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MAXIMUM PRINCIPLE FOR NON-LINEAR
DEGENERATE EQUATIONS OF THE PARABOLIC TYPE

JAN CHABROWSKI AND RuDOLF VYBORNY

This paper establishes a weak msximum principle for the
difference u - v of solutions to nonlinear degenerate

parabolic differential inequality
alt, xu, - flt, =, u(t, =), Du(t, x), p%u(t, z))

= a(t, z)v, - f(¢, =, v(¢, x), D(t, z), pPu(t, x))
The function o is non-negative and f 1is assumed to be

parabolic with respect to u# 1in the sense that there exists a

nonwhegative function Kk such that
flt, =, u(t, =), Dult, x), rl) - f(t, =, Dult, x), r2)

z k(t, z)Tr(r-r,) ,

whenever r. and r, are symmetric matrices and rl b

1 2 2°

The crucial assumption is that a + Kk is bounded away from

Zero.

The results are then applied to the uniqueness of the Cauchy

problem for the degenerate parabolic equation
2
alt, xu, = f(t, =, u, Du, Du)

under various growth conditions similar to those used in

uniqueness theorems for parabolic (non-degenerate) equations.
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The main purpose of this note is to prove a weak maximum principle
for non-linear degenerate equations of the parabolic type. There is an
extensive literature on the maximum principle for parabolic and elliptic
equations (see [§] and [10]). 1In recent years the maximum priﬁciple was
extended to degenerate elliptic parabolic equations and has been studied
by several authors [71], [4], [5], [6], [9], (121, [13], [14]. We begin in
Section 1 by considering a maximum principle for non-linear degeneraﬁe
equations of parabolic type in a bounded domain. Theorem 1 is an extension
to non-linear equations of the weak maximum principle proved by Ippolito
[5]. 1In Section 2 we extend these results to an infinite strip by using
the method of growth damping factors (see [Z] and [7]). As an application
we obtain the uniqueness of the first initial-boundary value problem in a

bounded cylinder and that of the Cauchy problem on a half space.

1.
We consider a differential inequality of the form
(1) oft, x)ut - f(¢t, =, u(t, x), Du(t, x), Deu(t, z))
< a(t, 2)v, - (¢, z, v(¢, 2), Du(t, z), Dou(s, 2))
in (0, T} x Q , where  1is an open set in R . Du denotes the

gradient of u with respect to x , 02u is the Hessian matrix of the

second order derivatives (also with respect to the variable zx ), Di
denotes the derivative with respect to =z, , o{t, £) is a non-negative
function on (0, T] x R . Let @ =(0, T] x Q. We denote by apQ the
parabolic boundary of @ ; that is, apQ =Q¢-q.

We assume that f(¢t, x, u, p, r) is defined for (¢, x) € @ ,
wu€R, p€R and r€R2.

A function u(t, x) 1is said to be regular on @ if it is continuous

on @ and Du, D% ana u, are continuous on & (at t =T the

derivative U, is understood as the left-hand derivative).

Given a regular function u , the function f 1is said to be weakly
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parabolic with respect to u if there exists a non-negative function
k =k(t, £) such that

flt, =, u(t, z), Dult, x), rl] - f(t, =, Du(t, x), re] > k(t, x)Tr(rl-rz]

holds for (¢, x) € @ , whenever r. and r, are symmetric matrices and

1 2
n
> 1 3 - . s 42
r oz, (that is, the quadratic form ; %:1 (rljk r2jk) )‘j)‘k is positive
2
semidefinite) .

This definition has been introduced by Besala [2] (see also Szarski
[10] and [11]).

THEOREM 1. Suppose that
(1) Q s bounded,
(i1) f 1is decreasing with respect to u ,
(iii) there exists a positive constant L such that
|f(¢, =, u, p, 2)-f(t, x, u, p, v)| < L(|p-p|+|r-F|)

holds for all (t, z) € @ and arbitrary u, p, p, r and

r,
(iv) there exists a positive constant k such that
a(t, ) + x(t, x) =2 k
for (t, z) €@,
(v) u and v are solutions to (1) regular in Q ,
(vi) f is weakly parabolic with respect to u or v .
Then, if u - v has a positive maximum on @ , this maximum is

attained at some point of apQ .

