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Abstract

Let F' be the commutator subgroup of F and let f0 be the cyclic group generated by the first generator
of F. We continue the study of the central sequences of the factor L(F'), and we prove that the abelian
von Neumann algebra L(P0) is a strongly singular MASA in L(F). We also prove that the natural action
of F on [0, 1] is ergodic and that its ratio set is {0} U {2*; it 6 1).

2000 Mathematics subject classification: primary 37A10; secondary 43A07.

1. Introduction

Thompson's group F is a countable group with infinite conjugacy classes which
has remarkable properties, discovered in 1965 and rediscovered later by homotopy
theorists. It is known that F contains no non abelian free subgroup, and it is still
unknown whether it is amenable or not. However, it shares many properties with
amenable groups; for instance, it is inner amenable: see [6, 7].

We recall the two most commonly known descriptions of F. On the one hand, as
an abstract group, it has the following presentation:

F = (xo,xu . . . | x~xxnXi = * n + i , 0 < i < n).

On the other hand, it is the group of homeomorphisms of the interval [0, 1] that are
piecewise linear, differentiable except at finitely many dyadic rational numbers and
such that on intervals of differentiability the derivatives are integral powers of 2. To
each of these descriptions corresponds a tool that we present below. We refer to [1, 2]
for more details on Thompson's groups F, T and V, and for some results that will be
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232 Paul Jolissaint [2]

used here. The first one is the existence of a unique normal form for every non trivial
element of F; it is Corollary-Definition 2.7 of [2].

LEMMA 1.1. Every non trivial element of F can be expressed in unique normal

form xt[ • • • xikx~J • • • x~\ where

(1) 0 < / , < • • • < 4, y, < • • • < j m and ik j±jm;

(2) ifxj andx~l appear explicitly in the expression for some i, then also does xi+1

orx~+\.

The second lemma that will be needed is related to the action of F on [0, 1]: see
[2, Lemma 4.2].

LEMMA 1.2. IfO = OQ < ax < ••• < an = 1 and 0 = b0 < bx < • • • < bn = 1
are partitions of[0, 1] consisting of dyadic rational numbers, then there exists g € F
such that g(at) = bifor every i — 0 , . . . , n. If moreover a,_i = i,-_i and a, = bjfor
some i > 0, then g can be chosen so that g(t) = t for every t e [a,-_i, a,-].

In [7], we studied the von Neumann algebras associated with F and with some of
its subgroups: we proved not only that the factor L{F) is a McDuff factor (that is,
that L(F) is *-isomorphic to the tensor product factor L{F) ® R where R denotes
the hyperfinite Hi factor), but that the pair L(F') c L{F) has the relative McDuff
property: there is a *-isomorphism <t> : L{F) ® R —> L(F) such that its restriction to
L(F') <g> R is still an isomorphism onto the subfactor L(F') associated to the derived
subgroup F' = [F, F] of F.

In Section 2, we present further properties of central sequences of L(F') : on the
one hand, we prove that there exists a sequence of unitary operators (wn) C L(F')
such that (unxu*n) is a central sequence for every x e L(F'), and on the other hand,
we show that L(F') is approximately normal in L(F) in the sense of [3].

Section 3 is devoted to the study of the von Neumann subalgebra L(F0) where Fo

is the cyclic subgroup of F generated by the generator x0: L(F0) is a strongly singular
MASA of L(F) (see [8]) and we show that its Pukanszky invariant is {oo}.

Finally, we prove in Section 4 that the natural action of F on [0, 1] is ergodic and
we show that its ratio set is {0} U {2k; k 6 1).

Notation For g e F viewed as a homeomorphism of [0, 1], we denote by S(g) the
set of numbers t e [0, 1] such that g(t) ^ t. We will use the following properties
which are very easy to prove:

(51) S(g~l) = S(g) for every g € F;
(52) if t e S(g) then g(t) e S(g) for every g e F\
(53) S ( g h g ~ x ) = g ( S ( h ) ) f o r a l l g,heF;
(54) if S(g) n S(h) = 0, then gh = hg.
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[3] Operator algebras related to Thompson's group F 233

Let M be a finite von Neumann algebra and let r be a normal, normalized, faithful
trace on M. We denote by ||a||2 = r(a*a)i/2 the associated Hilbertian norm.

