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The quasi-biennial oscillation (QBO) of Earth’s stratosphere is a slowly reversing,
large-scale mean flow that is generated by fast, small-scale waves. The variability
of QBO reversals in recent years has triggered significant interests in the intrinsic
variability of wave-driven mean flows. In this paper, we show a direct connection
between the statistical properties of gravity waves randomly emitted at the bottom of
a stably stratified fluid and the statistics of mean-flow reversals. We perform wave-
resolved, direct numerical simulations of the two-dimensional Navier—Stokes equations
under the Boussinesq approximation. We generate waves monochromatic in space at the
bottom of the layer using three different types of temporal forcing: a constant-amplitude
monochromatic forcing, a finite band polychromatic forcing and a stochastic forcing. We
show that the stochastic forcing scheme consistently generates a mean flow with variable
reversals and investigate the dependence of the reversal statistics on the wave Reynolds
number and forcing correlation time. In particular, we demonstrate that the mean-flow
reversals become increasingly variable as the forcing correlation time approaches the
characteristic time scale of the reversals. The monochromatic and polychromatic forcing
schemes trigger QBO-type flows that are highly regular for most values of the control
parameters considered. Thus, the mean-flow variability under stochastic forcing is not
linked to secondary mean-flow instabilities in our simulations, but rather evidence that
small-amplitude waves can alter large-scale oscillations when their generation is chaotic.
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Finally, we demonstrate that the first-order statistics of the mean flow are relatively
insensitive to the forcing type.

Key words: atmospheric flows, internal waves, stratified flows

1. Introduction

The equatorial stratosphere of Earth is home to zonal winds that change direction roughly
every 14 months, a phenomenon known as the quasi-biennial oscillation (QBO). The
QBO is fuelled by planetary waves such as Kelvin and Rossby waves, as well as gravity
waves that are emitted at the bottom of the stratosphere with a broad range of frequencies
and wavelengths, and with a high degree of temporal and spatial intermittency (Baldwin
et al. 2001). Similar oscillating winds are observed on other planets, including Jupiter
and Saturn (Dowling 2008; Read 2018), and may also exist within stars (McIntyre 1994;
Rogers, MacGregor & Glatzmaier 2008; Showman, Tan & Zhang 2019). The QBO serves
as a reference for slow, large-scale mean flows that emerge in stratified and/or rotating
fluids under fast, small-scale wave forcing (Vallis 2017). The QBO reversals were long
thought robust and regular, compared with the chaotic nature of atmospheric waves, until
they showed abrupt phase changes in 2015/2016 (Osprey et al. 2016; Newman et al. 2016)
and 2019/2020 (Anstey et al. 2021), highlighting the need to quantify the variability of
QBO-type flows. Today, two mutually non-exclusive sources of variability are proposed:
on the one hand, the variability may result from teleconnections with external climatic
variability modes (Osprey et al. 2016; Newman et al. 2016; Fletcher et al. 2017); and on
the other hand, it may be a form of intrinsic variability, resulting from the stochasticity of
the waves generated by the turbulent convection in the troposphere (Couston et al. 2018;
Showman et al. 2019).

The first studies that identified waves as the driving force of the QBO were the
seminal works of Holton & Lindzen (Lindzen & Holton 1968; Holton & Lindzen 1972),
which described the mechanism of momentum transfer from planetary and gravity waves
to horizontal winds. Shortly after, Plumb (1977) encapsulated the minimal ingredients
required for the emergence of a reversing mean flow in an idealised model, subsequently
named the Holton-Lindzen—-Plumb (HLP) model. Several laboratory experiments have
observed wave-driven oscillating mean flows, providing evidence in support of the HLP
model (Plumb et al. 1978; Semin et al. 2018). Recently, Renaud, Nadeau & Venaille (2019)
and Renaud & Venaille (2020) have shown that oscillating mean flows reproduced by the
HLP model under monochromatic wave forcing contain a level of intrinsic variability that
increases significantly as the amplitude of the wave forcing increases. In their simulations,
the mean flow transitions from a periodic reversal to a bi-stable state and eventually to
chaos at higher forcing levels. Subsequently, Léard et al. (2020) investigated predictions
with the HLP model forced by a broadband wave spectrum and showed how the spectral
bandwidth influences the transitions towards bi-stability and chaos.

Idealised simulations of a model troposphere—stratosphere configuration recently
showed that the chaotic nature of a broadband gravity wave spectrum forcing a QBO-
type flow could significantly impact the stability of mean-flow reversals (Couston et al.
2018). Reproducing a convincingly chaotic atmospheric wave field has been the subject of
several stochastic wave parameterisations for global circulation models (Piani, Norton &
Stainforth 2004; Eckermann 2011; Lott, Guez & Maury 2012; Lott & Guez 2013), although
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they did not quantify the impact on reversal variability. Very recently, a stochastic forcing
was similarly implemented in the context of the HLP model by Ewetola & Esler (2024).
In their work, the authors implemented a stochastic wave forcing in the form of a fast
monochromatic wave modulated by a slow, random envelope evolving according to a
parameterised class of stochastic differential equations (SDE). Importantly, Ewetola &
Esler (2024) found that the details of the SDE do not matter; the impact of wave
stochasticity on mean-flow statistics depends on a single parameter, which is proportional
to the envelope time scale 7, as long as 7 is short compared with the QBO time scale. The
study focused primarily on average properties of the QBO, however, leaving unaddressed
the question of the variability of the reversals.