Proof. We prove the theorem with the assumption that f is weakly
parabolic with respect to u . If f is weakly parabolic with respect to

v the proof is similar. We set

M = max{u(t, z)-v(t, z); (£, ) € Q} ,
m = sup{0o, ul(t, z)-v(t, x); (t, x) € BpQ}
Assume, contrary to what we want to prove, that M > m , Choose
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xo € Rn—ﬁ , we may assume that 1 = |x-.7:0| SC for all x € @ and some

positive constant € . Let to <0 and Y a positive number satisfying
Y > 2L(n+C)/k .

We define an auxiliary function ¢ by
o(t, z) = eXpEylx-xolz-Yz(t-to):l R
and choose € > 0 in such a way that
(2) ed(t, z) <M -m,
for all (¢, ) € § . Let
w(t, ) = ult, z) - v(t, x) + ed(t, x) .
It follows from (2) that w < M on BPQ . Hence w attains its maximum

(which is greater than M ) over & at a point (%, ) € @ . Obviously

_ \
20, Diu - Div = 2ey[xi_ng¢ (=1, ..., n),

at (%, *) . By assumption (vi) we have

(3) 0 = alF, Dw,(E, &)

2, 2) (4, (%, D)-v, (%, 8)) - ev°alE, B)6(E, F)

[}
Q
PN
H
-

< £(%, %, (%, 3), Du(Z, 7), D%u(%, %))
- (&, &, v(E, B), W(E, %), D%(E, B) - ev°o(E, E)6(E, )

J - eY?a(E, D)6(E, Z) .

Observe that

[0%(Z, 2)-beyro(F, 2)] + [velo(E, £)+0%v(E, &)]
A+ B

D%u(%, %)

s

where r is the matrix with the entries

22 =)

and I is the identity matrix. Now
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(4)

e,
[}

[f({: ‘Ea u(f3

T

+ [F(&, =, u(®,
+ U‘(i’ 3-:, v(f’

J J J
Lt +

2 3°

), Du(%, Z), A+B)-f(Z,

u(Z, ), Du(t,

"-l:,
z), Du(%, %), B)-f(%, =, v(E, x), Du(E,

%), Du(%, %), B)-f(%, =, v(E, %), Dv(E,

Usidg the weak parabolicity we estimate

(5) g

tA

1A

-heyzn(

n
K(E, 5)[2 Diw(f, E)-heYeli-xolaME, b

1=1

T, 2)6(%, =) .

The inequality (%, Z) =2 M implies

w(Z, z) -v(E, ) =2M-ed(Z,ZY=2m=0

and since f is decreasing

(6)

Finally, in view

(7)

Combining (3), (

0

of

L},

1A

<

<

<
J2 =0.

assumption (Zi1}, we have

J
3

IA

<

(5), (

L{|Du(E, z)-Dv(E, x)|+2yens}
2Lye[li_iol+n)¢(%, z)
2veL(C+n)o(E, Z) .

6) and (7) we obtain

«E, Ew(E, Z)

Yed(Z,
Yed(Z,

z)[-ya(Z, T)-bYH(Z, Z)+2L(C+n)]
x)[-vk+2L(C+n)] < 0 .

This contradiction completes the proof.

equations 255

z), B)]
5), B)]

z), DPu(%, %))]

>]

As an immediate consequence of Theorem 1 we obtain the uniqueness of

the first initial-boundary value problem

(8) a(t, x)u, = f(t, =, u, Du, D2u) for (t, z) €@,

(9) u(t, z) = g(t, ) for (t, z) € ?pQ R

while g 1is a given continuous function on ?pQ .
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COROLLARY 1. A4ssume that conditions (i), (ii), (iii) and (iv) of
Theorem 1 hold, Let u and v be regular solutions to the problems (8)
and (9). If f 1is weakly parabolic with respect to u or v then u Z v

on @ .

2.

In this section we shall investigate the uniqueness of the Cauchy
problem for non-linear equation (8). The method of Section 1 can be used
to prove the following extension of Corollary 1 to the infinite strip
(o, T]XRn. Put S=(0,T]><Rn.