If F is a countable group, let X denote its left regular representation on 12(F) defined
by:

for all g, h e V and £ e L2(V). The bicommutant MO" in the algebra of linear,
bounded operators on 12(T) is a von Neumann algebra denoted by L(T). It is a finite
von Neumann algebra with natural trace r defined by x{x) = (xSe, Se), where Se is
the characteristic function of {e}. L(V) is a type Hi factor if and only if V is an
ice group. Every operator x e L(F) is expressed as a series ^2gerx(g)k(g) where
x(g) = rixXig-1)) and £ , e r \x(g)\2 = \\x\\2. If / / is a subgroup of I\ then L(//) is
identified in a natural way as a von Neumann subalgebra of L(T): it is the subset of
elements x such that x (g) = 0 for every g £ H.

Let M be a type Hi factor. A central sequence in M is a bounded sequence
(*„) C M such that \\xny — yxn\\i -*• 0 as n -> oo for every y e M. We write
sometimes [a, fc] for afe — ia.

2. The subfactor L(F') of L(F)

Let F ' denote the commutator subgroup of F as in the preceding section. It is
known that it is a simple group, and it is the subgroup of F of elements that coincide
with the identity in neighbourhoods of 0 and 1. Our first result states that L(F') is
inner asymptotically commutative in the sense of [10].

PROPOSITION 2.1. There exists a sequence (wn)n>i C U(L{F')) such that

\xm\\{Unxu*n,y]\\2 = 0
n-KX>

for all x,y e L(F'). In other words, for every x € L(F'), (unxu*n) is a central

sequence ofL(F').

We don't know if L{F) itself is inner asymptotically commutative.
The proof rests on the following lemma of Zeller-Meyer:

LEMMA 2.2. Let G be an ice group. If there exists an increasing sequence (£„)
of subsets of G and a sequence (gn) of elements of G such that (J En = G and
gngg^xh = hgngg~l for all g,h e En and for every n, then the factor L(G) is inner
asymptotically commutative.
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234 Paul Jolissaint [4]

PROOF OF PROPOSITION 2.1. Set, for n > 1,

En = {ge F'; S(g) C (1/2", 1 - 1/2")},

so that En c En+l and U n En = F.

Fix n > 1 and consider the following dyadic partitions of [0, 1]:

and

so that bi is the mean value of 1 — 1/2" and 1 — l/2n + 1 . By Lemma 1.2, one can find
gn € F such that gn(a,-) = fc.fori = 0 , . . . , 5andthatgn(r) = rforr e [0, ai]U[a4, 1].
Thus gn € F'.

Finally, if x, y e En, Property (S3) of Section 1 gives

1
2"+\ v c

1 ,t
2"+\ " "

1
l i 2"

2
1 -£

?.- ^

i
2"

3
3

2"+2 ^

1
2 n + 1

1
2"+i

g;1) = gn(S(X)) C gn((a2, fl3)) C 0>2, W ,

and as S(y) c («2. ^3). Property (S4) yields gnxg~xy — ygnxg~x. Lemma 2.2 implies
that L(F') is inner asymptotically commutative. •

Before stating the next proposition, let M be a type II] factor and let N be a
subalgebra of M. /V is called normal in M if (W n M)' n M — N. Following [3], we
say that N is approximately normal in M if

N = [x € M; \\ynx — x^,,!^ -> 0 for all bounded sequences
(yn) C M such that \\yny - yyj2 -> 0 for all y € N).

PROPOSITION 2.3. The subfactor L(F') is approximately normal in L(F).

For future use, denote by & the set of sequences {gn)n>\ C F' such that, for every
e > 0, there exists an integer I > 0 such that S(gn) n [e, 1 — s] = 0 for every n > Z.
In fact, if (gn) 6 ^ , then the sequence (A.(gn)) C L(F') is a central sequence (see for
instance the proof of [7, Proposition 2.4]).

The proof of Proposition 2.3 rests on the following lemma:

LEMMA 2.4. Let h e F \ F'. Then there exists (gn) e & such that the set
ignhg'1; n > 1} is infinite.

PROOF. Since h £ F, its right derivative at 0 or its left derivative at 1 is equal to 2*
for some non zero integer A:. Assume to begin with that there exist e > 0 and a positive
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[5] Operator algebras related to Thompson's group F 235

integer k such that h(t) = 2kt for t e [0, e]. Choose an integer / > 1 big enough so
that 3/2'+2 < £. For n > I, set an = \/2k+n+\ bn = 3/2k+n+2, cn = l/2*+n and

y _J 1_ 5
a" < « 2k+n+2 2k+n+3 2k+n+3 <

There exists gn e F' such that gn(t) = t for t e [0, an] U [cn, 1] and gn(bn) = b'n.
Thus, setting ^n = e for n < /, we get that (gn) e 9'. Finally, let us check that if
m > k + n, then gmhg^ £ gnhg;1. As S(gp) c ( l / 2 i + " + 1 , l /2 i + " ) , we get, on the
one hand,

since 5/2m+3 < l/2*+n+1. On the other hand, the same kind of argument using
3/2m+3 < £ shows that