In this paper, we perform wave-resolved simulations of the two-dimensional Boussinesq
equations, which constitute the starting point for the HLP model, and investigate
mean-flow statistics and reversal variability when the wave forcing is monochromatic,
polychromatic or stochastic, using a simple Gaussian random field as wave generator. In
§ 2 we present the model equations and the forcing schemes used in our simulations. In § 3
we present our results and highlight, under Gaussian random forcing, that the amplitude
and correlation time of the waves both increase the relative variability of mean-flow
reversals. Finally in § 4 we summarise our work, discuss our model limitations and provide
guidelines for future work.

2. Methods
2.1. Model equations and simulation details

We investigate the dynamics of a two-dimensional stably stratified fluid with internal
gravity waves emitted from the bottom boundary. To this end, we solve the Navier—
Stokes equations under the Boussinesq approximation in dimensionless form. Considering
a Cartesian coordinate system (x, z) with x the horizontal axis and z the upward vertical
axis, the evolution equations for the dimensionless velocity vector u, buoyancy b and
gravity potential ¢ can be written as

1
du+ (u-Vyu=-Ve+bz+ R—Vzu,
w

V-u=0, 2.1)
1
b+ w-V)b+N2w= = V2b—Tb,

wl'r

where R, is a wave-based Reynolds number, A is the dimensionless Brunt-Viisild
frequency, Pr is the Prandtl number and I” is the dimensionless radiative damping rate.
The characteristic time and length scales used to derive (2.1) are the inverse forcing wave
frequency 1/wop and the inverse forcing wavenumber 1/ kg, respectively. We use scales that
are typical of the waves and not of the mean flow, as wave scales will remain constant in
our simulations while mean-flow scales will vary with our parametrisation of the forcing.
Thus, the four dimensionless parameters in (2.1) are expressed as

Ro=-2. n=N p=Y =¥ (2.2)

l)ko2 wo K 20

where v is the kinematic viscosity, N is the Brunt—Viisélad frequency, « is the thermal
diffusivity and y is the radiative damping rate. The four parameters of (2.2) are constant
in all our simulations, with prescribed values R, =765, N'=3.33, Pr=1 and I"' =
6.9 x 1072. These values are typical of the stratosphere forced by short internal gravity
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waves (Vallis 2017), except for the wave-based Reynolds number R,,, which has typically
values closer to 50 000 for such waves (Renaud et al. 2019). Lower values of R,, are
necessary in our simulations to keep the numerical cost reasonable. By keeping these
parameters constant across all simulations, we focus our analysis on the sensitivity of the
mean-flow dynamics to the parameters of the bottom boundary condition, which control
the temporal content of wave emission, as described in § 2.2.

The domain size in the horizontal direction is L = 47, such that we force two horizontal
wavelengths at the bottom boundary. For the domain height we take H = 20. Waves are
damped as they propagate upward because of radiative cooling, viscosity and thermal
diffusivity. In all simulations, the total damping is dominated by radiative damping, as
the radiative damping length A,,g = +N?2 — 1/(I'N?) = 4.15 is much smaller than both
the viscous and molecular damping lengths Ay;sc = Ry /N- 3 =20.6 and A, = PrAyise,
respectively. As a result, the domain height is roughly 5 times the damping length
A X Apaq. We choose periodic boundary conditions in the x direction. In the z direction,
we use a no-slip, zero-buoyancy condition on top, and we set the pressure gauge by
requiring that the horizontal mean of ¢ is zero on the top boundary. We also impose
a sponge layer on both velocity and buoyancy on the last tenth of the domain height
to ensure that no waves are reflected from the top boundary downward. On the bottom
boundary, we impose (x, t)-dependent wave shapes for the velocity and buoyancy, as
described in § 2.2. We solve equations numerically with the pseudospectral open-source
code Dedalus (Burns et al. 2020). We expand variables in the x and z directions using
64 Fourier modes and 256 Chebyshev modes, respectively. The numerical solution is
advanced in time using a second-order multistage explicit—-implicit Runge—Kutta scheme
with the Courant—Friedrichs—Lewy parameter set to 0.5.

In order to speed up the emergence of the mean flow and reduce computing times, we
seed all simulations with a vertically sheared jet at the initial time. The initial jet amplitude
is equal to one tenth of the amplitude of the expected mean flow, which should be close to
the phase velocity ¢ = 1 of the forced wave. The initial transient growth then typically lasts
between 5000 and 10 000 time units, and we run all simulations until roughly # = 160 000.
A snapshot of the velocity field from one simulation is shown in figure 1.

2.2. Wave emission from the bottom boundary

All simulations are forced by imposing time-varying horizontal profiles for the velocities
u and w and the buoyancy b on the bottom boundary. The forcing profiles are separated in
space and time and written in dimensionless form as

ux,z=0,1)= ﬁcos(x)uo(t),
w(x, z=0, 1) = /F sin(x)wo (1), (2.3)
b(x,z=0,1) =~/F sin(x)by(1),
where F 1is the total directional horizontal wave momentum flux, i.e. the absolute
momentum flux sent both to the left and to the right. The mathematical details of the

forcing signals ug, wo and by are given in Appendix A. From the value F for the input
momentum flux we build a forcing Reynolds number defined as

A
Re= f—, (2.4)
cv

where A = (Ayag™ ' + Avise ™' + Amor~ 1) ™! is the total damping length and ¢ = wy/ kg is
the forcing wave phase velocity. The forcing Reynolds number Re is equal to the effective
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Figure 1. Snapshot showing the instantaneous horizontal velocity field u(x, z) at # =30 000 (see colour bar
to the right) and the vertical profile of the horizontally averaged velocity u(z) (black line).

