in L(pym+n+1)/k}

be a subset of P. Note that P, is exactly the set of primes determined
by [R3, Definition IV.1.1}] when T = Z,(x). Hypothesis (H.5) of [MR1, Sec-
tion 3.5] holds with this choice of P. Let N =N (P) (resp., N; =N (P;) C
N) be the square-free products of primes q € P (resp., in P;), with the
convention that 1 € N; C V.

Using [MR1, Lemma 3.7.1], one may also check that Feca, and Fp satisfy
hypothesis (H.6) of [MR1, Section 3.5]. We may therefore apply the main
results of [MR1]. In particular, the existence of Kolyvagin systems for these
Selmer structures will be decided by their core Selmer ranks (for a definition,
see [MR1, Definitions 4.1.11 and 5.2.4]). Let X(T',F) denote the core Selmer
rank of the Selmer structure F, for F = Fean or for F = Fr.

PROPOSITION 2.25. We have X (T, Fean) =7(=[k: Q)).

Proof. This follows from [MR1, Theorem 5.2.15], applied with the base
field k£ (instead of Q; we therefore have r real places instead of one) and
using our assumption that x is totally odd. 0

PROPOSITION 2.26. The core Selmer rank X(T,Fr) of the Selmer struc-
ture Fp on T s one.

Proof. The proof of this proposition is identical to the proof of [B1, Propo-
sition 1.8]. 0

2.5.1. Kolyvagin systems over k. We recall the definition of the (general-
ized) module of Kolyvagin systems (introduced in [MR1]) for the Selmer
triple (T, Fz,P).

DEFINITION 2.27 (compare [MR1, Definition 3.1.6]). Define the (gener-
alized) module of Kolyvagin systems

S(T, F,P) :=limlim KS(T/p°T, Fr, P)),

s ]

where KS(T'/p*T, F,P;) is the module of Kolyvagin systems for the Selmer
structure F, on the representation 7'/p*T’, as in [MR1, Definition 3.1.3].

We call an element of KS(T,F.,P) an L-restricted Kolyvagin system
for T'.
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REMARK 2.28. In order to define Kolyvagin systems, one first needs to
define the “transverse local condition” (see [MR1, Definition 1.1.6(iv)]). In
this remark, we briefly recall this definition. Let F' be any local field, and
fix once and for all an abelian extension F’/F which is totally and tamely
ramified and, moreover, is a maximal such extension. When F' = Qy, then
there is a natural choice for F’, namely, F' = Q(p¢). In general, we simply
fix an extension I’ as above and define the transverse local condition to be

HEY(F,X)=ker{H'(F,X) — H'(F',X)},

for appropriate quotients X of T'.

Let q € P; for some j, and consider now the case I’ = k. Starting from
Section 4, we will insist that the extension F” contains k(q)q, where k(q) is
the maximal p-extension inside the ray class field of kK modulo the prime ideal
q. Although we do not need this assumption for the results in Section 2.5, it
is necessary to choose F” in this manner to be able to modify the arguments
of [MR1, Theorem 3.2.4] in order to obtain a proof of Theorem 4.1 below.

PROPOSITION 2.29. The Z,-module KS(T,Fr,P) is free of rank 1. Fur-
thermore, it is generated by a Kolyvagin system x € KS(T,F.,P) whose

image (under the canonical map induced from reduction mod p) inside
KS(T/pT,Fr,P) is nonzero.

A generator of the cyclic module KS(T, F.,P) will be called a primitive
Kolyvagin system.

Proof. This is immediate after Proposition 2.26 and [MRI1, Theorem
5.2.10]. To apply [MR1, Theorem 5.2.10], one needs to verify that [MR1,
Section 3.5, hypotheses (H.1)-(H.6)] hold true for the triple (7', Fz,P). [

REMARK 2.30. Using Proposition 2.26 and [MR1, Proposition 5.2.9], the
generalized module of Kolyvagin systems KS(7,F.,P) may be identified
by the module of Kolyvagin systems KS(T',F,,P) (defined as in [MRI1,
Definition 3.1.3]). We will use this identification without warning.

We record here the main application of a Kolyvagin system for the Selmer
triple (T, F.,P). Suppose that {{x,(s)}ren.}. =k € KS(T,F.,P) is any
Kolyvagin system. See [MR1, Section 3| for an explanation of our notation.
We loosely say here that . (s) € H'(k,T/p°T), and by definition, there is
a well-defined element

k1 ={ri(s)}, € @H}rﬁ(k,T/psT) :H}L(k,T).

https://doi.org/10.1215/00277630-1331890 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-1331890

STICKELBERGER ELEMENTS AND KOLYVAGIN SYSTEMS 143

THEOREM 2.31 ([MR1, Theorems 5.2.13, 5.2.14]). Under our running
hypotheses,

(i) length([-[]l_-Z (k,T)) < length(H}E(k,T)/Zp K1),
(i) the inequality in (i) is an equality if and only if Kk is primitive.

REMARK 2.32. Note that the choice of a rank 1 direct summand £ C
H'(k,,T) makes our approach somewhat unnatural. We address this issue
in this remark. Put

(2.14) H (k. T) = @ g
(where each L; is a free Z,-submodule of H'(k,, T) of rank 1), and consider
(2.15) ZT:KS(T,]{CZ.,P) C KS(T, Fean, P).
i=1
CLAIM. The sum in (2.15) is a direct sum.

Proof. Assume the contrary: suppose that 0 # &' € KS(T,F,,,P) (for

i=1,...,r) is such that
-
Zailii =0
i=1

for some a; € Z;, and a;, # 0 for a certain 1 <7y <r. This means that

(2.16) Uigk Zam € ZKS (T, Fr,, P).
7,7520 7,7520

Write k% = {0} (see [MR1, Section 3] for a precise definition of a Kolyvagin
system to clarify this notation; see also Remark 2.28 below). Equation (2.16)
therefore shows that

(2.17) loc,(ai,k0) € EBE,-.
i=1
i#ig

Also, by definition, locp(aiol-iilo) € L;,; using this together with (2.17), we
conclude that loc,(ai,k7") = 0. The injectivity of loc, (which we checked in
Section 2.4.1) gives a; k]’ = 0.
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On the other hand, Proposition 2.21 (applied with £ = £;,) shows that
H}Zi (k,T*) is finite (as the finite group ch*l(k:,T*)v = (AY)Y surjects onto

0
its Pontryagin dual). This in turn shows, using [MR1, Theorem 5.2.12(v)],
that for any 0 # Kk = {k,} € KS(T,F,, ,P), we have k1 # 0. Therefore,

ai K =0 implies that a;,x" =0, a contradiction. U

Note that, in order to prove the claim above, we used the facts that loc,
is injective (on H}Eio (k,T)) and that HlZ, (k,T*) is finite in our current
setting. With a bit more work, it is possill)ole to prove this claim without
having either of these conditions. We leave the more general proof aside not
to digress from the main point of our paper any further.

It would be very interesting to have an answer for the following.

Question: Is the direct sum

@KS<T7fCi7P) - KS(T, fcanap)
=1

independent of the choice of decomposition (2.14)?

When the answer to this question is affirmative, we would have a canon-
ically defined rank r submodule of KS(T', Fean, P). It would be even more
tempting to inquire whether this rank r submodule descends from Euler sys-
tems. In Section 3 below, we construct a rank r submodule of KS(T', Fean, P)
out of Stickelberger elements, which still does depend on decomposition
(2.14).