THEOREM 2, Assume that conditions (i), (it), (iii) and (iv) of
Theorem 1 hold for (t, x) € S . Let u and v be regular solutions of
(8) such that wul(x, 0) = v(x, 0) for =z ¢ R, and

lim [u(t, z)-v(t, )] = 0 uniformly in [0, T] . If f is weakly

||+
parabolic with respect to u or v, then u=v on 5.

In general, we cannot expect uniqueness even in the class of

bounded functions. Indeed, the function
u(t, ) = ¢
satisfies the equation

hu ~ O.ut =0

and vanishes at ¢ = 0 ., In the above example o = 0 ; however, if there
exist positive constants B8 and R such that o(t, ) = B for |x| =R

and t € [0, T] , then we can formulate a uniqueness theorem in the class

2
k|=| , where k > 0 .

of functions growing not faster than e
We shall need the following condition on f :

(A) there exist positive constants LO, Ll and L2 such that

lf(ta x, &, p, I')—f(t, X, ﬁa 5’ ;)l
- - 2 -
s Lole-7| + Ly Q+|2])|p-p| + L, (1+|x]®) |u-i|

for all (t, x) € S and arbitrary u, u, p, p, r and T .

Moreover, there exist positive constants R and L3 such that

https://doi.org/10.1017/50004972700005268 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005268

Maximum principle for parabolic equations 257

fl¢, =, u, p, ) - flt, =z, u, p, ?) < —L3(u—17)
for all |z| <R, t€[0,T], uz=u and arbitrary p and
r .
Here |r-7| is defined by
- n -
|»-7| = i"72'=1 lr’l:j_rijl

Let B be a fixed positive number and define
L, +4L kn+ WnL_ |xz| + [16L K2rPehmkL +L |x|2
2 0 1 0 172

- 2Bkp(1+]|z|2) for |z| =R,

Folz, k, 0) = 1

WL kn + bnkL_|z| + |16k°n°L_+unkE. ||x|?
0 1 0 1

- - 20kp(1+]2]2) for |xz| <R .
\

There exists a X such that FB(x, k, 0) <0 for all |x| <R, to every
such kX there exists a p(k) such that FB(x, k, p) <0 for all =z € Rn
and all p > p(k) . Put
ko = sup{k > 0; there exists p(k) > O such that FB(x, k, p) <0

for all p = p(k) and x € Rn} .
We are now in a position to define a class of functions in which we shall
investigate the uniqueness of the Cauchy problem.

We shall say that a function u(#t, x) defined on S belongs to
E+(k0) (E_(ko)) if there exist positive constants M and k < ko such

that

2 2
u(t, z) = Meklxl (u(t, z) = ekl )
for all (¢, x) €5 .

Put
E(ky) = E,(x,) n E_(x,) .

THEOREM 3. Suppose that f(t, x, u, p, r) satisfies condition (A)
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and moreover
(1) there exists a positive constant B such that
oalt, z) =28 for t €0, 7] and |x| =R
and
alt, x) 20 for t €f0, T} and |z| <R,
(ii) u and v ave regular solutions to (1) in S such that
u €E (k) and v €E_(k),
(iii) f <8 weakly parabolic with respect to u or v with
parabolicity funetion H = 0 .

If u(0, z) =v(0, ) for =z € R, then

ult, z) <v(t, z) for S.
Proof., Since u € E, (ko) and v € E_ (ko) there exist positive
constants M and kl < ko such that

k, ||

(10) u(t, =) - vi(t, =) < Me *
for all (t, x) €S . Let ky < k< kg and

2

- 2k [1+|x
H(t, xz) = exp[ ey

for (t, =) € {0, 1/2p] x Rn , vhere p = p(k) (see the definition of
B, (ky) ena E_(k;) ).
Define
u=u/H and ¥ = v/H .

It follows from (10) that given € > O there is a R_ >0 such that

(11) u(t, z) - o(t, =) <¢

for t € [0, 1/2p] and |z| = R_ . We may suppose that R =R . In
order to prove that u <v in [0, 1/2p] x Rn ,» it suffices to prove that
this inequality is true in the cylinder [0, 1/2p] x (lxl < Re] . Assuming

that there is a point (%, z) € (0, 1/2p] x (|z| < Re) such that
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u(t, z) - v(€, x)

= Max{i(t, x)-9(¢t, x); (¢, =) € [0, 1/2p] x {|z] < RE}} >¢€,
we shall derive a contradiction. Note that

Dlu(z, x)-v(£, z)] =0 , ﬁt(f, x) - 5t(§, z) =0
and
iy =y~ =
Dlu(t, z)-v(Z, z)l =0 .

