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Abstract

Let R be any ring and a any automorphism of R. We determine here all the automorphisms
of the skew polynomial ring R[x, a] which fix R elementwise. We then deal with isomorphisms
between different skew polynomial rings whose underlying rings are isomorphic.

Subject Classification (Amer. Math. Soc. (MOS) 1970): 16 A72.

1. Introduction

Throughout this paper, all rings have identity and all ring homomor-
phisms preserve the identity. The skew polynomial ring R[x, a], where a is
an automorphism of R, is defined to be the set of all finite sums ro+ r,x +
• • • + rnx" where r, G R for all i G {0, • • •, n], with addition carried out as with
ordinary polynomials, and with multiplication determined by xr = r"x for all
r G R. When R is commutative and a the identity automorphism of R,
Gilmer (1968) determined all the automorphisms of R[x, a] which fix R
elementwise. Parmenter (to appear) extended this to the case where R is
commutative and a is any automorphism of R. The case where a is the
identity on R and R is any ring has been handled by Coleman and Enochs
(1971). These three results are an immediate consequence of our more
general result, Theorem 1, below. There we determine all automorphisms of
R[x, a] which fix R elementwise, where R is any ring and a is any
automorphism of R. We then extend our investigation to isomorphisms,
between different skew polynomial rings, which preserve an underlying ring
isomorphism. Our major result here is Theorem 3 which has Theorem 1 as a
consequence.
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[2] Skew polynomial rings 315

2. Automorphisms of skew polynomial rings

THEOREM 1. Let R be any ring with identity and let a be any automor-
phism ofR. Then x —> ?,?.„ rtx' induces an automorphism of R [x, a] which fixes
each element of R if and only if

(i) r"r, = r,ra' for all r G R and all i G {0,1, • • •, n},
(ii) r, is a central unit in R, and
(iii) r, is nilpotent for all i G {2, • • •, n}.

Further, these three conditions hold if and only if x —»Er=0 r>x' induces a
surjective homomorphism of R [x, a] which fixes each element of R.

We prove Theorem 1 by first introducing some preliminary results, the
main one of which is Lemma 2 which allows us to concentrate on the special
case when ru = 0 and r, = 1. This case is dealt with in Theorem 2. Theorem 1 is
an immediate consequence of Theorem 2 and Lemma 2. As noted by
Parmenter (to appear), there is not always a homomorphism of R [x, a ] which
fixes each element of R and maps x to Sr=or,x'. Clearly, there is at most one
such homomorphism, and this exists precisely when (2/";X' )r = r" (£r,x') for all
r G R ; that is

(1) fo ra l l rGR, and for all i E {0, • • - ,«}, rar, = r,ra'.

This is just condition (i) of Theorem 1. In particular r"r, = rxr" for all r G R,
so that n is central.

LEMMA 1. If t{ is a central unit of R and if t0 G R is such that tor = r"ta for
all r G R, then x —»/„ + t,x induces an automorphism of R [x, a ] which fixes all
elements of R.

PROOF. From (1), x -»t» + txx induces a homomorphism of R[x, a] fixing

R elementwise. Since /, is a unit this homomorphism is injective, and as

x = - f, ""'/„(*„+ t,xf+ fi"'(f<>+ t,x), the homomorphism is surjective.

LEMMA 2. Suppose x —»r()+ rtx + • • • + rnx" induces a homomorphism <j>

of R [x, a ] which fixes each element of R. Then t/* is surjective if and only if

(i) /•"/•(, = ror for all r G R ,
(ii) r, is a central unit,

and (iii) x ->x + r, V2x2+ • • • + ri'rnx
n induces a surjective homomorphism, /x

say, of R[x, a] which fixes every element of R.
In this case there exists an automorphism 8 of R[x, a], which also fixes R
elementwise, induced by x-> r,>+nx, such that i//= dpi. Thus ip is an au-
tomorphism precisely when /n is an automorphism.