3
Smhgm (b'J = — ^ gnhg~ (b'm).

If h(t) = 2~kt near 0 with k > 0, then apply the above arguments to h~l. Finally, if
h(t) = t near 0, we reduce to the above cases in using the order two automorphism 0
of F defined by 6(g)(t) = 1 — g(l — t): apply the above arguments to 0(h) and take
the sequence (6(gn)) € 3'. This ends the proof of the lemma. •

PROOF OF PROPOSITION 2.3. We only need to show that if x e L(F) is such that
||[JC, X(gn)]h -> 0 as n -*• oo for every sequence (gn) e S?, then x e L(F').

Let h € F \ F'; we will prove that x (h) = 0. By the previous lemma, one can find
a sequence (#„) e & such that gnhg~x £ gmhg~l for all n ^ m.

Fix e > 0. There exists an integer I > 1 such that ||JC — A.(g~')xA.(^n)||2 < £/2 for
n > /. Moreover, the series

~ - l \ | 2

converges. Hence one can find an integer I' > I such that \x(gnhgn ' ) | < £/2 for every
n > I'. Then we have, for any n >l',

\x(h)\ = \xOck(h-l))\

< \\x - k(g;l)xk(gn)\\2 + \xignhg;l)\ < s.

0. D
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236 Paul Jolissaint [6]

3. A strongly singular MASA in L(F)

Let F be an ice countable group and let Fo be an abelian subgroup of F. When
F = F, r 0 denotes exclusively the cyclic subgroup generated by xQ e F.

Recall from [8] that an abelian von Neumann subalgebra A of a type H, factor M is
strongly singular if the following inequality is true for every unitary element u e M:

\\EuAu.-EA\\oo,2>\\u-EA(u)\\2,

where EB denotes the trace-preserving conditional expectation from M onto the von
Neumann algebra B, and, for <j> : M —> M linear,

Observe that such an algebra is automatically a MASA of M. When M — L(F) is a
factor associated to an ice group F and A = L(F0) where Fo is an abelian subgroup
of F, [8, Lemma 4.1] gives a sufficient condition in order that A be a strongly singular
MASA in M; we recall its statement for convenience.

LEMMA 3.1 ([8]). Let F be an ice group with an abelian subgroup Fo. Assume that
they satisfy the following condition:

(SS) lfgx,..., gm, hx,..., hn e F \ F0) then there exists gQ e Fo such that gjgohj i Fo

for all i = 1, . . . , m and all] = 1 , . . . , n.

Then A = L(T0) is a strongly singular MASA in L(V).

It turns out that the abelian subgroup Fo of F satisfies a stronger condition that will
be also used to prove an ergodic property for the conditional expectation onto L(F0)-

LEMMA 3.2. The pair (Fo, F) satisfies the following condition:

(ST) Ifg\, ..., gm, h\, ..., hn € F \ r0 , then there exists a finite subset E of To such
that gigohj £ Vofor alli=l,...,m,allj = 1, . . . , n and for every g0 e Fo \ E.

PROOF. Fix gu ..., gm, hu ..., hn e F\ Fo. We write gt = x%'g-x'1" and hj =
xo h'jX0 *' for all i, j , where pit qit rj and Sj are non negative integers, and where g\, h'j
all belong to Ft \ [e], where F\ is the subgroup of F generated by {jct, JC2, . . . } . It is
the range of the 'shift map' <p : F -*• F defined by </>(*„) = xn+i for every n > 0.
See [1, page 369]. Hence X(j"*g*o = 4>k(g) for every positive integer k and every
g € Fj. Using normal forms of gj and h'j, observe that if / is a sufficiently large
integer, then (p'ig'Jh'j <£ Fo for all i,j. Thus, if k > 0 is large enough and if we put
ki = * - <7i + rh we get gix^hj = xp

Q'g-x'^ h'jX^ = xp
0'

+kl<t>l>j {g'^x^, and we

deduce that giX^hj does not belong to Fo.
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[7] Operator algebras related to Thompson's group F 237

When k — —k' is negative, we have g^x^hj = g'^ (h'j)xgk for all i,j, which
gives the same conclusion. •

Similarly, it is easy to see that if F is the free group FN of rank N > 2 on free
generators a\, ..., aN and if Fo is the subgroup generated by some a,, then the pair
(Fo, F) satisfies condition (ST).