Reynolds number in Renaud et al. (2019) and is varied between simulations to control the
forcing intensity. The precise choice of the cosine/sine horizontal profiles in (2.3) derives
from the polarisation relations for linear gravity waves and imposes some constraints on
the relations between the Fourier coefficients of ug, wo and bg. By enforcing these relations
we make sure to force linear wave modes, with two horizontal wavelengths in the domain
width.

We test the influence of the wave emission process on the reversing mean-flow
dynamics by considering three different types of forcing wave spectra. We first consider
a monochromatic forcing, as it has been used in numerous studies since the derivation
of the HLP model (Holton & Lindzen 1972; Plumb 1977; Renaud & Venaille 2020). Our
second forcing scheme builds upon a multimodal, continuous wave spectrum with a finite
frequency bandwidth, similar to the polychromatic scheme investigated in Léard et al.
(2020). Finally, our third forcing scheme is stochastic in time and is built using random
fields techniques that were recently developed in turbulence modelling (Pereira, Garban &
Chevillard 2016; Chevillard et al. 2019; Reneuve & Chevillard 2020).

The main characteristics of the three forcing schemes are illustrated in figure 2.
The monochromatic forcing is characterised by a pure sine of constant amplitude in
the time domain (top row), which corresponds to a single frequency w =1 in Fourier
space (bottom row). We recall the ratio of wg to N is the same in all simulations with
N = N/wy =3.33. The polychromatic forcing is designed to generate a fast-oscillating
carrier wave modulated by a slower, periodic envelope of period t. The modulated wave
signal, which repeats itself every tr time units, is defined in frequency domain as a
narrow-band spectrum of bandwidth Aw ~ 1/t. We set the carrier wave frequency of
the polychromatic signal equal to the monochromatic forcing wave frequency and use the
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Figure 2. Time and frequency domain comparison of the (a), (d) monochromatic, (b), (¢) polychromatic and
(¢), (f) stochastic forcing signals. Arrows in (b), (c) highlight the modulation period t (respectively correlation
time) for the polychromatic (respectively stochastic) forcing. Solid black lines in (df) indicate the harmonic

content of the momentum flux spectrum F= (1/2)iipwo". Grey lines in (f) showcase a single realisation
of the random forcing spectrum. The dashed red lines indicate the Gaussian spectrum (respectively average
spectrum) profile for the polychromatic (respectively stochastic) forcing, for a typical value of T corresponding
to Aw =0.1 (narrower and broader spectra with Aw = 0.01—0.3 were also used, as discussed in the text). The
vertical dashed blue lines represent the Brunt—Viisilé frequency.

modulation period t as free parameter. The stochastic forcing is designed to generate a
fast-oscillating carrier wave, with the same carrier wave properties as for the other two
forcing schemes. The slowly varying envelope is correlated over the same characteristic
time scale t as for the polychromatic forcing. However, the modulation is now random.
This choice allows the stochastic forcing signal to be very similar to the polychromatic
(but deterministic) forcing, but with the slow envelope slightly evolving each time instead
of perfectly repeating itself. In the Fourier domain, this corresponds to a random and
noisy spectrum for a single realisation of the signal. By performing ensemble averages on
different signal realisations, or by computing multiple periodograms of a single realisation,
the random forcing spectrum converges on average towards the same spectrum as the
polychromatic forcing. In practice, a single realisation of such a stochastic signal can be
computed in Fourier space by multiplying the desired average spectrum with the Fourier
coefficients of a Gaussian white noise. The resulting signal in real space is then very
similar to the long-time solutions of the SDE recently proposed by Ewetola & Esler
(2024).

Each simulation is first characterised by the choice of forcing type, and then by the
values of two control parameters: the forcing Reynolds number Re and the correlation
time T (monochromatic simulations can be seen as the singular case of polychromatic
forcing with v =+400). These two specific parameters have been proven to be key
factors controlling the phenomenology of the horizontal wind in HLP simulations with
monochromatic, polychromatic and stochastic forcings (Renaud et al. 2019; Léard et al.
2020; Ewetola & Esler 2024). Our study aims to unravel their impact on the mean-flow
dynamics in wave-resolving simulations, thus relaxing the constraints of the HLP model.

1032 A29-6


https://doi.org/10.1017/jfm.2026.11389

https://doi.org/10.1017/jfm.2026.11389 Published online by Cambridge University Press

Journal of Fluid Mechanics
(a) (%) ()

0.5

-0.5

10000 15000 20000 25000 10000 15000 20000 25000 10000 15000 20000 25000

t t t

(d) (e) )

0.002

9

8 0001 . 1

=

0 T T T T T T L
0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000

T T T

Figure 3. Hovmoller diagrams and probability density functions of the mean-flow reversal times for
simulations with (a), (d) monochromatic, (b), (e) polychromatic and (c), (f) stochastic forcings. The PDFs
are computed on a single run for the mono- and polychromatic forcings, including 25 mean-flow phases. The
PDF for the stochastic forcing is computed on four different runs adding up to 240 reversals.

3. Results

3.1. Comparative phenomenology of monochromatic, polychromatic and stochastic
forcings

We first discuss the results of side-to-side simulations that we ran using the three forcing
types described in § 2.2. The momentum flux is fixed independently of the forcing type
by using a constant forcing Reynolds number Re = 34 for all runs and the modulation
and correlation times for the polychromatic and stochastic forcings are T = 63. We first
focus on the phenomenology of the mean flows emerging in each case. To this end, we
show Hovmoller diagrams of the mean flow for three different runs in figure 3 (a—c). Both
monochromatic and polychromatic forcings result in mean flows reversing periodically.
The descending shear front is very sharp and reversal periods are visually indistinguishable
from each other. The reversing mean flow obtained with a stochastic forcing appears more
erratic, even though the momentum flux is the same in all cases. The descending front is
more noisy and all mean-flow phases are distinct.