These questions seem to be out of reach in the current state of the art. We
may, however, prove the following weaker (yet still interesting) statement.
First, we recall some terminology from [MR1].

Define the module of L-values

LV = LV(T;{L;} )
1= spang, (k1 :k € KS(T, Fr,,P) for some i) C Hr_ (k,T).

(Compare this definition with [MR1, Definition 3.1.5].) Note that the Z,-
module LV depends a priori on the choice of decomposition (2.14).

THEOREM 2.33. The module of L-values LV is independent of the choice
of decomposition (2.14).
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Proof. Fix any generator ¢; of the free Z,-module £; of rank 1. Suppose
that £ C H'(ky,T) is any rank 1 direct summand (not necessarily one of
L; which appear in (2.14)). Let k“ = {4} be any generator of the cyclic
Zp-module KS(T', F.,P). To prove the theorem, it suffices to show that
x¥ € LV. We may write

.
locp(/@f) = Z ail;
i=1
with a; € Zp.
CLAIM. Let a; be as above. Then
ordy(a;) > ord, (#Hjl_—c*l (k, T%))

forall1<i<r.

Proof of the claim. Let d =gcd(a1,...,a,), and set a; := G € Zy. By def-
inition, at least one of the «; is a p-adic unit. We also set

— LNy _r_ ~
x.—locp(ml)—zi:al& and y—d—zi:al&.

(1) Since d-y=x € L and since H'(k,,T)/L is Z,-torsion free, it follows
that y € L.
(2) H(ky,T)/Zyy is Z,-torsion free; indeed, suppose that

Z:iﬁi&Eéﬁi:Hl(k‘p,T)

is such that m -z € Z,y for some m € Z,. This means that

z’”: mpBil; = sy = 27": sal;

for some s € Zjp; hence, mf; = say, in particular, m | sa; for every 1 <
i <r.Since ged(a,...,ap) =1, it follows that m | s; hence, z = (s/m) x
Y € Lpy.

(3) Items (1) and (2) together show that £ = Z,y.
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We may now conclude that
#L )Ty locy(KE) = #(Zpy | Lpr) = (D)

with d as above. On the other hand, Corollary 2.22 shows that

## >H#Hr (k,T%) < #w >H#Hr (k,T)
Zplocy(rT) ~ Fat® Lyt reRne o

The latter statement is the main application of the Kolyvagin system %

(see Theorem 2.31 above). We therefore conclude that
pordp(d) > #H.%'—C*l(va*)>
which is our claim. []

We now prove that Theorem 2.33 follows from this claim. As in the final
paragraph of the proof of the claim above, it follows from Corollary 2.22
and [MR1, Theorems 5.2.10, 5.2.14] that there exists a Kolyvagin system
k' € KS(T,Fr,,P) such that

locy(RY) = #Hzx (k, T*) - bi € L;
for every i =1,...,r. By the claim above, there is a Kolyvagin system &’ €

KS(T, Fr,,P) such that loc,(k}) = a;¢; (just set & = (a;/(#H *1(k’ T*))EY).
We therefore have

T
locy (k1) =) locy(~}),
i
and since the map loc, is injective in our setting, it follows that
T
KE = Z k1 €LV,
i

as desired. [

We close our remark noting that all this discussion applies equally well
in the setting of [B1] and [B2] as long as we assume Leopoldt’s conjecture
(i.e., the injectivity of loc, in the setting of [B1] and [B2]).
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2.5.2. Kolyvagin systems over koo. We start with the observation that the
following versions of hypotheses H.T and H.sEZ of [B3, Section 2.2] hold
for T

(H.T ) (T ®Qp/Zy)* is divisible for every prime A{p, A C k.
(H.sEZ ) H°(k,,T*) =0 for primes ¢ | p.

We define a Selmer structure F2  on certain quotients of 7 ® A. The
following is the Selmer structure Fe,y of [B3, Definition 2.2].

DEFINITION 2.34. Suppose f € A is any distinguished polynomial, in the
sense that the quotient A/(f) is a free Z,-module of finite rank. Let F2
be the following Selmer structure on Ty : =T ® A/(f).

o S(Fin) =3X(Fa).
e The local conditions are given by

Hl(k)\,Tf) if A ’p,

HL. (k\,Ty) =
fé‘an(A ¥) {Hfl(k‘)\an) if A€ 3¥(Fean) and A p,

with
Hl (kx, Ty) = ker{ H' (ky, T¢) — H' (K", Ty ® Q) },
where £\ is the maximal unramified extension of k.
The induced Selmer structure on the quotients T'® A/(p®, f), which is

obtained by propagating F2_ (in the sense of Definition 2.1), will also be
denoted by FA

can*

Let Ty pm:=T ® A/(p®,X™), where X is as in Section 2.3.2.

REMARK 2.35. By the definition of Fp,, the local conditions on T ,, at
primes A{p propagated from Fy, coincide with the local conditions propa-
gated from Fj, and thanks to [B3, Corollaries 2.8, 2.9], they also coincide
with the local conditions determined by F2,, since (H.T /) holds true.
Indeed, it is proved in [B3] that all these local conditions coincide with

H&nr(k% TS,m) = ker{Hl(kM Ts,m) — H' (kgnr’ Ts,m)}a
as long as hypothesis (H.T /k) holds true. We note further that Fy, propa-
gates to the Selmer structure Fr on T'=T ® A/(X).

DEFINITION 2.36 (compare [MR1, Definition 3.1.6]). We define the mod-
ule of L-restricted A-adic Kolyvagin systems to be

—S(T (9 A,]:]L,P) = liﬂlli_n}lKS(T&m?fL,'Pj),

sm j
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where KS(T5 ,,, F1., P;) is the module of Kolyvagin systems for the Selmer
structure Fi, on the representation 7T ,,.

THEOREM 2.37. Suppose that (H.T,;) and (H.sEZ /) hold true. Then
the A-module KS(T ® A, F1,P) is free of rank 1, and the canonical map

S(T® A, F,P) — KS(T, Fr,P)
18 surjective.

Note that, thanks to assumption (A1), both (H.T ;) and (H.sEZ ;) are
true for the particular Galois representation T" we are interested in. Any
generator of the cyclic A-module KS(T'® A, 71, P) will be called a primitive
A-adic Kolyvagin system.

Proof. The proof of this theorem is very similar to the proof of [B2,
Theorem 2.19], to which we refer the reader for details. We only remark here
that the proof follows from an appropriate variant of [B3, Theorem 3.23],
which applies (with the base field Q replaced by k&, and the Selmer structure
Fean replaced by F,) thanks to Proposition 2.26 and the truth of hypotheses
(H.1)-(H.4), (H.T ), and (H.sEZ ;). U

In Section 4.2 below, we explain how to obtain these Kolyvagin systems
out of the Stickelberger elements, assuming a weak version of Brumer’s
conjecture. Note, however, that the existence of A-adic Kolyvagin systems
does not rely on Brumer’s conjecture.

We record here the main application of a A-adic Kolyvagin system

K= {{K"T(S7 m)}TENs+m} .

s,m

For an explanation of our notation, see [MR1, Section 3]. Here we only
note that x,(s,m) € H(k,Tsm), and by definition, there is a well-defined
element

k1 ={r1(s,m)}, elimHg (k,Tym)=Hp (k,T®A).

s,m

For notational simplicity, we write T =T ® A. Recall that char(A) denotes
the characteristic ideal of a finitely generated A-module A, with the con-
vention that char(A) =0 unless A is A-torsion.