PROOF. Suppose that ip is a surjective homomorphism of R[x, a]. Then
from (1), condition (i) holds and r, is central. But since ip is surjective there
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exists Si £ R such that x — ~LT=oSi[x*\ for some m G N. If we equate the
coefficients of x and use (1) we obtain

L . - i j = o

so that r, is a unit. By Lemma 1, 0 is an automorphism. Since r, is a central
unit, we see from (1) that n is a homomorphism of R[x, a] fixing R
elementwise. Also {x"Y = x* so 0/u, = t/» and /x is surjective.

Conversely, suppose that conditions (i) (ii) and (iii) hold. We see from (1)
that i/f is indeed a homomorphism of R[x, a] which fixes R elementwise.
Since again ip = 8fi we know that <// is surjective.

LEMMA 3. / / I c G N and w0, w,, •••, wk are nilpotent elements of R such

that for all j G {0, • • •, k}, Rw, = WjR ; then S*_owy/? is a nilpotent ideal of R.

The proof is an obvious modification of the usual argument when R is
commutative.

THEOREM 2. The map x -*x + r2x
2+ • • • + rnx" induces a surjective

homomorphism <f> of R[x, a) which fixes R elementwise precisely when it

induces an automorphism, and this occurs if and only if

(i)' rar, = rj"' for all r G R and all iE{2, ••-, n}

(ii)' rt is nilpotent for all i E {2, • • •, n}.

PROOF, (a) Assume x -»JC + r2x
2+ • • • + rnx" induces a surjective

homomorphism <j> of R[x, a] which fixes R elementwise, and let

(2) x= 2
i-0

We know from (1) that (i)' holds. We shall now prove that (ii)' holds.
We first prove that for all r G R and all i G {0, • • •, m}

(3) r°Sj = Sir"'.

The proof is by induction on i. Equating coefficients of x" and x' in (2) we see
that So = 0 and s, = 1 and so we have proved (3) for i = 0 and 1. Suppose now
that 2 g / S m and that (3) holds for all i such that 1 S i < j . Equating
coefficient of x'

(4) 0 = s,• H

But (rcx
c)(rdx

d)= rxr
a/xc+d for all 0^c,d^n, so we see from (1) that

(rcx
c)(rdx

d) = fd rcx
c+d, and extending this we obtain
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for all I, ,---,ik 6 {0,••- ,«} with I'I + • • • + ik = j . Thus from (4) and (5) we

obtain

fc = 1 l_ ' l H ^ik ~I -i

Now for any r G R, we see from (1) that

But since i,+ •• • + ik = j ,

{rf • • • r,,)r°" = ra" (r°

Hence

(

since, by the induction assumption, skr
a* = r"sk for 1 S k S ; - 1. This com-

pletes the proof of (3).
We next show that Sir?/ ' • • • rbl is nilpotent for all 1 g i S m with

b, E{1,••-,«} and £; = ,&, § 2 . (Here we are using the notation r, = 1.) Notice
that (ii)' is a consequence of the case i = 1 (since 5, = 1) and so the proof will
be complete when we have proved this assertion. We shall use induction on
X; = ify. Assume that 2 ^ = k S m n , and that for all 1 i i g m and all
Z>i,-- -,bi G {1,- • -,n} such that SJ_i fc, > k, s/b,"' •• • rfcl is nilpotent. Note that
for k = mn this is no assumption, since ^ i j g m n . Now consider any
l S i S m and any b,,- • -,b, G {1,- • -,n} with 2j = I b; = k. If we equate the
coefficients of xk in (2) we see that

(6)
; - o

where, if j / i,tj is the coefficient of xk in [x*] ' and is given by

'/ = E { ' > r 1 " - ' i c , | c 1 + ••• +c, = k],

and

'i = ] > > r ' - - - r c , | c 1 + ••• +c,• = k and (c, ,--- ,c f) /(fci ,••• ,*><)}.

