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Abstract

Let B denote the unit ball in C*, and v the normalized Lebesgue measure on B. For « > —1, define
dva(z) = co(1 — 1z)%)*dv(z), z € B. Here c, is a positive constant such that v,(B) = 1. Let H(B)
denote the space of all holomorphic functionsin B. For atwice differentiable, nondecreasing, nonnegative
strongly convex function ¢ on the real line R, define the Bergman-Orlicz space A, (v,) by

A,(v) = {f € H(B) : / eoglf D dv, < oo}
B

In this paper we prove that a function f € H(B) is in A, (v,) if and only if

\2f @)1
I2Plf @

where Zf (z) = Y] _, 2;8f (2)/3z; is the radial derivative of f .

(l - |z|2)2 dvy(z) < 00,

/B ¢"(log|f ()

2000 Mathematics subject classification: primary 32A36; secondary 32A35, 32A37.

1. Introduction

Let n > 1be a fixed integer. Let H(B) denote the space of all holomorphic functions
in the unit ball B = B, of the complex n-dimensional Euclidean space C". Let
v denote the normalized Lebesgue measure on B. For each a € (—1, 00), we set
& =Tn+a+1)/{Cn+DC(ae+1}anddv,(z) = c,(1—]z|*)*dv(z), z € B. Note
that v, (B) = 1. Let % T*(R) denote the class of those nondecreasing convex functions
@ : [—00, 00) — [0, 00) which are twice differentiable in (—o0, 00) and satisfy the
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growth condition lim,_, o, ¢(#)/t = 00. Foreacha € (—1,00) and ¢ € S T*R), we
define the weighted Bergman-Orlicz space A ,(v,) by

A,(v,) = [f € HB) : IIf a0 = / ¢(log|f|) dve < 001.
B

The Hardy-Orlicz space H,(B) is as usual defined by

H,(B)=1f € HB) : |f lin,m = sup [ ¢(loglif.|)do < oo},
1

0<r< S

where ¢ is the normalized Lebesgue measure on the unit sphere S = 9B and f,(z) =
f@rz)for0 <r <1,z € C" with rz € B. In 1985, Beatrous and Burbea [1]
gave the following characterization of the Bergman spaces A? (v,) = H(B)NL?(v,),
O0<p <oo.

THEOREM 1.1 (Beatrous and Burbea). Let f € H(B)\{0}, @ € (-1, 00) and let
0 <p <oo. Then f € AP(v,) if and only if

I@f (Z)’z 12 2
/;lf (Z)lp—_IZIZIf (z)|2(1 1z1*)”" dva(z) < 00,

where Zf (z) = Y_;_, 29 (2)/dz; is the radial derivative of f .

]

This characterization of the weighted Bergman spaces is of the same type as that
of the Hardy spaces by Yamashita [8] and Stoll [6]. The purpose of the present
paper is to give the characterization of the weighted Bergman-Orlicz spaces A, (v,),
¢ € #T*R), —1 < a < 00, which is of the Beatrous-Burbea’s type. Our main result
(Section 4, Theorem 4.1) contains, as the limiting case « = —1, a characterization of
the Hardy-Orlicz spaces H,(B), ¢ € #T*(R).

THEOREM 1.2. Let ¢ € T*(R) and f € H(B)\{0). Then f € H,(B) if and only

if
" |2f (2)|? 2
e"(loglf @) =751 — [2]7) dv(z) < .
/a ( ) IZIZLf(Z)P( )
This characterization is a little bit different from that of by Ouyang and Riihen-
taus [2].

THEOREM 1.3 (Ouyang and Riihentaus). Let ¢ € % T*(R) and f € H(B)\{0}.
Then f € H,(B) if and only if

) IVf @)
/pr (loglf (z)l)—[,w(l = [z[*) dv(z) < 0,

where |Vf ()I* = 37 _, 18f (2)/3z|*
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We note that the results of Stoll [S] and Ouyang-Riihentaus [2] hold for more
general domains in C and C” than for D and B, respectively.

2. Notation

Let .# denote the group of biholomorphic maps of B onto itself. For each a € B,
let ¢, € .# be the involution described in [3, page 25]. Let A be the measure on B
defined by

di(z) = dv(z), ze€B.

