CLASSIFICATION GF MAPPINGS OF AN (72+2)-
COMPLEX INTO AN (72-1)-CONNECTED SPACE
WITH VANISHING (722+1)-ST HOMOTOPY GROUP

NOBUO SHIMADA and HIROSHI UEHARA

The present paper is concerned with the classificalion and corresponding
extension theorem of mappings of the (z-+2)-complex K"*? (n>2) into the
space Y whose homotopy groups 7;(Y) vanish for i<z and i=n-+1, and the
n-th homotopy group =»(Y) of which has a finite number of generators. Our
methods followed here are essentially analogous to those of Steenrod [2]. He
introduced the important concept of the l_J-products of cocycles, which enables

us to define Z;-Square (refer to §1), a certain type of a combination of U-pro-

ducts. This square is a modification of the so-called Pontrjagin square (Pon&jagin
[1], Whitehead [4], and Whitney [31). It induces a homomorphism of H"*(K, I.),
the zn-th cohomology group with integral coefficients reduced mod. m of a com-
plex K, into H (K, I), the (2n —i)-th cohomology group with integral coef-
ficients, when . is even and n — ¢ is odd. Together with squaring products we
have a homomorphism (refer to §5) of H™(K, na(Y)) into H” (K, mn+(Y)) in
the case 1=n—3. As its application, Eilenberg-MacLane’s cchomology class
K™ of the semi-simplicial complex K(7.(Y), n) with coefficients in 7n+4(Y)
is determined in case where k =2 and n>2 (Eilenberg-MacLane [7]).

Another information from the homomorphism may contribute partially to
the homotopy type problem of A%-complexes (J. H. C. Whitehead [5], Chang [12],
Uehara [13]).

In §1 the above mentioned product will be defined. In §2 we shall sketch
the computation of the homotopy groups of some elementary types of reduced
Ad-complexes. In §3 relations of products of cocycles in such complexes are
discussed. The (#+ 3)-extension cocycle and the present classification of map-
pings will be embodied in §4, § 5 respectively. The final section § 6 will contain
some applications to related subjects.

§1. Z;=square

Let K be a finite simplicial complex or a cell complex. Let us consider
the n-dimensional integral cochain group C" of K and its subgroup Z"(in) of
all cocycles mod. m for an even integer m. If u”&Z"(m), then du" =0 (mod.
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m) and 07 'u" = —’}7&/’ is an (n+ 1)-intégeral cocycle.

If we define
2
Zin'" = u"L‘Ju" + mu"U}ﬁf'n“u" + (- 1)"%05‘,,*%"}} onHu
it +2

for «"€2"(m) (m=0 is even), straightforward calculations, by means of the
coboundary formula of Steenrod [2], give the following

LEmMA 1. If n—1 is odd, then we have
1) %" is a (2n — i)-dimensional integal cocycle,
2) 2% iu" o0,
3) Zi(ku") = BY iu",
) i+ ) r il + F" for o, v EZ"(in),
5) Zi(mx™)es0 for x"<C",
6) Zi(6x" Nes0 for x"'eC”.

Thus ¥%; induces a homomorphism such that:
%i: H'(K, In)— H" (K, I),

where H={g; g&H, 2¢g=0} for any abelian group H. We shall use this
homomorphism in the following only when =% —3.

§2. Some types of elementary AZ-complexes
We shall refer to the following types of polyhedra as elementary A’-com-
plexes;
i) B'=S", n-sphere,
ii) B'(m) =S"Ue"""., where an (n+ 1)-element ¢**' is attached to S” by
a map f: 3¢"" - S" of degree m,
iii) B*(0) =S*Ue™"’, where e"*? is attached to S” by an essential map
7 9"t~ s
iv) B*(27) = B (0)Ue""!, when ¢"*! is attached to S” of B*(0) by a map
f10e" > S” of degree 27.
Then we have

LEMMA 2,

a) T:n+1(Bz(0)) = 0,

B) mre(B'(27+1)) =0;
a1l (BY27)) = (2), cyclic group of order 2, whose generator ¢ is repre-
sented by an essential map of S** onto S"CB(27),

T) 7Tn+1(B2(21’)) = 0.