Consider a term s,r^' '• • • rc, occuring in s,f, for some O S j g r a , and let

<7 = (s.rtr' • • • rbl)(Sir"'' • • • rc,)(s,r£ ' • • • rb,).

Note that by (1) and (3), Rq = qR. Suppose first that there exists 1 § e S
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min(/,/) such that ce > be. Then

q G {SSI'"• • • rC)Rrl'~'R{rV.Ir • • /•„,)

Bu t (b, + • • • + be-,)+ ce + (be + l + • • • + bt)> k a n d so by a s s u m p t i o n
s.Tfc,' ' • • • rt^,r"' 'rll_*• • • rbl is nilpotent, and thus, by Lemma 3, q is nilpotent.

The remaining possibility is that for all 1 3= e Si min( i , / ) , ce § br. Since

2{_i c, = k = 1,'i-ib,, it follows that j ^ i. Indeed yV i as otherwise (c, ,- • -,Cj) =

(bi, • • •, bj) which is a contradiction. Thus / > i and there exists l g e g i such

that c, = b, for all 1 § / < e and ce < be. Then

q G RSjT"'^ • • • r°,\,Rrt'~' • • • rb, R

— SjrCj • • • rCrrirbc • • • r b l K .

Now (bt + • • • + be) + (ce + i + •• • + Cj)> k. Hence, by induction, q is nilpotent.
By multiplying (6) on the left and right by s,rb,' ' • • • rh, and by Lemma 3 it
follows that (strbi ' • • • rbtf is nilpotent. This completes the proof by induction.

(b) Assume conditions (i)' and (ii)' hold. From (i)' and (1), x ->x + r2x
2 +

• • • + rnx" induces a homomorphism <f> of R [x, a ] which fixes each element of
R. If £f_oc;-[jc*]' = 0, it is routine to show by induction on ;' that c, = 0 for
O S / g p . Thus <j> is injective.

It only remains to prove that 4> is surjective. Consider the ideal T,
generated by Si = {r°"\2 S a S n and 6G2} and the ideal T2 generated by
S2 = {rf \2 g a g n a n d O g t g n - 1 } .

Note that T\ C Ti. From (ii)', r ^ i s nilpotent for all r"hG 52, and from (i)',
r"a R — RT% • Thus from Lemma 3, T2 is nilpotent. Notice that, from (1), for
all ra°,\ ra

a/ G Si
~b ,,b nb -a +1 nb nb -a +1 „ b -o +1

r a v ' r a 2
2 - r a , 2 < r a i ' = r a i ' 3 r < , 2

2 ' ,

a n d
a a a a I 2 ~ fa T 2 fa 2 I

'a, ' a2 ,

so that either the first or the second exponent can be made to lie between 0
and n - 1. Thus T]CT2 and so Tx is nilpotent. Now let g\{x) =
x* + *L",2ri[x*X. Thus g,(x)= x + Sr^s,,,*' for some m , S N and su&Tl
Continuing this process, given any / & 2, define

so that gi(x) = x + S™i2 Sjj-x for some m, £ N, and 5,., E T2,1. In particular, since
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T, is nilpotent, there exists f S 1 with g,(x) =; x. Therefore, as g,(x) is just a
linear combination of powers of **, 4> is surjective.

3. Isomorphisms between skew polynomial rings

Here we deal with isomorphisms between skew polynomial rings whose
underlying rings are isomorphic. We first prove two preliminary results, and
then use these and Theorem 1 to prove Theorem 3.

THEOREM 3. Let A and B be any rings with an isomorphism 4>: A -* B,
and let a and /3 be automorphisms of A and B respectively. Then the map
x -»bn + biX + • • • + bnx" extends 4> to an isomorphism <f>: A [x, a] —»B[x, f3] if
and only if

(i) a^b, = ha*"' for all a G A and all 0 g j S n,
(ii) bi is a unit, and
(iii) b, is nilpotent for all 2 g i s n .