1
(1 — |z[?)mH

Then A is the invariant volume measure induced by the Bergman metric on B. Thus

Afdk:/g(fon/x)dk

foreach f € L'(A) and all ¥ € .# ([3, Theorem 2.2.6]). For f € C*(B) and a € B,
define

. 1
Af (a) = mA(f 0 9,)(0),

where A =437, 3°/3z; 87 is the ordinary Laplacian. Thenasin [3, Theorem4.1.3],

2

P
=@

Af (@) = —(1—|a|2>2<a,, aidy) 5=
1944

i.j=1

The operator A is invariant under .#, that is, z&(f oY) = (A f)oy forally € A
([3, Theorem 4.1.2]). Let V denote the gradient with respect to the Bergman metric
on B ([7, page 27]). Then as in [7, page 30], for f € H(B)

. 2 i
Vf @ = —— (1= aP) | 3

Jj=1

—(a) —(a) , ac€B.

An upper semicontinuous function u : B — [~00, 00), u # —00, is said to be
M -subharmonic if for each a € B

u@) < [ulu0)do@), 0<r<1
N
A continuous function u defined in B is said to be .#-harmonic if equality holds

in the above inequality. A function u in B is said to be .# -superharmonic if —u is
A -subharmonic.
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As in [7, Section 6.2}, the invariant Green’s function on B is given by G(z,a) =

g(0.(2)) for (z,a) € B x B, where

n+1 f!
g(Z) - — (l _ t2)n—lt—2n+l dt.
2n Izl

Note that g is .#-harmonic in B\{0}, and .# -superharmonic in B. Let f be an
A -subharmonic function in B. The Riesz measure of f is the non-negative regular
Borel measure w, in B which satisfies

[wan = [ rEvar

for all ¢ € C*(B). Here C?*(B) is the class of twice continuously differentiable
functions in B with compact support. If f is in C?(B), then by Green’s identity [7,
Proposition 3.1} duy = Af di.

In the case n = 1, B, = D is the unit disc and S; = T is the unit circle in the
complex plane C. Moreover, g(z) = log(1/|z]) and (Af)(z) = %(1 — 1ZPHHAf ) (@)
for f € C*(D) and z € D.

3. Preliminaries

According to [1, page 41], we introduce positive functions {K, : —1 < a < 00}
defined in the interval (0, 1) as follows. Fort € (0, 1),

1
K,(2) = 2ncaf P (1 = pH)~ 1og§dp if > —1
t

and K_,(#) = log(1/t). The following lemma is easily verified. (See, for example,
(1, Proposition 2.3].)

LEMMA 3.1. The following two inequalities hold.
0<1—-r<2K,,(t) O<t<l), K (t)<1—-£ (1/2<t<]).
For each a € (—1, 00), there exist two positive numbers c,; and c,, such that
(1 =) < Ko (1) < a1 = )" (0 <1< 1).

For f € H(B) we denote the zerosetof f by Z(f) ={z e B: f(z) =0}. A
simple computation shows the following lemma.

LEMMA 3.2. Suppose ¢ € S T*(R) and f € H(D)\{0}. Put v = ¢(log|f |) in D.
Then
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(1) Av=¢"(oglf DIf'I>/If I in DAZ(f).
2) (Av)(@) = ;(1—[21H2(AV) () = 31— 12D (og [f RQDIF@IP/If )| for
z2e€ D\Z(f).

LEMMA 3.3. Suppose ¢ € T*(R) and f € H(D)\{0}. Putv = ¢(log|f |) in D.
Then the Riesz measure ., is given by

L (z)I2
If @)I?

1 -
= FAOID\ZF N @) dv(z) = EA(vID\Z(f))(z)dl(z)

1
du,y(z) = z¢"(log |f (D)) ——= dv(2)

2

for z € D. Here we use the convention that the right hand sides of these equations
are defined to be 0 in Z (f ).

PROOF. The first equation follows from [5, (3.1), pages 1035-1037] and the two
remaining equations follow then from Lemma 3.2. O

LEMMA 3.4. Suppose ¢ € S T*(R) and f € H,(D)\{0}. Putv = @(log|f])in
D. Then v has a harmonic majorant in D. And the least harmonic majorant of v is the
Poisson integral P[v*] of v* = @(log|f *|). Here f*(¢) = lim,y, f (r¢) for almost
every € T and