THEOREM 2.38. Under assumptions (A1) and (A2),
Char(H}E(k,’H‘*)v) | char(H}cL(k,’]I‘)/A “K1).
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Proof. This is [MR1, Theorem 5.3.10(iii)] applied in our setting. We
remark that all the hypotheses of [MR1, Theorem 5.3.10(iii)] hold thanks
to (A1) and (A2) (as we have already demonstrated above). 0

§3. Euler systems from Stickelberger elements

We begin by recalling the definition of Stickelberger elements. We first set
our notation. Assume that k, x, f = f, and L are as above. For a (square-free)
cycle T =qp - - - q,, of the number field k, let k(7) be the compositum

k(1) =k(q1) - k(am),

where k(q) denotes the maximal p-extension inside the ray class field of k
modulo the prime ideal q. For any field K, define K (1) as the composite of
k(7) and K. Let

K={Ln(r):T€N;n >0},

Ko = {kn(r): 7 €N;n>0}

be two collections of abelian extensions of k. Note that any field L, (1) € K
is CM and abelian over the totally real field k. Let .S be the set of places
of k, consisting of all places above p, all places dividing f, and all infinite
places. For any K € K, write Sk for the set of all places of the field K lying
above the places in S. When there is no confusion, we will simply write .S
for S K-

For any K € K, the partial zeta function for o € Gal(K/k) is defined as
usual by

Cs(s,0):= Z Na™*
(a,K/k)=c
a is prime to S

for Re(s) > 1. Here Na is the absolute norm of the ideal a € k, and (a, K/k)
is the Artin symbol. The partial zeta functions admit a meromorphic contin-
uation to the whole complex plane and are holomorphic everywhere except
at s =1. We may therefore set

Ok =0xs:= Y  (s(0,0)0" €C[Gal(K/k)].
oeGal(K/k)

Thanks to [S], 0k is an element of Q[Gal(K/k)]. Further, we know for the x-
part 0% of 0, thanks to [DR], that 6} € Z,[Gal(K/k)]X, since we assumed
that x # w.
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LeMMA 3.1. For any L, (1) =K C K' = L,y/(7') inside K,

Okl = [ (1—Fryhok.

al™’atr
Proof. This follows from [T, proposition IV.1.8]. H

As before, let Ag denote the p-part of the ideal class group of K € K, and
let Aﬁ denote its y-isotypic part. Until the end of this section, we suppose
that the x-part of the Brumer’s conjecture (Assumption 1.1) holds true.

REMARK 3.2. Greither [Gr, Corollary 2.7] and Kurihara [Ku, Corol-
lary 2.4] have deduced Assumption 1.1 from Iwasawa’s main conjecture in
this setting (which holds thanks to [W2]) and the vanishing of the Iwasawa
p-invariant for K. However, we do not wish to assume the truth of the
main conjecture; in fact, we rather assume in this paper Assumption 1.1
and deduce the main conjecture itself.

Having referred the reader to [Ku|, we caution the reader about one minor
point: If a prime p C k above p is unramified in K/k, then Kurihara’s
Stickelberger element 922 differs from our % by a factor of (1 — Fry,)X,
where Fr,, is the Frobenius at o for the unramified extension K/k. If (Al)
holds, it follows that (1 — Fr,)X is a unit inside Z,[Gal(K/k)]X. Therefore,
the statement of Assumption 1.1 is still equivalent to the statement that
0% - AX. = 0, which is the assertion deduced from the main conjecture in [Ku].

Suppose that F' is any finite abelian extension of k& and that K = FL.
Then by the inflation-restriction sequence and class field theory, one has
1

(31)  H'(FZ,(x)=H'(K,Z,)¥ " =Hom(A}/K*,Z,)¥ ",

where A} denotes the ideles of K. Since any continuous homomorphism of
A% into Zj, should vanish on

B =[] Kx x [[{1} x I] 0%, c Ak,
w|oo w|p wipoo
(3.1) gives
H' (F\Zp(x)) = Hom(A[X(/KXBKva)X_l

(3.2)
=Hom((A}/K*Bg)",Z,).
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Further, there is an exact sequence
0— UK/O—IX(—>A[X(/KXBK — A — 0,

which is induced from the map that sends an idele to the corresponding
ideal class. Here O is the closure of the global units O inside the local
units Ux C K ® Q. Since taking x-parts is exact (as the order of x is prime
to p), we obtain an exact sequence

0 — UX /(O — (A} K* B )X — A — 0.

Thus, by Assumption 1.1, multiplication by 6% gives a map
QX _
(A3 /K> Bio) 25 U ) (OF ).

Since we assumed that x is totally odd, (O—§)X is finite (see the final
paragraph of the proof of Proposition 2.13), and we therefore have an
induced map

GX
(3'3) (AIX(/KXBK)X — U}%/(Uﬁ)tor&

Suppose that we are given a collection of homomorphisms A = {\] } with

Al € Hom(U }fn () Zy) which satisfies the following properties.

(1) For all L,,(7), Ly (7q) € K, the following diagram commutes:

X
Ln/(Tq) k
—Fry Ly,
X %
ULn(T)
(2) For n' >n, we have \], | , = A7.
Ln(T)

Define
Cho(r) € Hom((Azn(T)/(Ln(T))xBLn(T))x’ Zyp)
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(which we view also as an element of H'(k,(7),T) via identification (3.2)
above) as the composition*

0x ,
~ n (1) >‘n
(34) Gy (AL (/) (Tn()* Broyin)) =2 UX /UL (0)ors = Zp-

Set c= {é/ﬁn(T)}

THEOREM 3.3. Fiz a collection of homomorphisms A ={Al} as above (if
it exists). Then there is an Euler system ¢ = {cy, (r)} (which depends on the
choice of X) for the Galois representation T (in the sense of [R3, Definition
II.1.1, Remark 11.1.4]) such that ck, = ¢, for all n.

In Section 4.1 below, we construct a collection A which satisfies the desired
properties and hence conclude with the existence of an Fuler system for T,
assuming the truth of Assumption 1.1. When k = Q, this Euler system has
been given by Rubin [R3, Section 3.4].

Proof. Since the proof of this theorem very closely follows the proof of
[R3, Proposition I11.3.4], we give only a sketch. All the references in this
proof are to [R3]. First, one checks (mimicking the proof of [R3, Proposition
II1.3.4]) that the collection € (which should be compared with the collection
¢’ of Rubin) satisfies a distribution relation with wrong Euler factors. This
could be remedied, as in the paragraph following [R3, Remark II1.4.4], using
[R3, Lemma IX.6.1] to obtain a new collection ¢ (which corresponds to what
Rubin calls €), as desired. 0

We close this section with a final remark which we will refer to in what
follows.

REMARK 3.4. The argument of Remark 2.16 shows that, under hypothesis
(A1),
H* (kn (1), T) = Hom(Uy ), Zp)-

REMARK 3.5. In this remark we discuss the main differences between the
cases when the base field k is a general totally real field (i.e., the case we
study in this article) and the particular case kK = Q (i.e., the case Rubin
studies in [R3, Section IIL.4]).

