THE DISTRIBUTION OF SEQUENCES
AND SUMMABILITY

A. F. DOWIDAR axp G. M. PETERSEN

1. We suppose that 0 < s, < 1 for every %, and denote by #(a, 8) the
number of s, s1, S2, ..., s, which fall in the interval 0 < a < x <8 < 1.
If there exists a function g(¢f), 0 < ¢ < 1, such that

M tim 228 _ g(g) — g(a)

N300 n
for every interval (a, 8] with 0 < 8 — a < 1, the sequence (s,) is said to
have a distribution function g(f), 0 < ¢ < 1, in the interval [0, 1], (see 9,
p. 87). It follows from (1) that the function g(¢) is monotonic non-decreasing
with g(0) = 0 and g(1) = 1.

In the special case when g(t) = ¢ for every ¢ in [0, 1], the sequence (s,) is
said to be uniformly distributed in [0, 1]. H. Weyl (8, 14) proved that if a
sequence (s,) is uniformly distributed in [0, 1] then for every Riemann inte-
grable function f(x) with 0 < x < 1, the following relation holds:

@) fim —— S50 = J sy,

We now state:

THEOREM 1. Let A = (amn) be a regular matrix, and let (s,) be a real sequence
such that |s,| < B for every n. Suppose that {x(n)}, (n = 1,2,...) is the sub-
sequence of positive integers such that s,y < x and let

gm(x) = z_:lamw(n)-

If g (x) tends to a limit g(x) as m — o for all x in [— B, B), then

®) lim 3 anaf(s) = | f)de(e)

Mm-co n=1

for every continuous function f(x) defined on [— B, B, the integral being a Rie-
mann-Stieltjes integral.

This theorem was proved by Henstock in the case f(x) = x (see 2, 5). The
first half of the proof is identical with Henstock’s, but we include it for a
later reference.

Proof. Since (an,) is a regular matrix, we have
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Z Iam,nl <M

for every m > 1; thus g,(x) exists for each m and x. Also g,(—B) =0,
Zn(B) = Zamn. Let y > x, then {x(n)} is a subsequence of {y(n)}, so that

4) lgn(¥) — gn(x)| < "2:1 |am, v — g;l |@m 2

Hence, the variation of g, (x) in [—B, B] is less than or equal to

oo

Z || <

for all m; moreover, the Riemann-Stieltjes integral

J segnto

exists for all continuous f(x).

Now let us select an arbitrary € > 0 and subdivide [—B, B] by means of
the points {x;} (¢ = 0,1,..., k) into subintervals [x;, x;+1] so small that the
oscillation of f(x) is less than ¢/M on every interval [x; x;41]. Then if 3,
denotes summation over all integers p(¢) in {x;(n)} that are not in {x,_;(n)},
we have

3 anaf() = 3, 0 gm0 = gnlein)

Z D Gnan(f(spen) — Flas)}

i=1 p(%)

%
Z=: Z lam,p(i)l ﬁ— <

Hence we have:

) 3 anafs) = [ 7@,

From (4) we have that the variation of g, (x) is less than M for all m, and
so using a theorem of Helly (see 10, p. 232),

(6) lim f(x)dgm(x) = f_Bf(x)dg(x)

m->co
and our theorem follows directly from (5) and (6).
A submatrix of a regular matrix is formed by removing rows from the
original matrix. It is clear that if (s,) is bounded and not A-summable there
will be many different submatrices of 4 which sum (s,). We now prove:

ProposiTiON 1. If |s,| < B, there is a submatrix of A = (am,) which sums
(sn) and {f(s.)}, where f(x) is any continuous function on the interval [— B, B].
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Proof. From (4) we have that the functions g, (x) are of uniformly bounded
variation and uniformly bounded. Hence, we can apply a second theorem of
Helly’s (see 10, p. 222) to find a subsequence {gn,(x)} that converges every-
where in [— B, B] to a function of bounded variation g(x). If we apply Theorem
1 to this submatrix, we have proved our assertion.

Suppose it is known that (3) is true for every continuous function f(x) and
some fixed function g(x). What can be said about the nature of g(x)? We
now prove:

ProposiTION 2. If (3) s true for some g(x) and every continuous function
f(x) in [— B, B] then there is a subsequence of the integers {m;} such that

@) glx) = lim &mi ()

for all values of x with the exception of a countable set.

Proof. By Proposition 1, we can select a subsequence {m;} in such a way
that

g'(x) = lim gn,(x)
k-
for all x. Also, from Proposition 1,

Hm Y. Gmnf(s0) = f_Bf(x)dg’(x>-

k>0

Since submatrices of a regular matrix 4 sum all 4-summable sequences to
the same value,

J g — g =0

for every continuous f(x) on [—B, B]. From this relation and a theorem of
F. Riesz, (13, p. 243), our conclusion follows.