LeMma 3.
a) mas2(B*(0)) = I, free cyclic group, whose generator o is represented by a

https://doi.org/10.1017/50027763000022972 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022972

CLASSIFICATION OF MAPPINGS 45

map of degree 2,
B) wneAB Cr+1))=0;
anre(BY27)) = (2) + (2), direct sum of two cyclic groups of order two,
with generators £ and &, where & is represented by a map covering ¢°**
essentially and  is represented by an essential map v: S"? - S*CB'(27),
1) mare B (27)) = I+ (2) : divect sum of the free cyclic group with the gener-
ator w and the cyclic greup of order 2 with the gemerator &.

Proof of Lemmas.

Some of these statements are easily deducible from known results of Freu-
denthal, J. H. C. Whitehead [6], G. W. Whitehead [9], Pontrjagin [10]. Thus we
shall sketch here the proof of Lemma 3.

3, «) Any map which is homotopic to a map of §*** into S” of B*0), is
contractible in B%0) to a point, so that there is no essential map of degree 0.
Next we prove that there is no essential map f of odd degree k. If we denote
f* the inverse homomorphism between cohomology groups of the two spaces,
we obtain /(S"US") = /7S"Uf #S$"e»0 in $"*%, while in B*(0), S" nuzs" =e""? (mod

2) and thereby fF*(S*US") =% €"** = kS™* (mod 2). This is a contradiction.
n=2

Consider a map ¢ : $*"*-> B*(0) such that ¢ | VE{® represents twice of a suita-
bly chosen generator of the relative homotopy group m+2(B°(0), S*) and extend
©| VZ4? through the lower hemisphere VZ° by contracting in S* the resultant
inessential map of the equator S**' into S” to an point. ¢ has degree 2 and
represents o,

3, 3) Let ¢ be a map of S™*% into B'(27) such that g| V& represents of
a generator of mns2(B'(27), S*), and extend g through the lower hemisphere

742 by contracting the resulting inessential map of the equator S""' into S” to

a point in S”. g represents £. 2£=0. £ is essential, for the superposition Ag
of g by the map h of B'(27) onto S, is essential, where & maps S” into a
point p of S"*! and "' topologically to S"** — p.

3, 7) Zin mnee(BY(27)) vanishes by imbedding B'(27) in B*(27).

We add here some remarks which will be needed later.

Let R**'= 3 BL(n,) be a cell complex consisting of a finite number of
Bi.(n,) (even nu)u with a single common point belonging to each S;CB.(n.) and
let R**2 = S\B%(n,) be a cell complex constructed similarly. Let ay a denote
the Whitehia(i product of @, and «,, where «, is a generator of (S, ete.
Let (aux,) denote the subgroup of mes-1(S;V S)) generated by auas.

Then we have

Ttnﬂ(R"“) = }:7:72‘}-](3:&(”;1.)) B
®

Nnﬂ(Rnﬂ) = 27Tn+2(Bi(’nu)) for n>3,
o
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and
Tl'n+2(R”+2) = 2”7”-2(B3(nu.)) + Ev(lxuav) for n=3,
w p<

by the recurrent usage of a result of G. W. Whitehead [8] or a slight generaliza-
tion of lemma 5. 3. 2. of Blakers and Massay [11].

§3. Products in some types of elementary A3-complexes

In §2 we sketched elementary A%-complexes whose (n+4 1)-st homotopy
groups vanish but whose #-th homotopy groups do not vanish. Among them
B*0) and B*(27) have non-trivial (n+ 2)-nd homotopy groups. Here we con-
struct from B*(0) and B*(27)- A%-complexes whose (24 2)-nd homotopy groups
vanish.

Let BX0, %) = B*(0)U¢""® and let B} (27, k) = B (2r)Uel*Uel*® where "?
and €]*® are attached to B*(0) and to B*(27) by maps of 02"*%, 5¢l'*® represent-
ing kw& mns2( B0)), mne2(B*(27)) respectively and ef*?® is attached to B*(27),

7n+3

by a map oe;"® into B*(27) representing &€ ma+a(B(27)).
TueoreM 1. In BY0, k) we have
a) S"US"=ke™, 2ke"en0),

where S” and ™" represemt cocycles.