2
PIe) = [ = ©)do@) e D)
v - 2P

PROOF. First, one sees easily that f € N,(D) C N(D) (for the definition of the
Smirnov class N,(D) see, for example, [4, page 85] or [3, 19.1.11, page 407]). Then
by [3, 5.6.4. Theorem, page 85] f* is defined (almost everywhere on T) and the
least harmonic majorant of log |f | is u = P[log|f *|do + dy], where y is a singular
measure on T. By [4, Theorem 2, page 84] the boundary measure of v = ¢(log |f |)
is p(log |f *|)do, hence the least harmonic majorant of v is P[gp(log [f *|)]. O

LEMMA 3.5. Suppose ¢ € S T*(R) and f € H,(D)\{0}. Then

If’ (Z)l2

1
—d .
R i@

Z|

1
If a0 = o(log f ©)]) + 5/ "(logIf @)1)
D
PROOF. Since lim,_, » ¢(2)/t = 00, it holds that

If s, = ﬁfp(log f*) do = P[p(log|f *)] ().
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With Lemma 3.3 and Lemma 3.4, the Riesz decomposition theorem ({7, Corol-
lary 6.11]) implies that

p(og|f @) = Pledoglf *)]) —/ G(z, w)A ({p(log |f D)) (w) dA(w)
D

= Plotog D] - 5 [ Gt wwtogls @D aviw
2Jo If (w)I?
for all z € D. Putting z = 0 in the above equations, we obtain the lemma. a

Forg € T*(R)and f € H,(B)\{0}, we define

(Zf)(2)?

-2
For 1z|™* (z € B\[Z(f) U {0}]).

fi@) = ¢"(loglf (D))
Let A (B) denote the ball algebra: A(B) = C(B)N H(B).
LEMMA 3.6. Suppose ¢ € #T*(R) and f € A(B)\{0}. Then

1 1
If i = 9008 1f ) + - f FEDI " log L dv(2).
nJp |Z|

PROOF. Almost every ¢ € §, f, € A(D)\{0} C H,(D)\{0}. Here A(D) =
C(D) N H(D) and f,(r) = f (1) for ¢t € D. By Lemma 3.5,

FOOF . 1

log —d
P B
N@HEOE . 1

log —d
Far B @

1
I1f ¢ 5,00 — @og |f (0))) = 5/ ¢"(logf: (D))
D

1
=3 / ¢ (og If (:£)Dl]
0]

1

1
= E/Dfﬁ(tz)logmdvl(t).

On the other hand, the assumption f € A(B) implies

1 2 )
f Ny = f o(log|f ) do = f do ) f o(log|f (“2)]) d0
s s T Jo

1 [ :
= [ao@)5- [ olioglficey)do = [ Ifinodo®.
s T Jo 5
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We used here the formula in [3, 1.4.7. Proposition (1), page 15]. Hence we have

If We,8) — ¢(oglf (O)) = /{llf; | #p@ — (log|f (0))} do (§)
N

1
= [do@); [ £30)108 )
€2 ), 0

_ 1 ! 1 1, i0 1
= 5/Sda(;)zfo rdrzr-fo folre ;)log;dé)
1 1 1 2 ' io

zf rlog—dr/da({)—/ fw(re’ é')dg

0 r s 2 0

1

= 2L2n/ rlogldr/f”(rf)dtf(é')

_2,,/ - 'dr/]rZ;I_z(" D log —f (r§)do(§)

[rgl”*
/ 2|72 log —f (z) dv(z). O

LEMMA 3.7. Suppose ¢ € S T*(R), f € H(B)\{0} and 0 < r < 1. Then

1
1f el 1,8y = @(log If (O)]) + 5/ fl@Nz1" 1)logﬁdv(z)

whererB ={z € C": |z] < r}.

PRrOOF. Since f, € A(B)\{0}, Lemma 3.6 implies that

1 | 1
Wf W,y — @(og f (0)]) = Z/E L@V log i dv(z).

By the change of variables w = rz, z € B, we have

2n

1 r r o
If -l a, 8 — ¢(loglf (O)]) = E;/rBfﬁ(w)'—w—lz—(n-_T)IOg lw—lr 2 dv(w)

1
=5 [ S g Davw). o
2n J,5"* lwl
LEMMA 3.8. Suppose —1 < a < 00, p € T*(R) and f € H(B)\{0}. Then

1
IF ayonr = oCl0g 1 O + 5 fB FEDN VK, (12]) dv ).
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PROOF. Using L.emma 3.7, Fubini’s theorem and the definition of the function K,
we have