PROPOSITION 3.3. Assume that Fo is an abelian subgroup of an ice group F and
that the pair (Fo, F) satisfies condition (ST). Set A = L(F0) and M = L(V). Then
A is a strongly singular MASA in M and the conditional expectation EA satisfies:

EA(x) = w- limak(go)xk(g~1)

for every x € M.

PROOF. The first assertion follows from Lemma 3.1. In order to prove the second
one, fixx and y e M such that {g e F; x(g) ^ 0} and {g e F; y(g) ^ 0} are finite.
We will prove that there exists a finite subset E of Fo such that

r(EA(x)y*) = T(k(go)xk(gol)y*)

for every g0 e Fo \ E. We write C = ( g e r \ Fo; x(g) # 0} and D = {g e F \ Fo;
y(g) ^ 0}, which are finite sets, and we decompose x and y as x = EA(x) + x' and
y = EA(y) + y' sothatx' — Ylgec

x(s)Hg) andy' = X^ e D y(g)Mg) are orthogonal
to A.

It is easy to see that condition (ST) implies the existence of a finite subset E of Fo

such that goCg^ n D = 0 for every g0 e Fo \ E. Take ^0 e Fo \ E; since Fo is
abelian, we have k(go)EA(x)k(gQl) = EA(x) and similarly fory. Thus

)y*) = T(EA(x)y*)

= T(EA(x)y*) + T(x'EA(y*))

= r(EA(x)y*)

since r(x'EA(y*)) = Oby orthogonality, and

\/i,ter\r0

AeC

because goCgn1 n D = 0. •
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238 Paul Jolissaint [8]

Our last result about L(F0) C L(F) is the computation of its Pukanszky invariant
which was suggested to us by G. Robertson. Let A be a MASA of some type Eli factor
M. Denote by sf the type I von Neumann algebra generated by A U A' in the algebra
B(L2(M)), where A' is the commutant of A. The orthogonal projection eA of L2(M)
onto L2(A) lies in the centre of $?' and the reduced algebra s#'eA is abelian. The
reduced von Neumann algebra srf'(\ — eA) decomposes as a direct sum &/'(l — eA) =
sf'ni © s/^ © . . . of homogeneous type In, algebras, where 1 < nx < n2 < • • • < oo.
T h e n the Pukanszky invariant of t h e pa i r A c M is t he set [nu n2, • • •}•

Let us recall [9, Proposition 3.6] which gives a way to compute Pukanszky invariant
for pairs L(F0) c L(F) as above.

PROPOSITION 3.4 ([9]). Suppose that Fo is an abelian subgroup of an ice group F
such that L(r0) is a MASA in L(T). Ifg^Vog D Fo = {e}for every g e F \ F0) then
the Pukanszky invariant of the pair L(TQ) C L(T) is the set reduced to the number n
of double classes VQgT0.

PROPOSITION 3.5. The Pukanszky invariant of the pair L(r 0 ) C L(F) is {oo}.

PROOF. There exists a homomorphism \jr : F -*• Z such that ir(xn) = 1 for every
n > 0 because the defining relations of F are homogeneous. If there would exist
g € F\r0 and k, I e I such that gxfrg'1 = x^, then, applying iff on both sides gives
k = I which can be assumed positive. Let us write g = XQg'xQ9 with g' e F, \ {e}
as in the proof of Lemma 2.4. We would get g'x^ = xfrg', thus </>*(#') = g\ but this
would imply that g' = e, hence that g € Fo, but this is a contradiction.

Finally, set, for every integer n > 0 : gn = x\ • • • xn. Then it is easy to see that the
double classes r o g n r o are pairwise distinct. •

4. The natural action of F and the associated Krieger factor

Let F be a group acting (on the left) in a measure class preserving way on a standard
probability space (Q, fx). Recall that the full group [T] of the action of F on Q is the
group of all automorphisms T of £1 such that Tco e Vco for /x-a.e. co e Q. We also set

which is the subgroup of elements of [F] that preserve \x. The ratio set of the action
of F on fi is the set r(F) of all numbers k > 0 such that, for every e > 0 and for
every Borel subset A with positive measure, there exists a subset B of A with positive
measure and g € F such that gB C A and

dm o 2
* *"x 1 <e VcoeB.
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[9] Operator algebras related to Thompson's group F 239

Then r{V) is a closed subset of [0, oo) and r(F) \ {0} is a closed subgroup of the
multiplicative group R*+. Moreover, one has: r(T) = r([F]).