In B*(27, k), we have
B) ¥n-3S" = kel*®, 2kef**~0 and
) ﬁé'r”S”Utl%'r”S”:eé”a (mod 2),

where S™ represents itself as cocycle mod 2r [see §1].
We denote B*(m, 1) simply by B*(m), (mx0 is even).

Proof of Theorem 1. In B*0, k), by orienting ¢"*® suitably, we can define
S"US"=(-1)"""% By Lemma 3, a) in §2, we have d¢"*?=2ke""®, Since

n-2

6(S”L:|ZS") =(=1)" 2(S"\23$”), we obtain a).

In B*27, k) S™ is a cocycle mod 27. Let x: B¥0, k) > B*27, k) be the
injection mapping, and let £* be its inverse homomorphism of cochain groups.
Then £*%,-5S" = % p_a™S" = x*S"nU;c*S" = ke"® = k" kel in B¥0, k). We obtain
therefore, #n-sS" = kel'** + lef*°, but 2% ,-3S"=»0. It follows that /=0 and 8)
is proved.

For the part of 7), set M"**=S8"""Je""® where ¢"™® is attached to S™'!
by an essential map f: 9¢""*~>S"", And let x: B*(27, k) > M™"*® be such a map
that « maps B0, k) into a point » of S™*' and maps ¢/** onto ¢™*?, ¢"*' onto
S™*! — p topologically. Then, in M"*3, S"“UlS”+1 =¢""®, It follows that

e;l+3 — K*eﬂ"'.’i — IC*(S"+1UIS"+I) - K*Snﬂux*snﬂ — e‘n'f'luleﬂ'fl (”lod 2). q.e.d-

n-1
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§4. The (74 3)-extension cocycle

Let K be a finite complex, the 7-skelton of which is denoted by K”. Let
Y be an arcwise connected topological space such that 7;(Y) =0 for each {<x and
for {=n+1, and 7,(Y) has a finite number of generators a, (=1,2,..., D).

Let #,>0 be the order of «,. Define following reduced complexes:

= ELLBO('nu.) = ZSS N
R =3B, (nk)-!-?B‘(m)

nu s even 7y, ¢ odd
Rnﬂ; EBsL(n;c) + A..IP (nu) for = /’5
np,’ even nptodd

and
R =3B (n,) + 2 BL(n,) + > l_,e‘” for n=3.

.t even Ay odd <v

where €f,, =S, xS~ SV S, and Bi(#,)’s and ¢},,’s in each reduced complex
have only one point p in common. Then we can consider that R"CR""CR"*",
(cf. §2).

Let us define a map ¢: R”*— Y such that ¢: Si— Y represents a,&En.(Y).
Then it is easily seen that ¢ is extended to a map ¢: R"**~ Y. For a given
normal map f: K"~ Y, there exists a map k: K” - R” such that h: K" "> and
Jf is homotopic to ¢a. Thus it may be supposed that f and ¢k define the same
map on K" If f is extensible to K", then f is also extensible to K""* from
7n+1{Y) =0. Then the secondary obstruction ¢""*(¥) is defined. Correspondingly,
h can be extended to a map %: K" R™"? such that ¢k and f are homotopic on
K"*? relative to K", Notice that k, moreover, can be extended to a map of K"
into R""% 1t follows that c""s(f)vac"”(wh) W™ (@), If wlay) is such an
element of m,+2(Y) as is represented by a map ¢w, where w is a map represent-
ing a generator of order 0 of mu+2(Bh(7,)) (m, even) (see §2), and if &(ay) is
such an element of m,+2(Y) as is represented by a map ¢, where ¢ is a map
representing a generator of order 2 of ma+a(Bn{n,)), then, we have by theorem
1in §3,
c"*”(tﬁh):h*c"”(?):h*[ > wla)ell + 24 é(au)e”+3+(2«umeu W]

.20, even np>0, even

[ > (- 3S")(()(£tu)+ > (Squesfmg 'S () + (E(SﬁUSz)anm)l

1,;,—-0 even ‘,,> cven

where the last terms >.(S.US))aua, are added only when 7 =3.

v

If we put ¢ = h*S], then the first obstruction ¢"(f) of f is expressible in
the following form: ¢"(f) = Ea,. ch.