We quantify the variability of mean-flow reversals by measuring the probability density
functions (PDF) of phase periods 7. To compute 7, we first find the altitude z,qy
where the horizontally averaged flow u(z, ) has the greatest temporal variance. Then,
we interpolate the times of rising zero crossings of the temporal signal #(Zqy, ). The
successive differences of zero-crossing times constitute the ensemble of phase periods 7.

The PDFs for 7 are shown in figure 3 (d—f). In agreement with our earlier qualitative
observation, the PDFs are identical and show a single peak at 7 =2400 for the
monochromatic and polychromatic forcings. The relative standard deviation is less than
0.001, revealing a strictly periodic mean flow. This result is consistent with earlier studies
that showed periodic reversals at moderate Reynolds numbers Re, i.e. below the threshold
for the transition to frequency doubling, bistability and chaos, under both monochromatic
(Plumb 1977; Renaud & Venaille 2020) and polychromatic forcing (Léard et al. 2020).
The PDF obtained with stochastic forcing has the same average value 7 = 2400 as with
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the other two forcing schemes. However, it is not as peaked as the other two cases and
instead shows a broad distribution. Phase periods range from 1800 to 3800, such that the
relative standard deviation is 0.11 and hence orders of magnitude higher than with the
monochromatic and polychromatic forcings.

We reproduce this comparative experiment with different parameter values, varying the
forcing intensity through Re and o, and the modulation period t (respectively correlation
time) of the polychromatic (respectively stochastic) forcing. In all iterations of this
experiment, performed in the moderate Reynolds range (i.e. below the threshold for
secondary instabilities of the mean flow), the monochromatic and polychromatic forcings
always produce perfectly periodic reversing mean flows. The reversals periodicity is thus
very robust for those simulations, and the resulting Hovmoller diagrams are all very similar
with a few exceptions at extreme parameter values, shown in figure 4, which we will
discuss before moving to the case of stochastic forcing in § 3.2.

For monochromatic forcing at the highest Reynolds number value Re = 68, we observe
the growth of a subharmonic modulation of the mean-flow oscillation, which is in an
approximate 1:3 ratio considering the theoretical Re~! scaling (Renaud er al. 2019)
for the main reversal period. This observation is compatible with the frequency-locking
regime, which is achieved when Re lies between the critical values for the quasi-periodic
and chaotic regimes in Renaud et al. (2019). For polychromatic forcing at the longest
correlation time t = 630, the wave modulation becomes slow enough to be visible on
the Hovmoller diagram in the form of temporal beating at low altitudes. However, the
presence of this beating does not seem to affect the periodicity of the reversals, and
supplementary simulations (not shown) at slightly different values of t suggest that there is
no particular frequency locking between the wave modulation and the mean-flow reversals,
which is otherwise suggested by numerical simulations of the HLP model with additional
modulation by an annual cycle (Rajendran et al. 2016).

Finally, under polychromatic forcing with the shortest correlation time 7 =21,
simulations at the lowest Reynolds number value Re =17 do not trigger any oscillating
wind, apart from the slow decay of the initial seed, which is invisible in figure 4(c) given
the colour scale. This result suggests that, for T = 21, the value of Re = 17 becomes lower
than the critical value for the emergence of the mean flow. We interpret this result in
light of recent work by Chartrand, Nadeau & Venaille (2024), which showed that some of
the wave momentum flux is unavailable to the mean flow when the waves have multiple
frequencies. Specifically, Chartrand et al. (2024) showed that waves with frequencies
higher than a dominant low-frequency wave do not feed the mean flow. In our case, smaller
values of t correspond to a broader forcing band in frequency space, meaning more
momentum flux is distributed at high frequencies above the centre of the wave packet.
Since those frequencies do not contribute to the mean flow, the effective share of the
momentum flux that contributes to the mean flow is lower, suggesting a lower effective
value for the Reynolds number.

3.2. Mean-flow reversal sensitivity to stochastic parameters

We now investigate the impact of the forcing parameters on the variability of the mean-
flow phases when the forcing is stochastic. We vary the input momentum flux through
Re and the forcing correlation time scale through 7. We ran a total of 16 simulations,
considering four different Reynolds numbers, i.e. Re =17, 34, 51, 68, and five different
correlation time scales T =21, 63, 310, 450, 630. The range of Reynolds numbers was
chosen empirically in order to keep the monochromatic simulations in the periodic reversal
regime: lower values of Re do not trigger any mean flow, and higher values trigger
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Figure 4. Peculiar Hovmoller diagrams obtained at extreme parameter values for (a) monochromatic forcing
with Re = 68, (b) polychromatic forcing with Re = 17 and T = 630 and (c¢) polychromatic forcing with Re = 17
and T =21.

secondary instabilities, leading to more complex mean-flow structures, as described in
Renaud et al. (2019). We base the phase statistics for each point of the parameter space
on an aggregate of four distinct simulations, which we run in parallel in order to increase
statistical convergence while reducing simulation time. Each of these four runs is subject to
a different realisation of the stochastic forcing and is run until # =~ 160 000, thus containing
25-90 mean-flow reversals. In total, our statistics are based on 100—350 mean-flow phases
for each point of the parameter space.