*We remark that any homomorphism A € Hom(U fn(ﬂ ,Zyp) necessarily factors through

the quotient Ui‘TL(T)/(ULn(T))i‘ms; this is how we make sense of the rightmost map in (3.4).
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(i) The first difference regards the core Selmer ranks. The core rank
X (T, Fean) of the canonical Selmer structure (see Example 2.6 above) of
the Gg-representation T is [k : Q] =r. Rubin treats the case r =1 (i.e.,
the case k = Q). In this paper, we study the case r > 1, adapting the
work of Mazur and Rubin [MR1] to the general case when X (T, Fean) >
1 via what we call L-restricted Euler systems. Although Kurihara [Kul]
successfully applies the classical Euler system argument to Stickelberger
elements to prove Theorems A and B above, our approach via L-
restricted Euler systems yields in addition a comparison between the
Stickelberger elements and Rubin-Stark elements (see Theorem 5.16
below). Furthermore, our approach here fits well into the framework
developed in [MR1] which was later enhanced by the author in [B1],
[B2], and [B4].

(ii) The second difference is the manner in which the collection A = {\]}
of homomorphisms is chosen. Rubin [R3, Appendix D] constructs these
homomorphisms explicitly when k£ = Q. This construction is not avail-
able when k # Q; that is why we prove “abstractly” in Section 4.1 that
a collection A exists with the desired properties.

84. Euler systems to Kolyvagin systems map

We first recall what Mazur and Rubin call the Fuler system to Koly-
vagin system map. Suppose that T, I, and P are as above. Let ES(T') =
ES(T,K) denote the collection of Euler systems for (7,K) in the sense
of [R3, Section 3]. Recall also the generalized module of Kolyvagin systems
KS(T,F,P) and KS(T®A, F,P) for various choices of Selmer structures F.

THEOREM 4.1 (Mazur and Rubin). There are canonical maps
e ES(T) — KS(T', Fean, P),

e ES(T) — KS(T ® A, Fa,P)
with the following properties:
(1) if c € ES(T) maps to k € KS(T, Fean, P), then ki = ci;
(2) if c€ ES(T) maps to k € KS(T ® A, Fa,P), then
k1 ={ck, } €lim H' (k,,T) = H'(k,T® A).

n

Proof. Let peyc : Gy — Z,; be the cyclotomic character (giving the action
of G, on pye), and set

p:w_lpcyc I —— 1+ pZy,.

https://doi.org/10.1215/00277630-1331890 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-1331890

154 K. BUYUKBODUK

Let ) =wy ™! be as in the introduction, and set
T'=Z,)®@y '=Twp, and T =T®A.

Note that we have an isomorphism of Gg-modules

(4.1) T=ToA? S TQA=T,

as p is a character of I'. We then have the following diagram:

Tp o

ES(T") KS(T' ® A, Fp)

N N s
AN ~
N S
N N Tp—t

A \K—(T ® A, fA) KS(T7 fcan)

~N 7

The two dashed arrows are the maps claimed to exist in the statement
of the theorem, and they are given as the composition of relevant maps in
the diagram. We now explain how the other arrows are obtained. The map
7, is obtained by applying a formal twisting argument (see [R3, Section 6]).
The map 7,-1 is induced from isomorphism (4.1), and s is induced from
the specialization T'® A — T whose kernel is the augmentation ideal of A.
Similarly, s’ is induced from the specialization 7" ® A — T which makes the
triangle

®p~1
T® A T®RA

NS

(as well as the triangle in the diagram above) commutative. The map 0’
is the Euler systems to Kolyvagin systems map of Mazur and Rubin [R3,
Theorem 5.3.3], which is obtained as follows. Starting with an Euler system
¢ € ES(T") for T', Kolyvagin’s construction (see [R3, Section 4]) yields a
weak Kolyvagin system (in the sense of [MR1, Definition 3.1.8]),

kY = {Ky bnen
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The classes k) do not necessarily satisfy the transverse local condition at a
prime A | . One may, however, first calculate the finite projections of these
classes (slightly modifying (by replacing Q(¢) by k(A) and Q(n) by k(n)
where necessary) as in [MR1, Theorem A.4]; see particularly Lemma A.6
and Proposition A.8 for the key steps). Note that we pass to an auxiliary
twist 7" to ensure that Flr’;\m — 1 acts injectively on T” for every A € P and
for every m € Z*, which is needed for the arguments of Mazur and Rubin
to be performed. Finally, one may modify &%, as [MR1, (33)] does to kill
its finite projections and thus obtain a Kolyvagin system, as desired. 0

REMARK 4.2. Magzur and Rubin’s definition of the generalized module of
A-adic Kolyvagin systems KS(T ® A, Fa,P) slightly differs from our defi-
nition of this module (Definition 2.36). It is not hard to see that these two
definitions give rise to isomorphic modules (see also Remark 4.13 below).

We would like to apply this map to the Euler systems that we constructed*
in Section 3. Note, however, that Theorem 4.1 will give rise to Kolyvagin
systems only for the coarser Selmer structures Fj and Fean (rather than
the finer Selmer structures Fr, and Fr). To be able to obtain Kolyvagin
systems for the modified Selmer structures Fp, and F,, we need to analyze
the structure of the semilocal cohomology groups for T® A and T over
various ray class fields of k. This is performed in Section 4.1. We then apply
the results of Section 4.1 to construct the desired Kolyvagin systems for the
modified Selmer structures in Section 4.2.

REMARK 4.3. In effect, one needs only a weak Kolyvagin system (in the
sense of [MR1, Definition 3.1.8]) for the main application of the Euler/
Kolyvagin system machinery, that is, for bounding the dual Selmer group.
Weak Kolyvagin systems are essentially the derivative classes of Kolyvagin
(see [R3, Section IV]) which are obtained by directly applying the deriv-
ative operators, without the need of the alterations performed in [MRI1,
Appendix A].

4.1. A good choice of homomorphisms

Recall that ko is the cyclotomic Zy-extension of k and that I' = Gal(k /k).
Let k, denote the unique subextension of k. /k with [k, : k] = p™, and set
Iy, := Gal(k,/k). Recall also that A, := Gal(k(7)/k).

*Modulo the existence of a family of homomorphisms A.
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LEMMA 4.4. For every n € Z>o and T € N(P), the corestriction maps on
the semilocal cohomology,
(1) H'(kn(7)p, T) — H*(k(7), T),
(ii) Hl(k(T)m T)— Hl(kpa 1),
(i) H(kn(7)ps T) — H' (ky, T),
are surjective.

Proof. The cokernel of the map
H' (k(7),T ® A) =lim H' (kn(7),, T) — H' (k(7),,T)

n
is given by H2(k(7)p, T ® A)[y — 1], where v is any topological generator
of I' = Gal(koo/k). Since it is known that H?(k(7),, T ® A) is a finitely
generated Z,-module (see [P1]), it follows that

H2(k(1)y, T&A)[y = 1] =0 <= H?(k(r),, T®A)/(y—1) =0.

Since the cohomological dimension of the absolute Galois group of any local
field is 2,

H?(k(7)p, T@A) /(v = 1) = H?(k(1)p, T @ A/ (v — 1)) = H* (k(7), T).
It therefore suffices to check that

H? (k(7)p, T) := @ H? (k(7)s, T) =0,
Ip

which, via local duality, is equivalent to checking that (T*)Gk(ﬂv =0 for
each v | p.

