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For a completely 0-simple semigroup, Howie [2] has investigated the subsemigroup
generated by the idempotents. Here we determine those elements of such a semigroup
which are generated by the set of nilpotent elements and hence we derive a condition for
a completely 0-simple semigroup to be nilpotent generated. This condition is purely
combinatorial, in terms of the structure of the graph associated with the semigroup, and it
includes the case of a non-regular Rees matrix semigroup.

1. The combinatorial interpretation. The Rees matrix semigroup M =
M°(G;I,A;P) is formed from a group G, disjoint sets I and A, and a A x / matrix
P = (Pki) with entries in G°. The non-zero elements of M are the triples giX with
multiplication (gjxX/v.) = (g • Px,-• h)^. An element giX is idempotent if and only if PXJT^O
and g = px/. Thus the set E of idempotents is bijective with F = {(A, i)'-P\ii=0}, which we
regard as the edge set of a bipartite graph with vertex set A U 7. The graph may be defined
abstractly as having E as its set of directed edges, with e, f e E having common source if
ef = e and fe = f or having common target if ef = / and fe = e. Thus the graph is an
isomorphism invariant of M.

A semigroup is completely 0-simple if and only if it is isomorphic to a regular Rees
matrix semigroup. The condition for M to be regular is that the matrix P has a non-zero
entry in each row and column. In terms of graphs, this means that no vertex of F is
isolated.

The graph F is complete if F = A x / and this occurs when the semigroup is the union
of 0 and a completely simple semigroup. Then 0 is the only nilpotent element and the
nilpotent generated subsemigroup is {0}. For general F, we define the adjacency sets of
vertices by adj(A) = {i: (A, i) e F} and adj(i) = {A : (A, i) e F}.

The definition of multiplication shows that giX e M is nilpotent if and only if pXi = 0 or,
equivalently, (A, i)£T; it follows that g?x = 0. Writing (i, g, A) for giX, a product (i\, gj, Aj)
('2. g2> ^2)- • X^, gn, K) will be non-zero if and only if (A1; i2), (A2, i 3 ) , . . . , (An_!, in)eT.
Thus an element giK is a product of nilpotents if and only if there is a sequence
i = ji, Ax, i2, A2, . . . , !„, An = A with (A,-, i,)^F and (A,, iJ+1)eF, that is, a sequence alter-
nately of non-edges and edges from i to A, the last term being a non-edge.

An element s = gjx will be called a 0-divisor if there is an element t f 0 with st = 0 or
ts = 0; this occurs if and only if adj(A) f I or adj(i) ^ A. We remark that the conditions for
gix to be nilpotent, nilpotent generated, or a 0-divisor depend only on properties of F and
are independent of the value of g. Our first result is straightforward.
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THEOREM 1. Let S be a completely 0-simple semigroup.
(a) If the associated graph T is disconnected then S is nilpotent generated.
(b) If S is orthodox then it is nilpotent generated unless it is a completely simple

semigroup with 0 adjoined.

Proof, (a) Given i and A with (A, i) <£ T then all giX are nilpotent. If (A., i) e T then,
since F is disconnected and no vertex is isolated, there is an edge (/x, /) in a different
component. The sequence i, (i, j , A shows that giX is a product of two nilpotents.

(b) From Corollary 5.2 of [1], an orthodox semigroup has more than one component
in its graph, except in the specified case.

So far all the nilpotent generated elements that we have exhibited have been products
of at most two nilpotents. We give an example showing that, in general, products of
arbitrary length may necessarily arise.

For n g 3 let A = {1,2 , . . . , n}, I = {n +1, n + 2,..., 2n} and define T by adjacency
sets as follows:

adj(l) = {n + 1, n + 2, . . . , In - 1},
adj(2) = {n + 2},

adj(4) = {n +1 , n + 2, n + 4},

adj(5) = {n +1 , n + 2, n + 3, n + 5},

adj(n) = {n +1 , n + 2,..., 2n - 2,2n}.

Then the shortest possible sequence of non-edges and edges from n + 1 to n is n + 1,
2, n + 2, 3, n + 3, 4 , . . . , n - 1, 2n - 1, n and so gn+i,n is the product of n — 1 nilpotents,
with no fewer sufficing. We remark that the edge (n, n + 1) turns our sequence into a cycle
of alternately non-edges and edges visiting each vertex and so a semigroup with this graph
is nilpotent generated.

2. Characterisation. We now give a general method for constructing completely
0-simple semigroups which are not nilpotent generated and we shall show that any such
semigroup has the form of our construction.

THEOREM 2. Let A, B, C, D be disjoint sets, put A = AUB, 7 = CUD, and take
T £ A x 7 with B x C s T and T n ( A x D ) = 0 . If M is a corresponding Rees matrix
semigroup with group G then gjx is nilpotent if (A, i)eAxD, but giX is not nilpotent
generated if (A, i) e B x C. For (A, i) e A x C or BxD, the corresponding properties are
controlled by the subgraphs TC\(AxC) and TC\(BxD) respectively.

Proof. For M to exist, A f 0 f I. Since TD (A x D) = 0 , all gix with (A, i) e A x D
are nilpotent. If i e C and there is a sequence of non-edges and edges from i to A e A then
all the terms (/x,;') lie in A x C and, in particular, A E A. This shows that gix is not a
product of nilpotents for (A, i) e B x C and also demonstrates the reduction for (A, i) €
A x C . A similar argument holds for BxD.
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By taking A, B, C and D non-empty and requiring no vertex to be isolated we obtain
completely 0-simple semigroups which are not nilpotent generated although all elements
are 0-divisors; the smallest such F has |A| = |D| = |B| = |C| = 2. Since F n ( A x C ) and
F n ( B x D ) are arbitrary, any bipartite graph without isolated vertices may arise as a
subgraph of a F associated with a completely 0-simple semigroup.

THEOREM 3. Let F be the graph associated with a Rees matrix semigroup which is not
nilpotent generated. Then F has the structure described in Theorem 2 with B^ 0 ^ C

Proof. Since the semigroup has non-nilpotent elements, F is non-empty and we may
choose (A, i)eT. If Ax{j}cF then we have the required structure with A = 0 , B = A,
C = {j}, D = I\{i}. Otherwise take A to be the set of all j teA reached from i by a
sequence of non-edges and edges. Then A is non-empty and, since h£A, so also is
B = A\A. If C = adj(A) and D = I\C then F n ( A x D ) = 0 . For (n, j)eBxC, we have
(v, j) 6 F, for some v e A, and then there is a sequence of non-edges and edges from i to v
to /. Now [L £ A and so we must have (/x, /) 6 F. Thus B X C E F .

Given F as in Theorems 2 and 3, suppose that there exists A e A with adj(A) = C. If
we replace B by B U{A} and A by A\{A} then the required properties are preserved. We
may similarly enlarge C to contain all i with adj(i) = B. Thus in our decomposition we
may assume that B x C is a maximal complete subgraph. Conversely, to decide if a graph
has the given structure we need only examine its maximal complete subgraphs. We note
that repeated application of Theorems 2 and 3 gives an effective procedure for determin-
ing the nilpotent generated elements; in practice, a systematic investigation of sequences
of non-edges and edges is usually quicker.
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