The results of this parametric study are shown in figure 5 (we show a subset of 9
representative cases for clarity). The nine interior frames show Hovmoller diagrams of
the mean flow over (relatively) short time periods, with Re increasing from top to bottom
and 7 increasing from left to right, while the six exterior frames compare the PDFs for 7
either row-wise or column-wise. For conciseness, we will describe in detail figures 5 (iii)
and 5(vi) only, as they most effectively illustrate the impact of the correlation time scale
and Reynolds number, respectively, on mean-flow statistics.

We first see from figure 5 (iii) that an increase in Re leads to a decrease in the average
phase duration (7). Quantitatively, doubling Re leads to a halving of (7), which is a
scaling well captured by the expression for the momentum deposit time 7T, =cA/F
1/Re (Vallis 2017; Renaud et al. 2019) that predicts the reversal time based on dimensional
analysis. A second observation is that higher Reynolds numbers are associated with
narrower PDFs for 7. Thus, increasing Re reduces both the mean reversal time and range
of phase periods. The relative spread of the PDFs is visible in figure 5 (vi), which shows the
impact of the forcing correlation time t for fixed Re = 68. All PDFs have approximately
the same average value, showing that an increase in 7 increases the spread of the PDFs
both in absolute time units and relative to the mean. The broadening of the PDFs with the
correlation time can be well understood by the statistical average argument from Ewetola &
Esler (2024): when the forcing correlation time 7 is very short compared with the average
phase duration (7), the mean flow receives momentum from many uncorrelated wave
packets over (7), thus perceiving an ‘averaged’ version of the forcing. On the other hand,
when 7 becomes comparable to (7) the number of wave packets seen by the mean flow
over (7) decreases significantly, such that it perceives a version of the forcing that is not
converged statistically, and exhibits greater variability.

Figures 5(a) and 5(d) are empty as there is no mean flow generated in these simulations.
Because those runs correspond to low 7, low Re values, we interpret this absence of mean
flow by the same spectral spreading argument as for the polychromatic case, as explained
in § 3.1.
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Figure 5. Hovmoller diagrams and time-to-reversal PDFs of the mean flows obtained under stochastic forcing
with Re = 17, 34, 68 (first, second and third row from top) and T =21, 63, 630 first, second and third column
from left). The PDFs are shown on separate axes on the fourth row and column: dotted, dashed and solid lines
correspond to the first, second and third row (column) diagrams, respectively. No Hovmoller diagrams are
shown in (a) and (d) as no mean flow appears in those simulations.

In order to further investigate the effects of a non-statistically converged wave
momentum flux when using stochastic forcing, we show in figure 6 the relative standard
deviation of the phase periods o/(7T) as a function of t/(7), i.e. the ratio of the
forcing correlation time to mean reversal time, for each parameter value. We see that the
relative standard deviation increases mostly monotonically with t/(7), suggesting that
this ratio is a key parameter controlling the relative variability of reversals in our stochastic
simulations. We still observe some degree of spreading around the main trend, suggesting
that the rescaling proposed in figure 6 may not fully capture some effects of stochasticity
in our simulations. The departure from the main trend is mainly visible for simulations
with the highest levels of relative variability (i.e. o/(7T) > 20%, as denoted by the grey
area in figure 6), suggesting that this spread could arise both from physical effects and the

1032 A29-10


https://doi.org/10.1017/jfm.2026.11389

https://doi.org/10.1017/jfm.2026.11389 Published online by Cambridge University Press

Journal of Fluid Mechanics

0.35
A -
0.30 -
X -+
0.2 2 X .
254
+ T Re
= x 4 —
< 0201 0] 630 o 17
o O — 450 X 34
0159 4 —_— 310 A sl
o010l VAN — 63 + 68
a) 21
0.05 Y . ; T T
0 0.1 0.2 0.3 0.4 0.5 0.6
/(T)

Figure 6. Relative standard deviation o/ (7") of the mean-flow reversal period as a function of the ratio t/(7),
which is the forcing correlation time divided by the mean reversal time. Each symbol represents one point in
the T — Re parameter space. Symbol colours and styles highlight T and Re values, respectively. The greyed area
correspond to values of the relative standard deviation higher than 20 %.
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Figure 7. Scalings of (a) the average mean-flow reversal period (7), (b) peak velocity umq, and (c) peak
velocity altitude z,,, wWith Re. Symbol colours and styles encode the t values and forcing type, respectively. The
dashed line in (@) represents a fit of the type (7°) o 1/Re. Dotted lines in (b) and (c) represent the asymptotic
solutions for single-wave streaming at = 4+-00 (Renaud ez al. 2019).

slow statistical convergence of the standard deviation for our simulation sample. We note
that the rescaling significantly reduces the vertical spread. For example, the purple cross
and red triangle have a large spread in both t values (7 =450 and 310, respectively) and
o values (o =620 and 370, respectively, i.e. 50 % difference relative to the mean) but
are brought close together at 7/(7) = 0.2 with a reduced vertical spread in o/(T) (13 %
difference relative to mean) after rescaling.