Write D, for the decomposition group at v | p inside Gal(k(7)/k) := A,.
We may identify D, C A, by the local Galois group Gal(k(7),/k), where
g C k is the prime below v. Since A, is generated by inertia groups at the
primes dividing 7, all of these act trivially on 7% (by the choice of 7). Hence,
it follows that

(T*)Ckr)w = (T*) %o,

Note that T* = gy ® x 1, s0 it follows at once that (7%)%¢ =0, and thus
(i) is proved.

Set T := Ind’,i(T)T. The semilocal version of Shapiro’s lemma (which is
explained in [R3, Section A.5]) shows that

H (k(7)p, T) = H (kp, T;).
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The corestriction map
N, : H'(k,, T;) 2 H (k(1),,T) — H'(k,,T)
is simply induced from the augmentation sequence
0— A - T, — T, —T—0,

where A, is the augmentation ideal of the local ring Z,[A;]. The argu-
ment above shows that the cokernel of N, is dual to H(ky, (A, - T;)*).
Furthermore,

(A -T7)" :=Hom(A, - Tr, pppeo ) = Hom( A, - T7,Q,/Z,,) ® Zy(1),
and Hom(A; - T7,Qp/Zy) = A - Hom(T>,Q,,/Z,); we thence see that
H® (ky, (A - Tp)*) — HO(k,, T7).

It therefore suffices to show that H°(k,, 7)) = 0. By local duality, this is
equivalent to proving that H 2(k:p,TT) =0, which, by the semilocal version
of Shapiro’s lemma, is equivalent to checking that H?(k(7),,T) = 0. This
final statement is equivalent to the assertion that H(k(7),, T*) = 0 by local
duality. This, however, has been already verified in the third paragraph of
this proof. This completes the proof of (ii).

Assertion (iii) clearly follows from (i) and (ii). 0

PROPOSITION 4.5. For every T € N (P),

(i) the semilocal cohomology group H(k(7)p,T) is a free Zy[A.]-module
of rank r,

(ii) for every n € Zsq, the Zy[l'y x Ar]-module H(ky(7),,T) is free of
rank r.

Proof. We start with the remark that H'(k(7),,T) is a free Z,-module
of rank 7-|A;|. Indeed, this may be proved by the argument of Lemma 2.15
(or, alternatively and more directly, following the argument of Remark 2.16).
Further, we know thanks to Lemma 4.4 that the map

H' (k(7)p, T) — H'(kp, T)

(which could be thought of as the reduction modulo the augmentation ideal
A.) is surjective. Nakayama’s lemma and Lemma 2.15 therefore imply that
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HY(k(7)p,T) is generated by (at most) r elements over Z,[A,]. Let B =
{x1,22,...,2,} be any set of such generators. To prove (i), it suffices to
check that the z; do not admit any Z,[A,]-linear relation. Assume the
contrary, and suppose that there is a relation

(4.2) D awi=0, o €ZyA].
=1

Define
S={0x;:6e A, 1<j<r},

and note that S generates (as a Z,-module) H*(k(7),,T') by our assumption
on B, and also that |S| =r-|A.| =rankg, (H'(k(7)p,T)). Equation (4.2)
can be rewritten as

ZQ‘U ~0x; =0,
67-]‘

with as ; € Zp. Since we already know that H'(k(7),,T) is Z,-torsion free,
we may assume without loss of generality that as, j, € Z, for some do, jo.
This in turn implies that

d0zj, € spang, (S — {doj});

hence, H!(k(7),,T) is generated by S — {dozj, }. This, however, is a contra-
diction since we already know that the Z,-rank of H(k(7),,T) is r-|A.| =
|S|; hence, it cannot be generated by |S| — 1 elements over Z,. The proof of
(i) now follows.
One proves (ii) in an identical fashion, now considering the augmentation
map
H' (kn(1)p, T) — H' (k(1),,T),

which is surjective thanks to Lemma 4.4. 0

Define the field § as the compositum of the fields k(7),

5= U k),

TEN(P)

as 7 runs through the set N'. We set A := Gal(F/k).
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COROLLARY 4.6. The Zy[[I' x A]]-module lim HY(kn(7)p,T) is free of

)

rank v, and the natural projection

lim H' (kn(7)p, T) — H' (km(n)p, T)

n,T
is surjective for every m € Z>o and ne N .
Proof. This is immediate after Proposition 4.5. U

DEFINITION 4.7. Fix a Z,[[I' x A]]-rank 1 direct summand £ of

lim H' (K (1), T).

n,T
Denote its image under the (surjective) map

lim H' (kn(7)p, T) — H" (km(n)p, T)

[E

S

,T

by L7,. When 1 =1, we simply write £,, instead of Ll |

we write L for L. Finally, let I denote the image of £ under the projection

and when m =0,

lim H* (kn(7)p, T) — liLnHl ((kn)p, T) = H' (kp, T @ A).
n,T n
We fix generators @, o, ©m, @, and ® of L, L}, L., L, and L, respectively,
such that
PO Pm, and p—= P

under the projection maps we mentioned above.

As in Definition 4.7, we could start with a choice of £, which in turn
fixes L and L. Alternatively, we could start with an arbitrary £ (and L) as
we did in Section 2.3 and show (using linear algebra) that there is a rank
1 direct summand £ C iianT H'(ky(7)p, T) which projects down to £ (and
L), as in Definition 4.7.

REMARK 4.8. In Definition 2.27 (resp., Definition 2.36) above, we give
a definition of an L-restricted Kolyvagin system (resp., L-restricted A-adic
Kolyvagin system). When L is above, so that the line £ projects down to
L (resp., down to LL), we also call these L-restricted Kolyvagin systems.

By Remark 3.4, we may identify liﬂlnﬂ_ HY(kn(7)p,T) by the module

lim _Hom(U ;fn(T), Zp), where we recall that Uy, -y stands for the local units
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inside L, (7) ® Q,. We define, for each m >0 and n € N/, a homomorphism
Ain € Hom (U} (n)’Zp) as the composite

A=l o H(—Frq).
aln

We further set I}, for the (free of rank 1) Z,[I'y, x Ay]-module generated
by M. Clearly,

(4.3) 7 =TJ(-FhLy, = L7,

qln

where the final equality is because £;), is a Zy[['y, x Ap]-stable submodule of

(4.4) H' (km(n),T) = Hom(U} . Zp).

(n)’
When 7 is fixed and m varies, note that the collection {\},}, forms a
projective system with respect to norm maps.* When 1 =1, we write A,
(resp., Jp) instead of A}, (resp., Ii). Also, when m = 0, we simply write A
(resp., J) for Ag (resp., o).
We finally remark that A, = ¢, for all m, by definition.

PROPOSITION 4.9. For n,nq € N and any m’ > m,

0 My, = o ()
.o ’r] _ ']’]
(ii) >\mI|U%m(7l> =M.

Proof. This is evident, since by construction

Ml =@l o [ [(—Fra) (= Frg)l

Lm(n) W‘U Lim (n)

=m0 [ [(=Fra)(=Frg)l,

Lm (n)
w@|n

=Ap o (=Frg)lx
ULm("?)

where the second equality is because

nq _
90 /X - 90 | X
UL () UL ()

*Under identification (4.4), the norm maps on the cohomology are induced from the
inclusions Ufm(m —Uf () m’ > m.
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by the norm coherence property of the collection {¢}.}, .. This completes
(i), and (ii) is proved similarly. U

Let ¢S = {C%Z(T)} € ES(T) be the Euler system constructed via Theo-
rem 3.3 using the Stickelberger elements and the collection {\;},} we defined

above. In the next section, we will use ¢ to construct a Kolyvagin system
for the Selmer triple (T, F, P) (resp., for the triple (T'® A, F1., P)).