If 4,00 — @(og |f (0)])
= / p(log|f Ndv, — @(log |f (0)])
B

1
= c2n / Pl — ) dr f olog If,(2)]) do &) — p(log If O)))
0 S
1
= 2ne, / P = P (Il — p(log f O)])) dr
0

‘ 1
= 2nca/ i1 =) dr——/ f;(z)lzl—z("'” longv(z)
0 2n J.p |z|
1
= ca/fﬁ(z)lzl'z"'"’ dv@ | =) log —dr
B 12l |z|
1
= :2—/f;’(Z)lzl"z‘"‘”Ka(IzI)dv(z)- O
nJg

LEMMA 3.9. Suppose ¢ € ZT*(R) and f € H(B)\{0). Then
1
If a8 = pQog If O)) + E/f;’(z)lzl‘z‘"“’K_l(lzl)dv(z).
B
PROOF. For any r € (0, 1), by Lemma 3.7

1
I o = wloglf O + 5 f FE@I2I Y log L dv(a).
n J.g lZ!

Using the subharmonicity of the function ¢(log |f |) and the monotone convergence
theorem, we have

If W) — @og If (O)]) = lim £l ce) — ¢ (log |f (O)])
__i t ~2(n—1) _1_
=5 /Bf,,(z)lzl log 2l dv(z)
= 2iff,f(Z)|Z|_2("_l)K-1(|Z|)dV(Z)~ O
n Jp

For the sake of convenience we define A,(v_;) = H,(B) for ¢ € & T*(R), and
W Nayew-y = Wf Ha, 8 for f € H(B)\{0}. Then we can unify Lemma 3.8 and
Lemma 3.9 in the following form.

LEMMA 3.10. Suppose —1 < a < 00, ¢ € T*(R) and f € H(B)\{0}. Then

1
1 a0 = 010G f OO + 5- f FE@I2I VK, (12l) dv ).
B
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9 Weighted Bergman-Orlicz spaces 13

This is a generalization of [1, Theorem 3.3].
For ¢ € S and 8 € (1, oc) we define the Kordnyi approach region Dg({) by

Dp§) ={z € C": |1 = (z,8)| < B — [z")/2}.

Let—1 <o <o00,p€ PT*(R)and 1 < B < 00. Forf € H(B)\{0}and¢ € S, we
define

LG :f apB)= Fi@U =1z " dv(2)

Ds(0)
and

Lo(foa, ) = _/SL¢(C foa,B)do(Z).
For any B € (1, 00) and z € B, we define
Q) ={ €S 11— (z,8)] < B —z1*)/2}
and wg(z) = 0 (Q4(z)). We note that w; is a radial function in B:
w(Uz) = wp(z) (z€ B, Ue%),
where % is the unitary group of C". Hence there exists a function Fy defined in the

interval [0, 1) such that Fg(|z|) = wg(z) (z € B). For any B € (1, 00), we define
rs = max{0, (2 — B)/B} and Gy(r) = Fp(r)r** "1 -r)™ 0 <r<1).

LEMMA 3.11. Let B € (1,00). Then Gg(r) = 0if0 < r < rgand Gyg(r) > 0 if
rg < r < 1. Moreover, Gg is a continuous bounded function in the interval [0, 1).

PROOF. See [1, Proposition 4.2]. O

LEMMA 3.12. Let -1 < a < 00, 1 < B < o0andrg < r < 1. Suppose
9 € ST*R)and f € H(B)\{0). Then

[inf G0} [ il - ey av)
r<t<l B\rB

< ZL(fo,B) < { sup Gp() fi@1zIP A = 1z ().

rg<t<l } B\rgB
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PROOF. (See [1, Theorem 4.3].) By the definition of %, Fubini’s theorem and
Lemma 3.11

L. = [ Lo :foapdo@)
— [ a0 | O kv
= /Sda(t)LxD,(;)(z)fj(z)(l — 12H*** " dv(z)
- /B £ — 1P dv(2) /S Xoy0 @) do (©)
= /; FHD( = 2P0 (Qp(2)) dv(2)
- fB £ = 2" Fy (2] dv(@)
= Afﬁ(z)(l — 12" Gp(IzD) 12| (1 — [2[*)" dv(z)
= [ £ = P0Gz dvea

= i@ =122V Gy (iz)) dv(z)

Since B\rB C B\rpﬁ, the above equations prove the lemma. g
LEMMA 3.13. Let —1 <a < 00,0 < r < 1 and z € rB. Then it holds that
Ko (z]) < Ku(l2|/7) + log(1/7).
PROOF. See [1, pages 48-49]. O

