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Abstract

It is an open problem to establish whether or not the partial sums operator Sy y2f(x, y) of the Fourier
series of f€ L,, 1 < p < 2, converges to the function almost everywhere as N — oo. The purpose of
this paper is to identify the operator that, in this problem of a.e. convergence of Fourier series, plays
the central role that the maximal Hilbert transform plays in the one-dimensional case. This operator
appears to be a singular integral with variable coefficients which is a variant of the maximal double
Hilbert transform.

1980 Mathematics subject classification ( Amer. Math. Soc.): 42 B 05.

1. Introduction

Let f be in L (-7, 7] X [-7,7]), p>1, and let X2, ___ a,,e""**™") be its
Fourier series. It is well known that the square partial sums operator Sy, f(x, )
= Ziaimi< N Gume "* ™) converges almost everywhere to f(x, y) as N tt.ands to
infinity for every f€ L,, p > 1 (3]. The analogous statement concerning the
partial sums operator Sy f(X, ¥) = L5 < N < Gum€’ ™) where N and M
tend to infinity independently, is false for all p > 1 [4]. The partial sums operator
Sunef (X, ) = L Nymj< 82 €' "™ (01 Sypef(x, y), k any integer bigger
than 1) can be thought as an intermeditate case between the two previous ones.
We are interested in the open problem of establishing whether or not

Syn2f(x, y) converges a.e. as N — oo forany f€ L,, 1 < p < 2. (For p > 2 the
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answer is known to be positive [3]. The proof is simple. It uses the one-dimen-
sional result [5] and the fact that the characteristic function of the parabola
y > x? is a multiplier for L, (and L, only).) The operator to study is the
following singular integral with variable coefficients

1) T(xy)= [ [0 W Ny (x - x,y ~ y)/x'y de' dy
-r V-7

where N(x, y) is any bounded integer-valued function [7]. One would like to
prove that there exists a constant c,,, independent of N(x, y) and f, such that

(2) 177l < )l fll, 1 <p<2,

because this implies that Sy,:f(x, y) = f(x, y) a.e. as N — oo for every f € L,
We do not settle this question but we study special cases of operators as in (1).
Our study leads us to identify certain singular integral operators that, in this
problem of a.e. convergence of Fourier series, appear to play the same central role
that the maximal Hilbert transform plays in the one-dimensional case [1], [2], [5].
We consider two families of functions N(x, y) and we prove for the correspond-
ing operator T defined in (1) the uniform estimate (2). In Section 1 we consider
the case N(x, y) = (ANy(x, y))* for A > 10 (here (*)* denotes the greatest
integer function) under the assumption that Ny(x, y) is differentiable and that
Ny(x, y), ONy/9x(x, y), dN,/9y(x, y) take on approximately the values C, 4
and B respectively with 0 < 4, B, C <1 (i.e. C/2 < Ny(x, y) < C, etc.). This
case suggests that [7_[" (&MY /x'y)f(x — x', y — y’)dx'dy’, where M(x) is
any integer-valued bounded function, is the operator we are looking for. This is
easily recognized as the double Hilbert transform. Let us observe that this case is
just neater, but not very different from the case N(x,y)= (Ax + py)*, A,
p > 10'° studied in [7], and it will be used in Section 2. We will present it briefly.
In Section 2 we consider N(x, y) = (Axp)*, A > 10°, Its behavior sharply differs
from that of N(x, y) of Section 1 in the region close to the axes x = 0 and y = 0,
so that new tools have to be introduced. In particular this case suggests a more
complicated operator than the double Hilbert transform of Section 1, which is
roughly speaking the following one

(3) [ ey f(x—x,y—y)axdy
(x’y)€D

(together with its maximal operator), where D is a fixed region symmetrical with

respect to the axes x” and y’ (see Section 2 for the exact definition). Finally in

Section 3 we take N(x, y) = (Axy#)*, A > 10'°, B > 1. This case leads us to

consider a more general singular integral with variable coefficients (and its
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maximal operator), which is roughly speaking the following one
(4) /] 1/x'y'f(x = x',y = y)ax'dy,
(x'y)€D,

where for every fixed y, D, is a region symmetrical with respect to the axes x’
and y’ (see Section 3 for the exact definition).

In [8] the boundedness in L, of the operators (3) and (4) has been proved and
their maximal operators have been dominated pointwise by classical operators
like the Hardy-Littlewood maximal function and the one-dimensional Hilbert
transform. We shall state and make use of these results here. We hope that this
work and [8] provide the insight and the necessary tools to handle the case,
important for the complete solution of the problem, in which N(x, y) is mono-
tonically nondecreasing in x and y.

We introduce the following operator, that we call the Carleson operator,
Cf(x) = [ (™M) /x")f(x — x")dx’ where M(x) is any bounded, integer-
valued function. From [5], there exists a constant c,, independent of M(x) and f,
such that

It < Cp”f”p’ 1<p<oo.