REMARK/DEFINITION 4.10. Let M be any Gj-representation which is
free of finite rank as a Zj,-module and which is unramified outside a finite
set of places of k. Let Ky be a large abelian extension of k defined as in [R3,
Definition 1.1]. Suppose that & C liLanICM HY(K,, M) is any submodule.

Let G5 C HY(K,, M) denote the image of & under the obvious projection
map. We say that an Euler system

{cx}Yrcky =c € ES(M, Ky ) = ES(M)

is G-restricted if locy(ck) € Sk for any finite extension K C Ky of k. The
collection of G-restricted Euler systems for the pair (M, Ky;) will be denoted
by ESe(M) = ESe(M, Kar).

ExaMPLE 4.11.

(1) Let £ Clim H!(k,(7),T) be as in Definition 4.7. It is easy to see
“n,T

St we construct above is an L-restricted Euler

that the Euler system c
system.

(2) Consider the even, nontrivial character wy ! := of Gy, and set T :=
Z,(1) ®4~L. Only in this example, we let L denote a fixed Z,[[I’ x A]]-

rank 1 direct summand of lim _ H'(k,(7),T’). The author [B2, Sec-
—n,T

tion 3] has constructed an L-restricted Euler system for the pair (77, K),
starting from the conjectural Rubin-Stark elements.

Later in Section 5.3, we will construct another LL-restricted Euler
system for (1”,K), applying a formal twisting argument on the Euler
system ¢>t. We will also compare this Euler system with the one coming
from the Rubin-Stark elements, using the “rigidity” of the collection of
A-adic Kolyvagin systems.

4.2. Kolyvagin systems for modified Selmer groups (bis)

Recall the sets P; C P and N; C V. For notational simplicity, we write
T:=T® A from now on, and for a fixed topological generator v € I'; we set
Yn =7P". Finally, let M be the maximal ideal of the ring A.
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DEFINITION 4.12. For F = Fj or Fi,, we set

KS'(T,F,P):=1li

=)

lin KS (T/(p", 70 — 1T, F, Py),

J

o

where KS(T/(p™, v, —1)T,F, P;) is the A/(p", yn — 1)-module of Kolyvagin
systems (in the sense of [MR1, Definition 3.1.3]) for the propagated Selmer
structure F on the quotient T/(p™,~, — 1)T.

REMARK 4.13. We introduced the module EI(T, Fa,P) above because,
after applying Kolyvagin’s descent procedure (see [R3, Section IV]), one
directly obtains elements of K—S/(']T,}"A,P). On the other hand, it is not
hard to see for F = Fj or Fi, that the module K—S,(’]I‘,IF,P) defined above
is naturally isomorphic to the module KS(T,F,P) of Definition 2.36, using
the fact that each of the collections {p",~, —1},,, and {p", X"} forms
a base of neighborhoods at zero. Furthermore, using the fact that the col-
lection {M“},cz+ also forms a base of neighborhoods at zero, one may
identify these two modules as Kolyvagin systems by the generalized module
of Kolyvagin systems defined in [MR1, Definition 3.1.6]. By slight abuse, we
will write KS(T,F,P) for any of the three modules of Kolyvagin systems
given by three different definitions (i.e., by Definitions 2.36 and 4.12 here,
and [MR1, Definition 3.1.6]). For our purposes in this section, we will use
Definition 4.12 to define this module.

Write
{{Rﬁfm TENM }m = K‘St € E(T, fcana P)

(resp.,
s (m.n)renin =67 €KS(T, iy, P))

for the Kolyvagin systems obtained via the descent procedure of [R3, Sec-
tion 4] applied on the Euler system ¢ = {¢}* (r)}- We know that

St 4 limsf, €lim H' (k, T/p™T) = H'(k,T)

S dgf)\og)]f = oy e Hom((A}/L*)X,Z,) = H' (k,T)
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and that

jStoc 4 Timry(m,n) €lim H' (k, T/(p™,v0 — )T) = H' (k,T)

m,n m,n

(e, C ot} }, ={pnob} }, elimH" (k,,T)=H'(k,T).

n

REMARK 4.14. For every (rational) prime ¢, Shapiro’s lemma shows that

(4.5) H' (k(1),T/(®™ v — VT) 2 H' (ky(7),T/p"T)
and
(4.6) H (k(1)e, T/ (0" 0 — V)T) =2 H (ky (7)o, T/p"T).

(See [C, proposition II.1.1] for (4.5) and [R3, Appendix B.5] for (4.6).)
Thanks to these identifications, we may talk about the propagation of a
local condition H}(ke,T) C H'(ke,T) at £ to a local condition

Hy((kn)e, T/p"T) C H ((ky)e, T/p™T) = H (kg, T/ (p™, 75 — 1)T).

Namely, we define Hx:((ky)¢, T/p™T) as the isomorphic copy of the module
Hx:(kg, T/(p™, s — 1)T) under isomorphism (4.6) of Shapiro’s lemma.

THEOREM 4.15. We have the following.
(i) &5 € KS(T,F.,P).
(ii) kSt~ € KS(T,FL,P).

Proof. These are identical to the proofs of [B1, Theorem 2.19] and [B2,
Theorem 3.23]. We remark that the only essential point beyond [R3] and
[MR1] is to verify that

(4.7) locp(/ﬁffm) € H}E(kp,T/me) =L/p"L
for each 7 € N;,, and m € Z*, and that
locp(mét‘x’(m,n)) € H}L (k:p,’]I'/(pm,'yn — 1)']1‘)

=L/(" v — L= L, /p" Ly

(4.8)

for every 7 € Njp4r and every m,n € Z. As in [B1] and [B2], the key point
in proving assertions (4.7) and (4.8) is the fact that ¢S is an L-restricted
Euler system. (]
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We give the main applications of our construction in Section 5. This will
be twofold. The first application is somewhat standard; we will bound the
dual Selmer groups. As the second application, we will relate the Stick-
elberger elements, making use of the first application, to the conjectural
Rubin-Stark elements. Among other things, this will enable us to control
the local behavior of Rubin-Stark elements.

REMARK 4.16. As remarked earlier, one needs only a weak Kolyvagin
system in order to deduce the main applications of the L-restricted Euler
system ¢S, See [MR1, Definition 3.1.8] for a definition of a weak Kolyvagin
system. We remark that Kolyvagin’s descent (see [R3, Section 4]) applied on
an Euler system gives rise to a weak Kolyvagin system. A weak Kolyvagin
system can be used following the formalism of [R3, Sections 5, 7] with slight
alterations, to obtain the same results which we present below.

85. Applications

Before we state our main applications of the L-restricted Euler system

¢, we recall our running hypotheses. We fix a totally odd character y of

G := Gal(k/k) which is not the Teichmiiller character w (giving the action
of G}, on the pth roots of unity p,). Throughout Section 5, we assume that
(A1) holds. Suppose also that Assumption 1.1 is true.

5.1. Main theorem over k

We first prove a bound on the size of the dual Selmer group H 12 (k, T%).
We use this bound to obtain bounds on the classical (dual) Selmer groups,
via the comparison theorem established in Section 2.4.1.