LEMMA 3.14. Let -1 < @ < oo and 0 < r < 1. Suppose ¢ € ZT*(R) and
f € H(B)\{0}. Then

(1) | | si@izreave) < oo
rB
and
@) / Fi@)z| " VKo (lz]) dv(z) < oo,
rB

PROOF. (See [1, Lemma 5.1].) Choose a number »’ so that r < r < 1. Since
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fr € A(B)\{0}, by Lemma 3.7, we have

f FE@I VK (E) dv(z) = / FE@I D log = dv(2)
rB ¢ r rB |z]

= 2n{|lf | n 8 — @(log |f (O]} < o0

and also [, fF(2)|z| 72"~ P log(r'/|z|) dv(z) < co. Hence

f FEDII2 D dv(z) < / fﬁ(z)lzl‘”"‘”%d\)(z)
rB

f 2121 log L-dv(z) < oo,

log(r /r) |z

This proves (1). In the case —1 < «, by Lemma 3.8

/f;(z)lzl-Z("_l)Ka (IzTI) dv(z)=/rzfﬁ(rZ)IZI“Z‘"‘”Ka(Izl)dV(z)
rB B
= /(f,)ﬁ,(z)lzI'Z("'”Ka(lzl)dv(z)
B
=2n{llf 4,0, — @(og |f (0)D} < oco.

By this, (3), (1) and Lemma 3.13 we obtain (2). 4

4. Main result

THEOREM 4.1. Let —1 < a¢ < 00, ¢ € ¢5’T (R) and f € H(B)\{0}. Then the
following statements are equivalent:
(@ feA,(w)if-l<a<oo f eH(B)tfa——
(b) fo“,(z)(l 1z1)**2 dv(z) < oo.
(¢) Z,(f,a,B) <ooforany B € (1, 00).
d Z,(f,a, B) < oo forsome B € (1, 00).

PROOF. (a) implies (b). Using Lemma 3.1 and Lemma 3.10, we have

1
/fj(z)(l — 2)**?dv(z) < —ffj(z)Ka(Izl)dV(z)
B Cat JB

1A

L / FE@II VK, (J2]) dv(2)
Cal JB

2n
= C—I{llf 4,00 — @ og If (0)))} < 00,
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where ¢,y = 1/2ifa = —1.
(b) implies (a). By Lemma 3.10,

1
@ 1f I, — 9Clog|f O = 5- / FE@) 2D K, (12]) dv(2)

=2L(/ */ -)fé(z>lzl‘2‘"‘”1<a<|z|)dv(z).
MA\Jis  Jmib

By Lemma 3.14,

(5) / i@zl "V Ky (l2]) dv(z) < 0o,
3B

By Lemma 3.1 and (b),

(6) / fE@I21 "V Kall2l) dv() < 20 Ve f fE@ =1z dv()
B\iB B\}{B
< 2%V, / FE@U=12)™ dv(2) < oo,
B

where c,; = 1if @ = —1. By (4), (5) and (6), we have |f ||4,¢,, < 0©. This shows
that f € A,(va).

(c) implies (d). This is trivial.

(d) implies (b). Fix a number r € (rg, 1). Using Lemma 3.1 and Lemma 3.12, we
have

(7 ffj(Z)(l — 2" dv(2)
B

= (/ +f _)fﬁ(z)(l — 12| dv(z)
rB B\rB

Lffj(z)lzi‘Z("")Ka(lzl)dv(z)
Cal JrB

IA

+ | fE@A =12z PV du(z)
B\rB

1 4 =2(n-1) 1
- - K - R
== [Bfw(z)lzl «(lz]) dv(z) + o Gﬂ(t)-%(f,ot, B)

Since ry < r < 1, by Lemma 3.11,

1

8 0 < ———
®) S e Gon

By (7), Lemma 3.14, (8) and (d), we obtain (b).
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(b) implies (c). Fix any 8 € (1, co). By Lemma 3.12,

2.0, B) < [ sup Gﬂ(r)] FEDU = 122720 du(z).
B\rgB

0<t<l

By Lemma 3.11, 0 < y; = sup,, ., Gs(t) < 0. Hence we have

Lo(fo B <yr; "V | FRU = 12 dv(z)

B\rgB

< ypry f FHDA — 2 dv(z) < oo.
B

This completes the proof. 0
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