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A NEW PROOF OF A WATSON’S FORMULA

BY
KRZYSZTOF STEMPAK

ABSTRACT. A new proof of a product formula for Laguerre poly-
nomials, due originally to Watson, is given. Considering the commu-
tative Banach algebra of radial functions on the Heisenberg groups
H,, n = 2, we observe that Watson’s formula holds for z = 1, 2,
3,... . Then, applying a complex function theory argument, we
establish the validity of this formula for other complex values of z,
ie. forRez > —1/2.

In 1939 Watson, (cf. [6] ), established a product formula for Laguerre poly-
nomials which may be rewritten in the following form: for Re z > —1/2, x,
ye R k=0,1,2,3,..., we have

271G+ k41 ™ cosd 1200 sin 6)

@) Lk(x )L, (y ) = ka2 0 (xy sin 8)°~ 172

X Li(x® + y* — 2xy cos 6) sin* 0d6.

Here, Lj, k = 0, 1, 2, ..., denote the Laguerre polynomials of order z
&k + z\(—1)
o= 109

and J, means the Bessel function defined for Re v > —1/2 by

(3) J(1) = (t/2)T@ + 172)7'1(1/2) ! f o €% sin 940.

The aim of this note is to prove (1) using the Heisenberg group approach and
a theorem of Carlson, (cf. [5]).

First we establish (1) for z = 1, 2, 3,... . To do this fix a positive integer
n = 2 and consider the 2n + 1 dimensional Heisenberg group H, = R" X
R" X R with the multiplication given by
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Gy, )X ) = (X + X, V) T 00, ) + 1 F X157, — X))

A function f on H, is said to be radial if /7(36, v, t) = f(ll (x, ) I, ¢) for a
function fon X = R, X R, where

n 1/2
I )l =(§ (x%+y?)) VX = (s ) T = (s )

The function f is then called the radial part of f It is known, (cf. [1], [3]), that
the space L,l(H,,) of all integrable, radial functions on H, forms a commutative
(under the convolution on H,,) Banach algebra and forany k = 0, 1,2, ..., and
A € R, A # 0, the mapping

@) LM, > [ = «f) = L Jorsdzdydr,
where

~ o — + k— 1! Nt — Iy n— - -
S R A I R P ST

gives a multiplicative functional on L,(H,).
Now, for f, g L:(Hn) with the rad~ia1 parts f, g respectively, denote by
J * g the radial part of the convolution f * g on H,, given by

fEL 1) = L J(G 71 0)(=X =7, —0) B, 7, ydxdydr.

(We abuse the notation slightly by using the same symbol * to denote the con-
volution in H,, and this given by (5) ).
Using the polar coordinates in H,,

2n—1 2n—1
Xy =r H sin ¢, x; = r cos ¢, _ H sing,2 =i=mn,i # n,
j=1 j=1
2n—1
Y, =rcosé, H sing, l =i=ni#n-—1,
Jj=n+1
2n—1
xn = r COS ¢2n_2 sSin ¢2n*l’ yn*l = r COS d)n_l H Sin (i&»,
j=n

where r > 0,0 < ¢; < 27,0 <¢;<mj= 2,3,...,2n — 1, one can verify,
(cf. also [4]), that

©) frgx ) = L T"(x, D8 (y, w)dp,(y, u).

Here du,,(y, u) = o(n) y2" - ldydu where o(n) is a constant that comes from polar
coordinates and the generalized translations 77", y = 0, u € R, are given by
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®) rafeen =" [0,

X f((x* + y* — 2xp cos 6)'?,
t — u + xp cos ¢ sin 0) sin® "> ¢ sin®" "2 Odedd.

Equivalently,

o e =""L[" [

lx=yl
X f,t = u + 25 - A(x, p, v) )W, (v, s)du, (v, )
where the function W, , defined on [ x — yl,x + y] X [—1, 1], is

(x, y,ZV)_2 (-5
7 (o)™

W, (v, 5) = y2n—3" 2yn=2,
and A(x, y,v), forv € [ |x — yl|, x + y], means the area of a triangle with sides
X, Y, V.