3.3. Mean-flow properties’ sensitivity to forcing type

We finally investigate the influence of the forcing type and parameters on the average
properties of the reversing mean flow. We focus on the average reversal time (7), the
peak velocity u,,,, of the mean flow and the altitude value z,,,, at which peak velocity is
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attained. We report the results in figure 7 for all stochastic simulations, nine comparable
polychromatic simulations (i.e. same points in 7 — Re space), and three comparable
monochromatic simulations, i.e. with Re =17, 34, 68. We find very similar results for
the average reversal time across all simulations. The Reynolds number is the key parameter
controlling (77), and we observe qualitative consistency with the HLP model scaling
(T) ~ 1/Re. For all forcing types, we find that increasing Re increases the peak velocity
Umay and decreases Zyqy, in agreement with Renaud & Venaille (2020). However, we
observe a significant departure from the asymptotic scalings for single-wave streaming
att = +o0o (Renaud & Venaille 2020) shown by the blacked dotted lines: the mean flow in
our simulations features a jet that is systematically weaker and higher than predicted. This
discrepancy is not unexpected as the mean flow is always oscillating in our simulations,
whereas it is a non-oscillating, steady state in the asymptotic analysis. In fact, we expect
that the mean flow in the oscillating state does not have time to reach the peak velocity
value and low altitude of the steady single-wave streaming solution before it reverses.
Recent deterministic two-dimensional simulations resolving waves (Renaud et al. 2019)
similarly showed mean flows weaker than in the HLP model, from which the asymptotic
scalings are derived, for the same Re values.

We also see in figure 7(b,c) that simulations under polychromatic and stochastic forcing
generally feature weaker and higher altitude winds than when using monochromatic
forcing. We attribute this effect to the same spectral spreading argument from Chartrand
et al. (2024) as already discussed in § 3.1. Indeed, both polychromatic and stochastic
simulations have a proportion of the wave momentum flux above the central forcing
frequency, resulting in this share not contributing to the mean-flow momentum. This effect
is particularly striking for the runs at the lowest value of 7 (widest temporal spectra), where
the momentum flux frequency spreading is the largest.

4. Conclusions

We have shown that internal waves forced stochastically at the bottom of a two-
dimensional stably stratified fluid can generate mean flows with a broad distribution of
times to reversal, at Reynolds numbers lower than the threshold for secondary instabilities
of wave-driven flows. In comparison, both monochromatic and polychromatic forcings,
which are deterministic, produce perfectly periodic mean flows for the same Reynolds
number with no significant variability.

We have found that the forcing correlation time, relative to the mean reversal period,
which is primarily controlled by the Reynolds number, strongly influences the variability
of the mean flow. Our results suggest that longer correlation times are associated with a
higher relative variability of the reversal period, whereas forcings with a short correlation
time produce more regular reversals. We attribute this result to the degree of statistical
convergence of the forcing during a single reversal time. Indeed, short correlation times
allow for a cumulative contribution of momentum fluxes that is well converged at the
scale of the mean flow, leading to more regular reversals. On the contrary, longer
correlation times generate fewer emitted wave packets over a characteristic QBO period,
resulting in higher variability of the cumulative momentum flux from one reversal to
another.

Our study suggests that the forcing type has limited influence on the average properties
of the mean flow. In fact, the forcing Reynolds number is the primary parameter
determining the average properties of the mean flow. We have found that simulations under
monochromatic forcing produce slightly stronger and lower altitudes jets. Polychromatic
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and stochastic simulations feature a mean flow that is driven by an effective Reynolds
number that is lower than the control Reynolds number, because the wave momentum flux
distributed at frequencies higher than the dominant, primary forcing wave frequency does
not feed the mean flow.

Although our study of a stochastic forcing produced highly variable mean-flow reversals
at the most extreme parameters values, we have not observed any reversal anomalies such
as the QBO anomaly of 2016. We suggest that this is due to the statistical content of
our stochastic forcing, as we have limited ourselves to Gaussian statistics. We expect that
intermittent stochastic wave forcing, in the sense of more subtle higher-order statistics and
their dependence on spatio-temporal scales, is a promising avenue for the reproduction
of reversal anomalies. Thus, future studies should focus on designing stochastic forcing
schemes with parameterisable higher-order statistics, in the same spirit as the non-
Gaussian features that are modelled in the synthetic turbulence community (Pereira et al.
2016; Chevillard et al. 2019; Reneuve & Chevillard 2020).
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Appendix A. Details of the three forcing schemes
A.l. Monochromatic forcing

In the case of monochromatic forcing, the temporal signals in dimensionless form scaled
by wg and kg are simply
up(t) = v2(N? — 1)2 cos(1),
2
wo(t) = 2 sin(t), (A1)
2
bo (1) —./\/"/ ZCos(t)

where the pre-factors and cos/sin profiles are chosen to ensure that u, w, b are solutions
to the linearised Boussinesq equations on the bottom boundary, as detailed in the
Supplemental Material of Couston et al. (2018). In particular, (2.3) and (A1) ensure that
the waves have a positive vertical group velocity and energy propagates upward. Note that
the waves represented by (2.3) are standing waves. They can be rewritten as the sum of
counter-propagating waves along the x axis as

u(x,z=0,1)=+/2FN? —1) [cos(t — x) + cos(t + x)],

w(x,z=0,1) = ‘/ ]: [cos(t —x) —cos(t +x)], (A2)

2FN-
N2 -1

b(x,z=0,t)=N —sm(t —x) +sin(t + x)].
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The directional wave momentum flux, say in the positive x direction, can then be readily
computed as

Ft=wtwt),—o=2F(cos’(t — x)) = F, (A3)

with u™ (respectively w™) the horizontal (respectively vertical) velocity of the right-
propagating wave, i.e. which is the first term on the right-hand side of the top (respectively
middle) line of (A2). Note that the absolute wave momentum fluxes to the right and left
are equal such that we may write |[F"|=|F " |=F

A.2. Polychromatic forcing

The polychromatic forcing is simply constructed as the sum of multiple phase-shifted
monochromatic waves, i.e. such that

e N2 —w,?
up(t) = —= Z 1 w—2p2 COS(wpz + §0p),
V P
1y | 2
wo(t) = G Z;ZO 2]:1’N‘2—2 sin(@pt + ¢,), (A4)

N / N?
bo(t) = = Z 2.7-}/\/2 2c0s(wpt +¢p),

where F), is the directional momentum flux spectrum at frequency @, and the phases
@p are uniformly distributed between 0 and 27. The sums are performed over reduced
frequencies @), =2mp/t where 7 is the forcing correlation time, such that the forcing
scheme defined by (A4) is t-periodic. The number of forced modes n is such that @, 1 <
N and w, > N.