For the rest of this section we also refer the reader to [7]. There exists a C*®

function ¢(¢) supported on {|7| < 27} such that if we write ¢,(¢) = 2%p(2%1)

then 1/t = X7 ,9,(¢) for |t| < 7. Now we can write the operator (1) as follows:
o0

Tf(x,y)= Z Tkhf(x’y)’
k,h=0
where

T f(x,y) = [ [ MW e, (x)g,(y)f(x = x',y = ') dx'dy’.

Since T,, acts independently on dyadic intervals I X J, [I| = 2a27%, |J| = 272"
and I,J C [0,27], we fix I X J. Clearly ||Tk,,fl|Lp(,xj) < cp||f||Lp(,*X,,) for
p > 1, where I* denotes the double of I. We shall consider pairs p = [ X J, w,],
where w, C R, jw,|=2* is any dyadic interval, and operators Tf(x,y)=
T,/ (x, y)xEP(x, y), where E, = {(x,y)€1XJ: N(x,y)€ w;}. Clearly
Tnf(x,y) =L, crTpf(x,y) for (x,y)€ I XJ and by Schwartz inequality
IT,ll, < c(1EQl/1 X J)!/? = cA(p), where ||T, ||, is the operator norm. The dis-
tinction between norms of operators and functions will be clear from the context.
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Similarly using q = [ X J, w,], |w;| = 2", we can decompose T,,f(x, y)=
Lo, c v Ty f(x, y) for (x, y) € I X J. We have ||T ||, < c(|E|/|I X J)'/* = cB(q)
where E, = {(x, y) € I X J: N%(x, y) € w,). In[6] we proved the following

LeMMA 1. Let I be a fixed dyadic interval, 1 C [0,27], |I| = 2727% and M(x)
be a bounded integer-valued function. Let {p} = {[1,w;]} be a collection of pairs
such that A(D) = (|E;|/|I)"/* < 82, where Ey = {x € I M(x) € w,} and let
T f(x, ) = (f e™MD¥G(x)f(x — x")dx")x g (x). Then for 1 <p <2 and 1/p
+1/g=1

LTS

b4

< 82 flle,ae).
LD

Now we consider for any A > 10'° and x, y € [0, 2] the family of functions
N(x, y) = (ANy(x, y))* with Ny(x, y) differentiable. Furtheremore we assume
that there exist constants 4, B, C such that 0 < 4, B,C < 1 and C/2 < Ny(x, y)
< C, A/2 < ONy(x, y)/9x < A, B/2 < INy(x, y)/dy < B for every (x, y). We
keep denoting by Tf(x, y) the operator associated to this family by (1). We have
the following

THEOREM 1. There exists a constant c, independent of A, A, B, C and f such that
NI, < el fllp, 1 <p <2

PrOOF. We consider two cases: A > B/AC and 10'° < A < B/AC. First
suppose A > B/AC. We denote by [a] the biggest dyadic number less than q,
a > 0. We subdivide the proof into four steps.

Step 1. Let 2% = [1/27%(AA4)"/?] and 2-" = [1/272\(BC)"?]. Consider
the operator G, f(x, y) = [ [ e NN F L 6 (x) (2 (x —
x’, y —y)dx’dy’. Then G, acts independently on dyadic intervals I X J such
that |I| = 2#2™%, |J| = 272" Fix one of them and let x; and y, be the middle
point of I and J. Then for (x, y) € I X J we write

Glf(xa }’) =/ fei(N("l'y/)x'+N2(x,y)y’)

X Y eu(x)e(¥)f(x = x',y —y)dx'dy’ = Myf(x,y),

k>kyh>h

meaning that the error term which is equal to G, f(x, y) minus the main term
M, f(x, y) satisfies the same estimate of M,. This can be proved by the same
method used in [7], which applies an expansion in Taylor series since

|N(x, y) = N(xp, y,) | x| < 1.

https://doi.org/10.1017/51446788700028020 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700028020

[51 Estimates for families of singular integrals 5

We shall use this convention for the rest of this paper. It is immediate that
M, f(x, y) = exp(iN(x;, y;)x)C, H,.(exp(~iN(x;, y;)x")f(x; y)Nx, y), where
H . denotes the Hilbert transform in x’ (actually a variant of it since the kernel is
smooth at |x’| = 272X just as it is for C, [8])-So|IGyll, < ¢, 1 <p < 0.

REMARK. Observe that for (x, y) € I X J we also have

|N?(x, y) = N2 (x, y)| [y <1,
so that we can actually say that

Gif(x, ) =M f(x,5) = [ [ exp(i(N(x,3,)y" + N(x, 3,)x"))
X Z ¢k(x’)¢h(y,)f(x —x',y "y’) dx'dy’.

k>ky,h=>h
The last operator (if we first integrate in x’ and then in y‘), to an exponential
factor, is the double Hilbert transform.