It is clear that the mapping L:(Hn) s fo>uH =1f¢€ Ll(u,,)’ where
Ll(,u,,) = L'(X, du,,), establishes an isometric isomorphism between the Banach
algebras L,‘(Hn) and L‘(,un), if the multiplication in the second space is given by
(5). The fact that Ll(un) with (5) as the multiplication forms a commutative
Banach algebra may also be easily verified using

(7) W, (v, $)dp, (v, $)di, (x, 1) = W, (x, $)dp, (x, 1)dp, (v, )
and

®) L W, v, $)d, (v, 5) = 1.

Moreover, (7) implies

) (T, g) = (/. T" “g)

say, for f € L'(u,) and g € L™(u,), where

.8 = /,; Jedy,.
Put

+k— 1\, A e
aulx, 1) = (n X ) &M exp( _|_2| xz) Ly 1( I}\Ixz).

Since (4) gives a multiplicative functional on L,I(Hn) then also B(f) =
a(y l(f) ) establishes a multiplicative functional on L'(,u,, ), that is

(10) B(f * g) = B(f)B(g)
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for all f, g € L'(u,). But, clearly, B(f) = (/. ¢« and so, combining (9), (10)
and the fact that ¢, , is continuous we get

an oA x (X, DA (¥, ) = TV ¥y 4 (x, 1)
for every (x, ?), (¥, u) € X. Now, taking A = 1 in (11) and using the identity
kg
,[0 cos(a cos ¢)(sin ¢)*" 2 dp = #2273 (n — 1).1,,-3/2(a)a3/2_",

we easily get (1) for z = n — 1 and therefore (1) is showed forz = 1,2,3,....

To get other values of z we use Carlson’s theorem, (cf. [5], p. 186): If an
analytic function f(z) on the half-space Re z > —§, § > 0, satisfies | f(z) | = C
exp(klz|) for Re z = 0, withk <o, C>0and f(n) =0forn=1,2,3,...,
then f = 0 identically. So, fix x, y = 0 and k € N. Then both sides of (1) are
analytic functions of z, Re z > —1/2. To obtain the required growth conditions
note, that in fact, both sides of (1) are polynomially bounded on Re z > 0.
Indeed, using (2) we get

(12) L) | = €+ 21
with a constant C > 0 independent of ¢ € [a, b], for any bounded interval [a, b].
Therefore,

(AL (YY) | = €1 + Iz] ).

On the other hand, using (3), we obtain

(13) 1@V (0] = D) |7 'T(Re 2)I(Re z + 1/2) 7,
for Re z > 0 and ¢ = 0. Since, by (12),

(14) ILi(x*> + y* — 2xpcos O) | = C(1 + Iz])f, 0 <@ <,
and also

™
f sin?R¢? 946 = T(1/2)T(Re z + 1/2)T(Re z + 1)~!, Rez >0,

0
we estimate R(z), the right side of (1), by
IR(z)| = CWHR(&Z + 1)7'T(Re 2)(1 + |z] )
A

= c1 + |z])*
where Re z > 0. This, in virtue of Carlson’s theorem, concludes the proof
of (1).

ReMARK. Recently, (cf. [2] ), C. Markett has given another, analytic proof of
(1). His approach is based upon an investigation of the Laguerre translation
operator T7(f, x), @ = —1/2, which for a sufficiently smooth function f is
defined as the solution u(x, ¢), symmetric in x, ¢ = 0, of the associated Cauchy
problem
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(DY — Du(x, 1) = 0, 0<t=x

u(x, 0) = f(x), u,(x,0) = %u(x, Do =0, x>0.

Here the singular differential operator D* is given by

pr_ 4 [ at1d

* E X dx

The crucial point of this proof consists in finding an explicit form of the
corresponding Riemann function. Note, that Markett’s approach does not
distinguish between the classical formula of Watson (Re z > —1/2) and the
limiting case z = — 1/2 (cf. [2] for more details). Note also that our underlying
differential operator is the second order partial differential operator

2 2
+
L=8_2+2a—_1_i+x28_2’ x>0, € R,
0x X dx at

(cf. [4] for details) and the generalized translations associated with L are
positive operators (which is obviously not true for the Laguerre translation
operators T7(f, x) mentioned above).
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