If a bounded sequence (s,) has a finite set of limit points, Cooke and Barnett
(2, 1) showed that (s,) is summed by the regular matrix 4 = (an,) if a certain
finite set of sequences of 0's and 1's is 4-summable. The particular members
of this finite set depend on the limit points of the sequence. For the case
f(x) = x, Theorem 1 is an extension of this idea to the case of the general
bounded sequence. Henstock (5) showed that if lim g, (x) exists for a countable
everywhere-dense set of x, then (s,) is A-summable; this is an improvement
on the non-countable set implied in Theorem 1. We now prove a theorem
which complements another of Henstock’s (see 5, p. 31).

THEOREM 2. If a,x > 0 and lim g, (x) exists for an everywhere-dense set in
[—B, B], then a g(x) exists such that

lm 2 anf(s) = | eape)

for every continuous function f(x) in [— B, B].
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Proof. From the properties of a regular matrix it is clear that
lim g, (x)

M—c0

will exist at x = —B and x = B. Now if @,, > 0 and lim g,(x) exists on an
everywhere-dense set, then if x; > x. we have lim g, (x1) > lim g, (x:). We
may complete the definition of g(x) by writing

g(x) = lim g(u)
U->T
when u approaches x over points of the everywhere-dense set which are less
than x. The function g(x) is now defined for all values of x in [—B, B]; it is

clearly non-decreasing. Our theorem now follows from a theorem due to
Hilbert (13, p. 245), and a reference to (4).

2. Let (s,) be a sequence of numbers satisfying 0 < s, < 1 for every

n=123,..., then (s,) is said to be well distributed if and only if
n+p
fim 2 3 Tuns) =b—a
P> k=n+1

holds uniformly in # for every interval [a, ], I (x) being the characteristic
function of the interval [a, b] (see 12). Clearly all well-distributed sequences
are also uniformly distributed, where uniform distribution is defined in § 1
(see also 14).

In this paragraph and in the remainder of the paper, we shall use the
notation {6} for 6 — [#], where [A] is the largest integer less than or equal
to 8. Where there is no possibility of confusion we shall write {s,} for ({s.}).
From the sequence (s,) we define another one (a,/n) as follows:

7 r 1
(8) Ay =7 where ;;< {s.} < : ,
forw =1,2,3,...and 0 <7 < n — 1. We also write
(O] a=§;‘,1;1—!, 0<ax< 1

From (8) it is clear that

an

{sa} — ™

lim = 0.

n->co
However, it is shown in (6) that if lim |{s,} — {t,}| = 0, then both of the
sequences {s,} and {#,} are either well distributed or not well distributed.
Hence the sequence {s,} is well distributed if and only if (a,/n) is well distri-
buted. On the other hand it is shown in (6) that the sequence (a,/n) is well
distributed if and only if the sequence {n!a} is well distributed. This means
that corresponding to every sequence {s,} there is a number a, 0 < a < 1
such that {s,} is well distributed if and only if the sequence {n!a} is well
distributed. A similar situation holds with respect to uniform distribution as
may be seen from the theorem proved in (6).
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The following theorem is due to Weyl (see 8 or 14).

THEOREM 3. If g(x) has the positive integers for its domain and g(x) # g(v)
for x £ vy, then {g(n)a} is a uniformly distributed sequence for almost all .

From this theorem it is clear that the sequence {n! «} is uniformly distributed
for almost all a. In a certain sense, almost all sequences {s,} are uniformly
distributed. Here we shall show that the sequence {n!a} is well distributed
for almost no «a.

First, however, we shall make a few remarks on homogeneous sets. Let E
be a subset of (0, 1) and let the density A(a, 8) of E in the interval (a, b),
0 <a < b <1, be defined by the following relation

outer measure (£ N (a, b))
b — a '

If E is of measure one, it is clear that A(g, d) = 1 for every interval (e, d);
likewise if E is of measure 0, it is clear that A(a, b)) = 0 for every interval
(a, b). Sets having the same density for every interval in (0, 1) are called
homogeneous. If E is measurable of measure r, 0 < » < 1, then the comple-
ment of E can be covered by a set of open intervals whose total length is
(1 — r) + e where € is an arbitrarily small positive quantity. Denote this
set of open intervals by S; then the outer measure of E /M S is less than e.
For at least one of the intervals (a, 8) belonging to .S, it follows that
€
Ae, B) < D ETE

If, on the other hand, we examined the open set covering E, we could show
the existence of intervals such that

A(a’ 6) >

Aa, b) =

7
r+ e’

It is now clear that a necessary and sufficient condition for a measurable set
to be homogeneous is that its measure be either zero or one. Moreover, if E
is measurable, A(a, b) > 6 > 0 for all intervals (a, b), then E is homogeneous
and of measure one; see also Knopp (7, p. 413, Satz 4).