Consequently by assumptions (A) and (ZiZ) and by using an argument similar
to [10], pp. 205-208, we obtain

o(Z, Z)H(E, 5)[ﬁt(z, z)-3,(E, z)]
< H(E, %)(1-0F) 2[#(Z, 3)-3(E, )1Fy(Z, k, 0) < 0.

This contradiction completes the proof if 1/2p = T ; otherwise the proof
can be completed by a finite number of applications of the above argument
on [1/2p, 1/p] x Rn , [1/0, 3/2p] % Rn , and so on.

COROLLARY 2. Suppose that assumptions (A), (i) and (ii) of Theorem 3
hold. Let u and v be regular solutions of (8) in S belonging to
E[ko) . If f 1is weakly parabolic with respect to u or v and

u(x, 0) = v(x, 0) for =x ¢ Rn then u=v on S,

We conclude by giving some variants of Theorem 3. The first variant is:

THEOREM 3'. Theorem 3 remains true if we replace assumptions (A) and
(i) by

(i') oft, x) 20 for (t,z) €5,

(A') there exist positive conmstants Ly, L and L2 such that

1
[f(ts Z, U, P, P)'f(t, z, 1;’ 59 ;)]
< Lyle-#]| + L+|z) p-p| - L,(1+]2|?) (u-2)
for all (t,x) €S, u=u and arbitrary p, p, r and

r .

In this case we define the corresponding functions F and A and a

constant ko as follows:
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Flx, k) = 4L kn + nkL_|z| + 16k%n°L,_+hnkL |:x:l2 - (1+|a:|2)
o 1 0 1 2
for all = € Rn ,

H(x) exp|27<(l+|~'c|2)| R

%o

sup{k; F(x, k) < 0 for all z € Rn} .

Note that in this variant the function H 1is independent of ¢ .

In variant 2 of Theorem 3 we replace assumptions (A) and
(z) by

(") alt, x) =20 for (t, z) € [0, =) x R,
(A") There exist positive constants Ly, L, and L, such that
[f(t, z, uy, p, ?)-f(t, x, u, p, )] < Lolr-ii + Lllp—EI - L2(u—ﬁ)

for (t, z) € [0, =) x R, uz u and arbitrary p, p, r

and P .
We define
o N n
F(t, =, §) = L8 Y tghSx.tghSz, + L8 Y tghSx. - L - Salt, x)tghét
i,7=1 z A =) ro2

for (t, x) € (0, m) x Rn ’
60 = sup{8 > 0; F(t, =, §) <0 for all (¢, z) € (0, ») x Rn} .

With 60 we associate the following class of functions.

A function u(t, x) defined on [0, ®) X R belongs to A+(60)

(A_ (60)) if there exist positive constants M and 6 < 60 such that

n n
u(t, =) = M'exp[ﬁ Y |xii+t]jl [u(t, x) = -M eprES ¥ lxi|+t]:l
=1 =1

for all (¢, ) € [0, =) x R .

Put
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a(s,) =4,(85) na_(s,) .
We now state the result as

THEOREM 4. Suppose that the functions f and o satisfy
assumptions (i") and (A") and moreover

(ii) u and v are regular solutions to (1) in (0, =) x R,
such that u € 4,(8)) and v €4_(8)) ,

(iit) f is weakly parabolic with respect to u or v with
parabolicity function H = 0 .

If u(0, z) =v(0, x) for =x € R, then
u(t, ) <v(t, z) for (t, x) € [0, =) x R .

The proof is similar to that of Theorem 3., We only mention that the
function H 1is defined by

n
H(t, x) = cosh 8¢ | | cosh bz,
=1
for (t, =) € [0, «) x R .
From the above variant of Theorem 3 and Theorem L4 one can derive the

uniqueness criteria for the Cauchy problem for equation (8) in pretty much

the same way as we derived Corollary 2 from Theorem 3.
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