THEOREM 5.1. Under our running hypotheses,
(i) lengthy (H}f* (k,T*)) <lengthy (H}, (k,T)/Z,- k"),
(ii) lengthy (H}_-* (k,T7)) <lengthy, (L/Zj - ).

Proof. ( ) is Theorem 2.31. (ii) follows from (i) and Corollary 2.22 applied
with ¢ = c}' = K7t 0

Let 0F € Zy[A]X be as in Section 3. The evaluation map
X Lp[AY — 7y

induces an isomorphism, and we write x(6z) for the image of 6 under this
map. Recall the definition of ¢ and A, which we used in Sections 3 and 4 to
define c%t. Recall also that A = ¢ by definition.
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THEOREM 5.2. Under the assumptions above,
‘A%‘ < |Zp/x(0L)Zy|-

Proof. By Proposition 2.13, H *1(k’ T*) = A, and by construction, ¢§® =
X(0r)A = x(0L)¢. Since ¢ is a Zy-generator of L (by definition), it follows
that £/Z, - ' =Z,/x(01)Zp. The proof now follows from Theorem 5.1(ii).

a

The inequality of Theorem 5.2 may be strengthened to an equality.

THEOREM 5.3. As in Theorem 5.2 above, assume that (A1) holds and
that Assumption 1.1 is true. Suppose in addition either
(i) that p, ¢ L, or
(ii) that the statement of Theorem 5.2 is true for x =w.
Then

|A§| = |Zp/X(9L)Zp‘-

Proof. Unless p, C L (i.e., if we are in case (i) above), the claimed equal-
ity follows from the inequality of Theorem 5.2 using a standard argument
involving the class number formula (see [R1, Section 5] and [B1, Section 3]
for details). Note that we need the assumption that u, ¢ L for this portion
since otherwise we would need the inequality of Theorem 5.2 also for the
Teichmiiller character w, and this escapes the methods of the current paper.

When p, C L, Theorem 5.2 used along with assumption (ii) gives again
the desired equality utilizing the class number formula. 0

We note that Wiles’s result [W1, Theorem 3] (only for the case x =w) is
exactly the statement of Theorem 5.2 in the case x = w. Therefore, condition
(ii) in the statement of Theorem 5.3 is true if we assume Wiles’s result in
this particular case.

We henceforth assume [W1, Theorem 3] (only for the case x =w) if
pp C L.

REMARK 5.4. Note that all the Euler factors at primes p | p are excluded
in the definition of 6%, for any K € K (recall the collection K from Section 3),
contrary to the standard definition of Stickelberger elements when K/k is
unramified at a certain prime above p. Theorem 5.3 is still equivalent to [W1,
Theorem 3], since assumption (A1) assures that our Stickelberger elements
agree with that of [W1] and [Ku] up to units.
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5.2. Main theorem over k.

Along with the assumptions above, suppose also that (A2) holds. Write
char(M) for the characteristic ideal of a torsion A-module M.

We proceed as in the previous section. First, we prove a bound for the
characteristic ideal of the dual Selmer group H lf (k,T*)V. We then use this
bound, together with Proposition 2.23, to obtain a bound on the character-
istic ideal of (the Pontryagin dual of) the classical (dual) Selmer groups.

THEOREM 5.5. Under the running assumptions,
char(H]l_—]f (k, T*)Y) | char(H]l_-L(k:,']T)/A : /ﬁ?t‘x’).
Proof. This is Theorem 2.38. U
Set it ={c}'}, € lim H'(ky,T)=H'(k,T).
COROLLARY 5.6. char((lim A} )¥)|char(L/A- czzo‘x’).

Proof. This follows from Theorem 5.5 and Proposition 2.23(ii) applied
with c= 02;‘*’, together with the fact that /@?t‘x’ = 02;"". 0

Recall the element 0] € Z,[A x T'y]X = Zp[AX[I',] from Section 3. We
denote the image of (9%” under the map

X+ Zp[AX[Cn] — Zp (L]

(which extends x : Zp[A]X — Z, from the previous section to I';, by letting
X,(y) =7 for y€TI'y) by x,(0r,). Lemma 3.1 shows that {x,(0r,)} is a
projective system with respect to the natural surjections Z,[I',/] — Z,[I',],
n' > n. We define

Xa(0L.,) = {x,(0L,)} €limZ,[I',] = A.

n
Finally, let  +— 2® be the involution on A induced from ~ +— y~! for y € T.

THEOREM 5.7. Under the running hypotheses of this section,

Char((lii)nA%n)v) | x,(©r.)°.

n

Proof. By the construction of C%Z and A,

=X 00 =x,(00,.) =X, (01,.) 0n.
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It follows that

(51) ngo = {XA(GLn).(IOn}n:XA(GLOO).(P7
with ® = {,} as in Section 4.1. Since ® is a generator of I (by definition),
the theorem follows from Corollary 5.6. 0

Once again, making use of a standard class number argument (and yet
again, the case p, C L requires more care as above) shows that this equality
may be turned into an equality, as follows.

THEOREM 5.8. Under the hypotheses of Theorem 5.8 and assuming (A2),
char((li_r)nA%n)v) =x,(0r.)°.

n
Let peyc : Gy — Z, be the cyclotomic character (giving the action of Gy
on pye ), and set (peye) = wt peyc : I' = 1+ pZ,. We define a twisting map
TW (peye) : A — A by setting
TW(pcyc) (/y) = <IOCYC>(’7)7 fOl" /-}/ € F

and extending to A by linearity and continuity. Finally, let £, -1 € A denote
the Deligne-Ribet p-adic L-function for the character wy~!. We will loosely
say here that £, -1 is characterized by the interpolation property

(5:2)  (peye)"€(Lun—) = [ [(1 = w0 ex(9)Np" ) L(1 = k,w™*¢x)
plp

for every k> 1 and every character & of I' of finite order. Here, L(s, o) is
the (abelian) Artin L-function attached to a character p of G which is of
finite order.

LEMMA 5.9. X, (Or..)® =Twp ) (Loy-1)-

Proof. For every character £ of I of finite order, it follows from the defi-
nitions that

E(Xa(01.,)7) =6 (xa(O1.)) = [ (1 = x"&(p)) L(0,x1¢)

lp
= <prC>£(£wx_1) = £(<p0y0>£wx_1)'
Since this is true for every &, the lemma follows. 0

COROLLARY 5.10. Under the assumptions of Theorem 5.8,

char((li_r)n A}fn)v) =TW(peye) (Loy-1)-
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5.3. Twisting and local Iwasawa theory of Stark elements
The goal of this section is to establish a connection between the Stickel-
berger elements and the conjectural Rubin-Stark elements. To achieve this,
we will employ the following two ingredients.
(1) The twisting formalism developed in [R3, Section VIJ.
(2) The rigidity statement in [B2, Theorem 2.19(ii)] for the module of A-
adic Kolyvagin systems.

1

Write p := (pcye) for notational simplicity. Let 1 = wx ™" as in Section 1,

and set
T'=Z,(1) @y ' =T @p.
We also write T! =T7" @ A.

5.3.1. Twisting argument.

LEMMA 5.11. Suppose that p is as above.