We now prove the following:

TuEOREM 4. Let (n(k)) be a subsequence of the integers,
k
th(_l‘l—) =rk), 1)/ =,

then for almost all a, 0 < a < 1, the sequence {n(k)a} is not well distributed.
Proof. If the sequence {n(k)a} is well distributed, then we cannot have, for
instance,

(10) (nkB)a} <3 for k <k <k + [logsv]
1

for infinitely many ». For if I(x) is the characteristic function of [0, 1] we
would then have
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1 ky+[logav]

(11) I(s,)) =1 with s = {n(k)a}

[logs v] »Z5 i1

for infinitely many & and the sequence {n(k)a} is not well distributed.

We first prove that the set of a for which {n(k)a} is not well distributed
contains a set of positive measure. Let E; be the set of « for which {n(k)a} <3.
This set consists of the first half of each of the intervals

(0’ n(lk)>’ <n(1k) ’n(2k)>' S <n(fz)<15 g 1)

and u(E;) = 3. We first remark that contained in the interval

, _(.r_ 2r+1
J'(r,n(k)) = <n(k) ’ 2n(k)>

there will be at least [37(k 4+ 1)] — 1 intervals of the form

r r+ 1
J(ryn(k + 1)) = <n(k + 1) nk + 1)>

for there can be at most two intervals of the form J(r, n(k 4+ 1)) which inter-
sect J'(r, n(k)) but do not lie completely in J'(r, n(k)) and their combined
length may be either

rk+1) 1 [r(k—l—l)] 1
2 akk+1) 2 n(k+ 1)

or

S n(k :- D~ <[7(k; 1)] N 1> ;f(k_ifﬁ'

Hence the number of intervals of the form J'(r, n(k 4+ 1)) completely contained
in E; is at least

([3r(k + 1] = Dnk) > Gr(k + 1) — 2)n(k).

Each of the intervals J'(r, n(k 4+ 1)) in turn contains at least [37(k + 2)] — 1
intervals of the form J'(r, n(k 4+ 2)). It follows that
E+p

N E,
n==k

contains at least

n(k)Gr(k +1) —2)... Gr(k+p) — 2)
intervals of the form J'(r, n(k + p)). This means that

TE)s ! "(_@ _ 1 _

1/1 2 1 2 1\
=§<§—m;’ﬁ‘>>-~<§ rZIE‘J?”B) <§> ~ Mep) = Lik 2),
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where
(12) lim A(k, p) =0 p=12...).
k—oo

On the other hand, there can be no more than [ir(k + 1)] intervals of the
form J(r,n(k 4+ 1)) wholly contained in J'(r, (%)), and indeed J'(r, n(k)) is
wholly contained by no more than [r(k + 1)] + 2 < ir(k + 1) + 2 intervals
of the form J(r, n(k 4+ 1)). This is also an upper bound for the number of
intervals of the form J'(r, n(k + 1)) which intersect J'(r, n(k)). It is now

clear that
i) <loe ) Gossts)- O ren
where
(13) lim¢(k,p) =0 (p=1,2,...),
k-0
and that
.Uk, p) _ _
(14) il_)l’g U p) 1 p=12...).
For v = 1,2, let ¢, = E;, where ks > k; and r(k1) > 16. For » > 3 let
kytp(»)
(15) Ev = Q Er

and choose first p(v) = [logs»], v # 2%; then by virtue of (12) and the fact
that 20821 > 1/y,

(16) Lk, p(») > 1/v
for &, > K. For v = 2% let p(v) = k — 1 and again by virtue of (12)
Lk, p() >2"F —e>2/v —e> 1/v
for B, > K’. Since
(v/200827T) < (2v/2%27) < 2,
it is evident that for » = 2%
Lk, p(») < 2/,

and this will also be true for v = 2*. In either case, because of (14) it is possible
to choose &, so large that

(17) Ulks, p(v)) < 5/2v
and &, > k,_; + p(v — 1). With this choice of p(v) and then of k,, we have
(18) 5/20 > u(g) > 1/v.