The wave momentum flux spectrum follows a Gaussian profile centred on @ = 1, with
cutoffs at both very low frequency and the Brunt—Viisild frequency, such that

_ -1 2 _NZ
Fp —.Atanh4 <w‘m> €X p[%} CXp(/\/z_—w_pZ), (AS)

where @, = 0.1 is the low cutoff frequency, A = 27/t is the spectrum bandwidth and
the coefficient A is adjusted so that ) » Fp =7 It should be noted that the actual choice
for F), is mostly independent of the t-periodicity constraint of the forcing time-series.
Indeed, it is sufficient for this to build the forcing spectrum as a set of harmonically
related components each separated in frequency by 27 /7, but it is not needed for the
gravest harmonics to contain a significant amount of energy, as shown in figure 2. The
total directional wave momentum flux is then computed by summing over all frequencies
of e.g. the right-propagating wave function, i.e.

n—1 n—1
Fr=Y whwh).co=Y 2F,(cos* @yt —x)) = F (A6)
p=0 p=0

A.3. Stochastic forcing

For the stochastic forcing scheme we model ug, wg, by using one-dimensional random
fields, similar to the ones used in random turbulence modelling (Pereira et al. 2016;
Chevillard et al. 2019; Reneuve & Chevillard 2020). The three random fields are the result
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of linear convolutions involving a Gaussian white noise W, i.e. such that
uo(1) = fep Kult — )W (ds),
wo(t) = [,op Ku(t — 5)W(ds), (A7)
bo(t) = f,cp Kot — s)W(ds),

with K,,, Ky, and K} the convolution kernels, which we can define using inverse Fourier
transforms as

A N? —w? . dw
Ky (1) :fweR \/2I(W)TGHUI§,
A w? i 4
Ky®) = [,er \/2]:(w)m€ ZE, (A8)
A N? i 4
Kb(l):fweRN\/z.F(W)me t?.

The directional wave momentum flux spectrum F(w) can then be computed using a
continuous version of (A5).

In practice, a numerical approximation of (A7) considers a discrete convolution between
the sampled kernels and a discrete-time Gaussian white noise, which can be computed
efficiently as a product in Fourier space. Using this numerical approximation, the forcing
signals must be sampled from a time window larger than the total simulation time to avoid
signal periodicity. Here, we typically use a forcing window of 200 000 time units, i.e.
roughly twice as long as our simulation time.

In the case of stochastic forcing, both the forcing signals and hence directional wave
momentum flux are random processes. However, the statistics of #o and w are stationary
in time, such that the expected value of 71 can be computed, i.e. as

E[Ft]= %E[uowo] = / K,(s)Ky(s)ds = ]}(w)(;—: =F. (A9)

seR weR

REFERENCES

ANSTEY, J.A., BANYARD, T.P.,, BUTCHART, N., Coy, L., NEWMAN, P.A., OSPREY, S. & WRIGHT, C.J.
2021 Prospect of increased disruption to the QBO in a changing climate. Geophys. Res. Lett. 48 (15),
€2021GL093058.

BALDWIN, M.P,, et al. 2001 The quasi-biennial oscillation. Rev. Geophys. 39 (2), 179-229.

BURNS, K.J., VASIL, G.M., O1ISHI, J.S., LECOANET, D. & BROWN, B.P. 2020 Dedalus: a flexible framework
for numerical simulations with spectral methods. Phys. Rev. Res. 2 (2), 023068.

CHARTRAND, X., NADEAU, L.-P. & VENAILLE, A. 2024 Recovering quasi-biennial oscillations from chaos.
J. Atmos. Sci. 81 (7), 1213-1224.

CHEVILLARD, L., GARBAN, C., RHODES, R. & VARGAS, V. 2019 On a skewed and multifractal
unidimensional random field, as a probabilistic representation of kolmogorov’s views on turbulence. In
Annales Henri Poincaré, vol. 20, pp. 3693-3741. Springer.

COUSTON, L.-A., LECOANET, D., FAVIER, B. & LE BARS, M. 2018 Order out of chaos: slowly reversing
mean flows emerge from turbulently generated internal waves. Phys. Rev. Lett. 120 (24), 244505.

DOWLING, T.E. 2008 Music of the stratospheres. Nature 453 (7192), 163-164.

ECKERMANN, S.D. 2011 Explicitly stochastic parameterization of nonorographic gravity wave drag. J. Atmos.
Sci. 68 (8), 1749-1765.

EWETOLA, M. & ESLER, J.G. 2024 The effect of intermittency in wave forcing on the quasi-biennial
oscillation. J. Fluid Mech. 988, A16.

1032 A29-15


https://doi.org/10.1017/jfm.2026.11389

https://doi.org/10.1017/jfm.2026.11389 Published online by Cambridge University Press

J. Reneuve and L.-A. Couston

FLETCHER, L.N., GUERLET, S., ORTON, G.S., COSENTINO, R.G., FOUCHET, T., IRWIN, P.G.J., L1, L.,
FLASAR, F.M., GORIUS, N. & MORALES-JUBERIAS, R. 2017 Disruption of Saturn’s quasi-periodic
equatorial oscillation by the great northern storm. Nat. Astron. 1 (11), 765-770.