We consider here the natural action of F on the interval [0, 1] gifted with Lebesgue
measure fi. Our goal is to prove that the action of F is ergodic and to compute its
ratio set.

PROPOSITION 4.1. The action of F on [0, 1] is ergodic and its ratio set is

r(F) = {0} U {2*; k e Z}.

Let RF be the equivalence relation on [0, 1] defined by the action of F: if s, t e
[0, 1], then the pair (s, t) belongs to RF if and only if s and t are in the same F-
orbit. Let M{RF) be the associated Feldman-Moore factor [5]; it generalizes the
group measure space construction of Murray and von Neumann for not necessarily
free actions. Then the next result follows immediately from Proposition 4.1 and from
[5, Proposition 2.11].

COROLLARY 4.2. M{RF) is a factor of type IHi/2.

The proof of Proposition 4.1 is inspired by [4, Section 2].
Let K be the following group of bijections of [0, 1] : a bijection <p from [0, 1] to

itself belongs to K if and only if there exists a partition 0 < a\ < • • • < an < 1 of
[0, 1] into dyadic rational numbers such that

(Kl) <p{t) = t for every t e [0, ax) U [an, 1];
(K2) for every 1 < j < n — 1, there exists a dyadic rational number a, such that
<p{t) = t + a, for every t e [a,, aj+x).

LEMMA 4.3. K is a subgroup of[F]o. In particular, /u, o <p = pi for every <p e K.

PROOF. It suffices to prove that, if a, b and a are rational dyadic numbers such that
0 < a < b < 1 and 0 < a + a < b + a < 1, then there exists / e F such that
/ (t) = t + a for every a < t < b. We apply Lemma 1.2 with a\ = a, a2 = b and
b\ = a + a, b2 = b + a (and OQ = b0 = 0, a3 = b^ = 1): there exists g e F such that
g(aj) = bj forj = 0, . . . , 3. If g(t) = t + a for / 6 [a, b), then set / = g. If not, set
f(t) = g(t)fort e [0,a)l)[b, l]and/(r) = t + afora < t < b. Then/ e F. •

PROOF OF PROPOSITION 4.1. In order to prove that the action of F is ergodic, it
suffices to show that the action of K is. Indeed, Lemma 4.3 implies thus that the
action of the full group [F] is ergodic, and [4, Lemma 2.8] applies to show that the
action of F is, too. We argue as in the proof of [4, Lemma 2.1]. Thus, let XQ c [0, 1]
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be a Borel set such that <pX0 = Xo for every <p e K and that /x(X0) > 0. Define a
measure v on [0, 1] by

=

for every Borel set B. We have for every <p e K and every Borel set B

n

Hence u(^B) = v(B) for every ^. In particular, one has v([a + a, b+a)) = v([a, £>))
for all dyadic rational numbers a, b and a such that [a, b] U [a + a, b + a] C [0, 1],
and this gives

' 2"

for every positive integer n and every integer 0 < I < n. Uniqueness of /x implies that
u = /LA, and that /x(X0) = 1. This proves ergodicity of the action of K.

It remains to compute r(F). Denote by F the group generated by F and K. One
has [r] = [F], since K C [F], and r ( r ) = r(F).

As (d/i, o g)(t)/dfi € (2*; t e 2 } for /x-a.e. f € [0, 1] and for every g € F, one
has r(F) C {0} U {2*; it € 1). As r(F) is closed, the proof will be complete if we
show that 2k e r(F) for every integer k. Then fix such a it and choose g € F and
dyadic rational numbers 0 < a < b < 1 such that

d[i dt

for every t e (a, b). Let A C [0, 1] be a Borel set with positive measure. As the
action of K is ergodic, there exist cp and ty e K such that the Borel set

B = [t e A; rfr(t) e (a, fe) and<^gVr(0 e A)

has positive measure (see the proof of [4, Proposition 3.3]). Set h = <pgf e F. One
has BUhB c A and

for every r e B since ^(r) € (a, b). Hence 2* e r(F). •

https://doi.org/10.1017/S1446788700010466 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700010466


[11] Operator algebras related to Thompson's group F 241

REMARK. In fact, condition (Kl) shows that K is a subgroup of the full group of
the commutator subgroup F'. Hence the latter acts ergodically on [0, 1] as well, and it
has the same ratio set as F. However, it gives the same equivalence relation on [0, 1],
and thus the same factor M(RF).
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