Moreover, from (13) and (15) and the argument in the sentences preceding
(13), it is clear that &, is covered by intervals of the form J'(r, n(k, 4+ p(»)))
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whose number does not exceed n(k,) U(k,, p(v)). Each of the intervals of the
form J'(r, n(k, + p(v))) is in turn intersected by no more than

] 2

intervals of the form J'(r, n(k,y,)). Since 7(k;) > 16, we also have

n(koin) ] 51 (kyin)
[2n(k,, oo T2 8 + p0))

It is also clear that each of the intervals of the form J'(r, n(k,4s)) is intersected
by no more than U(k,in, p(» + k) intervals of the form J'(r, n(k,yn +
p (v 4+ h))) which belongs to £,4,. Hence we have

1(En) < BT £0)) - g e tss - Uk, 6 + )

1 125 1 1

«—

an PG TR S6E v vtk
Now for any #ng, M > N > n, so that

M

=a

| =t

N

>
Il

is arbitrarily close to 3. For vV < n < M, we have

n—1 n—1 n—1 ~
125 1 1 125 1
#(Enﬂ ngzk> —'u<kL=)N m£n£L> < 64 n k=Nk<a 64 ';l, forn > N.
Therefore, it follows that

n—1
1 125 1

® M < =t 1250 & 1
lusa)>ulUs)=2ue—- Us)>1 =)> =
n=nQ n=N n=N k=N 6‘-1: n—_nN N

This last expression can be made arbitrarily close to 3/256, so that w(lim &,
> 3/256. We have seen that if a € lim &, {n(k)a} is not well distributed. In
a different context, this argument is the same as one used by Lorentz (9,
p. 134; see also Halmos 3).

We shall now show that the set F of a for which {n(k)a} is not well distri-
buted is of measure one. Let (a, b) be an interval such that 0 < a < b < 1;
then if ko is sufficiently large, (@, d) will contain intervals of the form
J(r, n(ko)). In fact the number of such intervals wholly contained in (a, d)

will be
16 — a|n(ko)]  or (16 — aln(ko)] — 1.
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Now it is evident that the sets &,(ky) (v = 1,2,...), by = ko, could be con-
structed in much the same way as before. Moreover, it is clear that the upper
and lower bounds obtained in (12) and (13) and the arguments preceding
them are of such a type that they could be adapted to proving

3

256m (ko)

in much the same way as for the interval (0, 1). This means

w(lim £ (ko) N (@, 0)) > (b — aln(ke)] — 1) 256:(}60)

3 6
> 355 0 —al = 256 (ko) *
The set lim &,(ko) (ko = 1,2,...) is a Borel set and hence measurable. Let
the set G consist of those

p(im & N J(r, n(ko))) >

« € U Tim & (ko).

ko=1

It is clear that G, being an enumerable union of measurable sets, is also
measurable. Moreover,
3
#(G N (@) > 50z b — o

and the density of G in any interval is greater than 3/256. From our pre-
liminary remarks this evidently means that the set G is homogeneous and of
measure one. The set F of a for which {n(k)a} is not well distributed includes
G and so is measurable, with measure one.

A normal number is one in whose decimal expansion all digits occur with
equal frequency and in fact all blocks of digits of the same length occur with

equal frequency. Let x = .xxs... be an infinite decimal to base r and let
X, denote the block of digits xyxz. .. x, Let N(By, X,) denote the number
of occurrences of the block B, = b;...0b; in X,. Then x is normal to the
base 7 if

Jim :L—N(Bk, X)) = r*

n-30

for all By, k =1,2,3,.... A complete discussion of normal numbers can be
found in (11). The following has been proved by Wall (11, p. 110):

THEOREM 5. The number x is normal to base r if and only if the sequence
{r*x} is uniformly distributed.

In (6) it is stated that:

THEOREM 6. The sequence {r*0} is not well distributed for any 0 when r is
any rational number.

The proof given for Theorem 6 is not correct and the complete truth of
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the matter remains open. We note that the argument could be modified to
give the result, when 7 is integral. However, in this special case, the following
approach is simpler.

THEOREM 6'. The sequence {r"0} is not well distributed for any 0 when r is
an integer.

Proof. In the first place the sequence {r*6} must be uniformly distributed
or it cannot be well distributed. This means, according to Theorem 5, that it
must be normal to the base r. However, from the definition of a normal

number, it is clear that for every p = 1,2,3,... there is an #, such that
if @ = .xwx2... to base r, then
Xnp = Xnptl = o0 = Xppyp = 0.

It follows that the terms of {#*6} are less than or equal to 1/r for
n,+1<k<n+op.

Hence if I(x) is the interval function for (0, 1/7), then
np+p

%%11({#‘0}) _1

and {7%8} cannot be well distributed. This proves the theorem.
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