HoLTON, J.R. & LINDZEN, R.S. 1972 An updated theory for the quasi-biennial cycle of the tropical
stratosphere. J. Atmos. Sci. 29 (6), 1076—1080.

LEARD, P., LECOANET, D. & LE BARS, M. 2020 Multimodal excitation to model the quasibiennial oscillation.
Phys. Rev. Lett. 125 (23), 234501.

LINDZEN, R.S. & HOLTON, J.R. 1968 A theory of the quasi-biennial oscillation. J. Ammos. Sci. 25 (6),
1095-1107.

LoTT, F. & GUEZ, L. 2013 A stochastic parameterization of the gravity waves due to convection and its impact
on the equatorial stratosphere. J. Geophys. Res.: Atmospheres 118 (16), 8897-8909.

LoTtT, F., GUEZ, L. & MAURY, P. 2012 A stochastic parameterization of non-orographic gravity waves:
formalism and impact on the equatorial stratosphere. Geophys. Res. Lett. 39 (6), 6807.

MCINTYRE, M.E. 1994 The quasi-biennial oscillation (QBO): some points about the terrestrial QBO and the
possibility of related phenomena in the solar interior. In The Solar Engine and Its Influence on Terrestrial
Atmosphere and Climate, pp. 293-320. Springer.

NEWMAN, P.A., Coy, L., PAWSON, S. & LAIT, L.R. 2016 The anomalous change in the QBO in 2015-2016.
Geophys. Res. Lett. 43 (16), 8791-8797.

OSPREY, S.M., BUTCHART, N., KNIGHT, J.R., SCAIFE, A.A., HAMILTON, K., ANSTEY, J.A.,
SCHENZINGER, V. & ZHANG, C. 2016 An unexpected disruption of the atmospheric quasi-biennial
oscillation. Science 353 (6306), 1424—-1427.

PEREIRA, R.M., GARBAN, C. & CHEVILLARD, L. 2016 A dissipative random velocity field for fully
developed fluid turbulence. J. Fluid Mech. 794, 369-408.

P1ANI, C., NORTON, W.A. & STAINFORTH, D.A. 2004 Equatorial stratospheric response to variations in
deterministic and stochastic gravity wave parameterizations. J. Geophys. Res.: Atmospheres 109 (D14),
D14101.

PLUMB, R.A. 1977 The interaction of two internal waves with the mean flow: implications for the theory of
the quasi-biennial oscillation. J. Atmos.c Sci. 34 (12), 1847-1858.

PLUMB, R.A., MCEWAN, A.D., et al. 1978 The instability of a forced standing wave in a viscous stratified
fluid- a laboratory analogue of the quasi-biennial oscillation. J. Atmos. Sci. 35 (10), 1827-1839.

QUEMENER, E. & CORVELLEC, M. 2013 Sidus — the solution for extreme deduplication of an operating
system. Linux J. 2013 (235), 3.

RAJENDRAN, K., MOROZ, .M., READ, P.L. & OSPREY, S.M. 2016 Synchronisation of the equatorial
QBO by the annual cycle in tropical upwelling in a warming climate. Q. J. R. Meteorol. Soc. 142 (695),
1111-1120.

READ, P.L. 2018 A chorus of the winds — on saturn!. J. Geophys. Res.: Planets 123 (5), 1007-1011.

RENAUD, A., NADEAU, L.-P. & VENAILLE, A. 2019 Periodicity disruption of a model quasibiennial
oscillation of equatorial winds. Phys. Rev. Lett. 122 (21), 214504.

RENAUD, A. & VENAILLE, A. 2020 On the holton-lindzen—plumb model for mean flow reversals in stratified
fluids. Q. J. R. Meteorol. Soc. 146 (732), 2981-2997.

RENEUVE, J. & CHEVILLARD, L. 2020 Flow of spatiotemporal turbulentlike random fields. Phys. Rev. Lett.
125 (1), 014502.

ROGERS, T.M., MACGREGOR, K.B. & GLATZMAIER, G.A. 2008 Non-linear dynamics of gravity wave
driven flows in the solar radiative interior. Mon. Not. R. Astron. Soc. 387 (2), 616-630.

SEMIN, B., GARROUM, N., PETRELIS, F. & FAUVE, S. 2018 Nonlinear saturation of the large scale flow in a
laboratory model of the quasibiennial oscillation. Phys. Rev. Lett. 121 (13), 134502.

SHOWMAN, A.P., TAN, X. & ZHANG, X. 2019 Atmospheric circulation of brown dwarfs and Jupiter-and
saturn-like planets: zonal jets, long-term variability, and QBO-type oscillations. Astrophys. J. 883 (1), 4.

VALLIS, G.K. 2017 Atmospheric and Oceanic Fluid Dynamics. Cambridge University Press.

1032 A29-16


https://doi.org/10.1017/jfm.2026.11389

	1. Introduction
	2. Methods
	2.1. Model equations and simulation details
	2.2. Wave emission from the bottom boundary

	3. Results
	3.1. Comparative phenomenology of monochromatic, polychromatic and stochastic forcings
	3.2. Mean-flow reversal sensitivity to stochastic parameters
	3.3. Mean-flow properties' sensitivity to forcing type

	4. Conclusions
	Appendix A. Details of the three forcing schemes
	A.1. Monochromatic forcing
	A.2. Polychromatic forcing
	A.3. Stochastic forcing

	References