Thus we obtain the followmg
THEOREM 2. Let K be a finite complex, and let K be its r-skeleton. Let Y

be an (n—1)-connected topological space whose (n-+1)-th homotopy group van-
ishes. Given a mapping : K">Y such thai | maps K™ into a point of Y.
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If the first obstruction ¢"(f) is a cocycle, then f is extensible to a map f: K***
=Y and its (n+3)-extension cocycle ¢"**(f) is determined from c"(f) in the

Sfollowing form: (n<3)

¥ f) ffuagm(cuUcu + mcuUZ"” +(- 1)"12‘-‘—/13“U1”“)w(au)
+ 2 (A:+1U1”+1)€(‘1u) + E (Cuucv)auav s

n>0, even

where the last terms is added only when n=3, and c"(f) = Zaucu, PHARESY /Al
—~6cu (1n,>0), and 3.7 =0 (n.=0).

§ 5. Classification

We shall apply Theorem 2 in §4 to the present classification problem in a
usual way. Let Y be a space as was referred to above. It is our aim to classify
all the classes of mappings of an (7 + 2)-dimensional complex K into the space
Y. If we denote by %n-:c"(f) the first terms in the expression of ¢***(f) (n>3)
in Theorem 2 and if we denote the second terms by S,,_, 8”"'¢”(f), then we have

" )en (Fnest Sgu”)e™(f)
We shall use this notation in the following.

Since ¥n-3+S,,0""" is a homomorphism of H*(K, n.(Y)) into H"**K,
wn+2(Y)), we have the classification theorem through analogous arguments of
Steenrod [2].

THEOREM 3. (7n>3).

Let K be an (n+ 2)-dimensional finite complex, and let Y be a space with
the same property in Theorem 2.

All the homotopy classes of mappings of K into Y, that are contained in
one homotopy class of mappings of K" into Y, are in one to one correspondence
with the cosets of the factor group:

Hn+2(K 7"7”-2( Y))/(?n -4 Sq“—zgﬂ)Hﬂ 1(K rﬂ(Y))
where ¥n-s+ Sg, 0" s H' MK, 7a(Y)) > H" (K, rn+2(Y)) is a homomorphism.
TueoreM 3. (The case n=3). All the homotopy classes of mappings of

K® into Y, that are homotopic to each other on K 8 are in one to one corre-
spondence with the cosets of the factor group:

HY(K?, n5(Y))/YH (K, ms(Y))

where ¥: HY(K®, n(Y)) » H(K®, ms( Y)) is a homomorphism defined in the follow-
ing way.
Let {*YeH (K’ =(Y)), and let 3 =D aui2, where «, are generators of
1’3

7(Y). Then ¥{3*} is a cohomology class represented by
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2 2 52 ﬂ? 2 42 & :
nu):»awfnuxﬂuanpxu - 0@1,,,,L110‘},uzi)w(au)

+ (ﬁdi\gﬁiﬁi)&(du)+§(C?LU/1%+/1&U0?,)%&».

nyu>0, even

It is seen that 2%{A*} =0.

§ 6. Invariant cohomology class £ "**

Eilenberg and MacLane [7] have introduced, for a space Y such that m;(Y)
=0 (;<n<i<n-+h),acohomology class A" "** of an abstract complex K(=n(Y),
n), and studied the influence of £"”"**' on homology groups of Y. We shall
here deal with a space Y with the same property as in preceding sections. We
consider the case #>2 and h =2.

TreoreM 4. Let £""° be a cocycle belonging to £, then

Lo (P ez + S,,,0" A" for n>3,
PP (P o+ SV d + SN (dUd) s for n=3,

<y
where d* represents the element of H (7 (Y), n, 7a(Y)) which acts as the identity
endomorphism of m.(Y), and d* = 2)a,dj.
w
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