(i) There is a commutative diagram

lim H ko, T) @ p "~ lim H (ky, T')

n
locy, \L l locy,

lim B ((kn)p, T) @ p _~  lim H' ((kn ), T')

n n

such that the horizontal arrows are natural isomorphisms.
(ii) There is a commutative diagram

lim HY(K, T)®p _~ _ lim H'(K,T)
KeKo KeKo

locy, \L \L locy,

liﬁl Hl(vaT)(X)p 4>N 1&1 Hl(KpaT/)
Keky KeKo

such that the horizontal arrows are natural isomorphisms.
. * ~ . * Vv
(if) (i, H}. (ko T%)Y @ p—> (lin Hb (ky, (7))
Proof. This is [R3, Proposition VI.2.1]. We note that lim H}_*l(k;n,T*)
here coincides with what Rubin calls S5, (kso, W), thanks to Remark 2.12,
where W =T" and where X, is the set of places of k which lie above p. []
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Let £ C lim HY(K,,T) be as in Section 4.7, and let £, denote the
—KeKy
image of £ under the isomorphism of Lemma 5.11(ii). Recall the L-restricted
Euler system ¢ that we constructed at the end of Section 4.1. Let ¢St
denote the twist of the Euler system ¢ defined via [R3, Theorem VI.3.5];
this means that ¢5** € ES(T",K). Furthermore, one can see without diffi-
culty that the following lemma is true.

LEMMA 5.12. The twisted Euler system cS%* is L, -restricted.

Let L, € H'(kp, T") denote the image of £, under the obvious projection
map. Recall the element ci; = {cgz}n € H'(k,T), and set cii’f = {cii’p}n €
H'(k,T’). Note that locp(cgzo) € L c H'(k,,T) and locp(ciz;p) el, C
H 1(k’p,’]I" ), by construction. As before, we drop loc, from notation and
denote locy(ci' ) (resp., locp(ciz;p )) simply by ¢ (resp., by czi;p ). Lemma
5.11(i) induces an isomorphism,

(5.3) L/A-ct @p "L, /A "

To simplify notation, set Xoo(7') := (lim Hjl_-;(/cn,T*))v, and set similarly
Xoo(T') := (hi% H]lr*l(kn, (T/)*))v. Until the end of this paper, assume that
(A1) and (A2) both hold true.
PROPOSITION 5.13. Let Tw,: A — A be the twisting operator as above.
(i) Tw,(char(Xo(T"))) = char(Xoo(T)).
(i) Twp(char(L,/A - ;")) = char(L/A - " ).
(iii) char(Xo(T")) = char(L,/A - i)
Proof. Assertion (i) follows from Lemma 5.11(iii) together with [R3,

Lemma VI.1.2(i)], and (ii) from (5.3) applied with [R3, Lemma VI.1.2(i)].
Thanks to (i) and (ii), assertion (iii) is equivalent to verifying that

(5.4) Tw,-1 (char(Xoo(T))) = Tw,-1 (char(L/A - ¢;t.)).

This, however, is the statement of Theorem 5.8 put together with (5.1) and
twisted by Tw 1. 0

5.3.2. Stickelberger elements versus Rubin-Stark elements. Following [B2,
Definition 2.10], we define the LL,-modified Selmer structure 7, on T’,
for L, C H'(ky, T’) as above. The argument of [B2, Theorem 3.23] shows
that the £,-restricted Euler system cStP gives rise to a Kolyvagin system
KStooP € K—S(T’,pr,P).
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PROPOSITION 5.14. We have
1 *\V _ 1 Stoo,
char(H]_—L;S(k, (T")")Y) —char(H].—Lp(k:,’]I")/A Ry ).

Proof. This follows from Proposition 5.13 and the exact sequence of
Proposition 2.23(ii) rewritten for T’ instead of T. See also [B2, Proposi-
tion 2.12] for this version of the exact sequence of Proposition 2.23(ii). []

Assume until the end of this paper that the character 1 satisfies hypoth-
esis (A1) as well, that is, that ¥ (p) # 1 for any prime p of k lying above p.
According to [B2, Theorem 2.19(ii)], the A-module of Kolyvagin systems
KS(T’, 1, P) is free of rank 1.

COROLLARY 5.15. The Kolyvagin system k5% generates the cyclic mod-
ule KS(T', F1,,P).

Proof. We know by [B2, Theorem 2.19(ii), Proposition 4.2] that the free
A-module KS(T' ,FL,,P) is generated by a A-primitive Kolyvagin system
K (in the sense of [MR1, Definition 5.3.9]). In particular, we may write

SteorP — g . K,

with v € A.
The main application of the A-primitive Kolyvagin system & for the
Selmer triple (T', F,,P) is the following (see [B2, Theorem 2.20]):

(5.5) char(H}Lz (k, (T")*)Y) = char(H}Lp (k,T')/A - K1).

Assertion (5.5) together with Proposition 5.14 shows that u € A*. This
completes the proof. []

Let eStark = feStarky . be the Euler system {f—:f{ (I)(oo)}KGICO defined in
o

[B2, Proposition 3.14]. This Euler system is obtained from the Rubin-Stark
elements that Rubin [R2] conjectured to exist, and therefore the existence
of 5%k i5 implicitly assumed here.* Note that our v here is denoted by x
in [B2]. Let

e e ATH (ky, T')

*Having said that, note that we will recover in Theorem 5.16(i) below the Kolyvagin
system £5**™ up to a unit (which descends from ¢5**™) directly from the Kolyvagin system
k5% which is obtained in this article from Stickelberger elements.
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be the element defined as in [B2, Remark 4.5]. Finally, let k5% be the
A-primitive Kolyvagin system for the Selmer triple (T, Fy, ,»P), which is
obtained from the Euler system e’ We remark that what we call L,
here is denoted by Lo, in [B2], and &5 here is denoted by £2 in [B2].
Recall the Kolyvagin system &5t which is obtained from the L ,-restricted
Euler system ¢S of Stickelberger elements.

The theorem below draws a connection between the Stickelberger ele-
ments and the Rubin-Stark elements.

THEOREM 5.16. The following hold under the running assumptions:
(i) there is a unit u € A* such that kSt=r =y - g5
(i) char(L,/A - &) = char(LL,/k5),
(iii) char(A"H!(k,, T")/A - czgrk) =Ly.
Here, Ly is the Deligne-Ribet p-adic L-function attached to the totally even
character .

Proof. Assertion (i) follows from Corollary 5.15 and the fact that xStk
generates the free rank 1 A-module KS(T', F,,,P). Assertion (ii) is imme-
diate from (i).

The discussion preceding the statement of [B2, Corollary 4.6] shows that

N H (i, ) JA - P2 22T /A - etk
Hence, it follows from (ii) that
char (A"H' (kp, T') /A - f27%) = char(L /A - 57"7).

By the construction of the Kolyvagin system &5t out of the Euler system

¢St it follows that H?too’p = cilﬂ , which in turn implies that

char (A"H" (kp, T') /A - ™) = char(L, /A - 02:’)).
Using Proposition 5.13(ii), (5.1), and Lemma 5.9, we see that
Tw, (char(L,/A - cilp)) = char(L/A - ' ) = Tw,(Ly).

This completes the proof of the theorem. U

The author [B2, Theorem 4.7] has previously deduced Theorem 5.16(iii)
from Iwasawa’s main conjecture. Here, we need to assume slightly less,
namely, the x-part of Brumer’s conjecture (see Assumption 1.1) to prove
this statement.
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