Further these three conditions occur precisely when <f) >s a surjective
homomorphism.

When i' is a unit in a ring B, we denote by iv the inner automorphism of
B given by b'- = vbv' for all b £ B.

LEMMA 4. Let A and B be any rings with automorphisms a and /3
respectively and let </>: A -» B be any isomorphism. If the map x -> bu + b,x +
••• + bnx" extends <f> to a surjective homomorphism between A[x,a] and
B[x, /3], then bt is a unit and <f>~la<f> = /3/'bl.

P R O O F . S ince cp 1S s u r j ec t i ve t h e r e exist aor~',amGA such tha t
(Sr .of l ix ' )* = x . T h a t is, ?.?,Qa*(bn+ ••• + bnx")' = x , a n d w h e n w e e q u a t e
coefficients of x w e see t h a t

(7) ftlit
i=0 Lj=O

But 4> is a homomorphism and therefore a°*x* = x*a* for all a G A. Hence
a"*b, = bid*"' for all a G A and all O S i ^ n . In particular for ii = 1 we see
that

(8) a^b^b.a4"3.

It can be seen, on substituting in (7) that

i -0 L J-O

Hence b, is a right unit and from (8), bi is a unit. Thus a"' = bia*"bV for all
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a G A, so that since <j>: A —*B is an isomorphism fc*"1"* = bxbpb\l for all
bGB. Hence ^ " ' a ^ = /3ifcl.

LEMMA 5. Lef $:A -»B be an isomorphism, and let a and /3 be au-

tomorphisms of A and B respectively. Further, let v be a unit of B such that
<t>~'a<f> = /3i\,. Then the map 6 : A[x,a\ —> B[x,(l] determined by x -» vx and
a -» a* for all a G A is an isomorphism.

PROOF. NOW xea" = vxa* = ra*"* for all a & A, and ( a " ) V = aa*vx
for all fl £ A. But a<t> = >̂/3i, and therefore x*ae = (aa)ex9. Thus 0 is a
homomorphism. It is easily seen that 0 is injective. Indeed, suppose
(Sr.ofliJc')* = 0 for some ao,---,am G A. Then Sr-oflfw" ••• vp'"'x' =0 , and
as »/ is a unit, a* = 0 for all i G {0, • • -,m}. Hence a, = 0 for all i G {0,-- -,m}. It
only remains to show that 0 is surjective. This can readily be seen as (y~')*~'x
is mapped to x.

PROOF OF THEOREM 3. First assume that x -*bo+ b,x + ••• + bnx" ex-
tends <f> to a surjective homomorphism between A[x, a] and B[x, /3] which
we shall also denote by 4>. Then by Lemma 4, fc, is a unit and </>~'a<£ = /Sib,. By
Lemma 5, there is an isomorphism 6 : A[x,a]—*B[x,j8], which also extends
<f>:A—*B and is determined by x-»biX.

Now define (/> :B[x , /3]^B[x , /3] by <f> = dip. Then t/f is a surjective
homomorphism and fixes B elementwise. Hence, from Theorem 1, t/» is an
automorphism (and so <j> is a n isomorphism), and as bi is a unit and
$ " ' « $ = /3ifcl, the conditions of Theorem 1 yield the three required conditions
of Theorem 3.

Conversely suppose the three conditions of Theorem 3 hold. From
conditions (ii) and (iii), b, is a unit and <j>~xa<j> = j3ibl. Hence, by (i) and Lemma
5, 0:A[x,a]^>B[x,p] is an isomorphism. Define ip :B[x, fi]^>B[x, /3] by
b* = b for all b E B and x-^bV{bo+ b,x + ••• + bnx"). Now condition (i) of
Theorem 3 implies that the nilpotence of b^'b, follows from that of k and it
follows from Theorem 1 that \\i is an automorphism. But <j> = dtp and
therefore <f> is an isomorphism.
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