STEP 2. Let 1/272A(BC)'/2 < 27" < 472 /(27?N/2B) be fixed. For (x, y) € 1
X J, |[I|=272"% and |J| = 272" we have that

Guf(x,9)= L Tuf(x,7) = [ exp(iN?(x, ) y)u(5")

k>k

x [ exp(iN(xp, y)x') & ,(x)f(x = x', y = y') dx’dy’,
k>k

where (x;, y;) is the center of I X J. Clearly ||G,li, < ¢, lIfll,, 1 <p < o00. We
are going to improve this estimate in L,. It is easy to check that the size of the
sets Efy 1= {y €J: N*(x, y) € w;} is not greater than ¢2"/(N’BC) for every
x. Hence ||G,ll, < c¢(2*"/(N°BC)'/?). Therefore, by interpolation, L, |G|, <

¢, L,(2*"/(NBC))/* < ¢, for every 1 <p <2,1/p + 1/q = 1. If instead - h
> A2 272N°B is fixed and 2% = [2"/(2#2AB)] we let G,f(x,y)=
i sk, Tenf(x, y). Proceeding as above we have that Z,,||Gn||1, 1 <p<2

Step 3. For every 27% > [1/(27n2(AA)'/?)] we let 27%2 = [2% /(272NAC)).
Then as in Step 2, but switching the roles of the operators in x’" and y’, if
= Lysn, Tun Wehave that £, |G|, < ¢, £, 2% /A4) > < c,, 1 <p<2.

STEP 4. The remaining operators T, will be subdivided into three families. The
first one is defined by 2% > A27%/B and so 2" /2#*AB) < 2°% < AC/2". It is
easy to check that B(q) < ¢(2*"/(X*BC))"/?, which implies

Z I Teall, < ¢ ):(22"/(AZBC))‘/2"1g(AZBC/z“)
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The second family is defined by 2% /AC < 27% < 427%/B. It is easy to check that
B(q) < ¢(2"2*/(AN2AC))'/2, which implies

Z “Tkh “p < sz(zh/(}\a/zAl/zC))l/zq <e,
k.,h h

since A > B/AC. For the remaining T,,’s we use the estimate A(p) <
(22 /(N A)Y? and 50 Ty 4l Tiall, < €, Zi 2/ (AAN 2 1g(AN A4 /2%%) <,

This ends the case A > B/AC. If instead 10'® < A < B/AC then y’ = x’/AC
lies above y’ = Ax’/B. This case be handled as the previous one and we leave it
ot the interested reader. As we observed in the remark the main operator that
controls the case is the double Hilbert transform.

We shall need the following

LEMMA 2. (1) The operators Hf(x) = [ L2_o¢,(x")f(x — x"ydx’ and Hf(x) =
Supy |/ Ly < 4, x(x") f(x — x")dx’| are bounded in L,, 1 < p < 0. Moreover if
M denotes the Hardy-Littlewood maximal function then

(5) Af(x) < c{Mf(x) + M(Hf)(x)}.

(2) Suppose that B C N X N is a collection of pairs (k,h) of nonnegative
integers such that for every k the section B, = {h € N: (k, h) € B} is a truncation
of N possibly depending upon k and for every h the section B, = {k € N: (k, h) €
B} is a truncation of N possibly depending upon h. Then the operators

Hi) = [ [ T ex)e S (x = xy =) dx'dy
(k,h)EeB

and

A =sw ([ [ T a()e(f(x - x,y - ) dxdy
ko.ho (k.h)EB
k<ky,h<hg

are bounded in L,, 1 < p < oo, with norm independent of B. Moreover the following
inequality holds:

(6) ﬁlf(x’y)<C{Mx’My’f(x’y)+Mx’ﬁy/f(x’y)
+Mv’1~{x’f(xa y) + Mx’My’(Hlf)(xv y)}
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PROOF. This is Lemma 1 and Theorems 1 and 2 of {8}.
Now we consider the operator Tf(x, y) defined by (1) with N(x, y) = (Axy)*,
A > 10%°, We are going to prove the following

THEOREM 2. There exists a constant c,, independent of \ and f, such that
ITfll, < ¢ llfll, 1 <p <2

PROOF. As before Tf(x, y) = X% ,_oTinf(x, y). Now if we consider for all
integers m, n > O the region R, = {(x, y): 272" " ' < x < 242", 272" 1 <
y < 272"} then by Theorem 1 we have that for (x, y) € R,,, the operator
G f(x, )= X5 mnsnTinf(x, ) is bounded on L,, 1 < p < 2. Clearly there
is no problem in adding up any finite number of these estimates. In what follows
we will see that if 27" > 272" then we apply this argument only for 27" > A~1/2
and 272372 /X < 1;if 27" < 272" only for 2°™ > A"1/% and 222" /A < 1. So we
are left, for any nonnegative integers n, m, with the operators

(1) T, f(x,y) for k>0, h>n and (x,y)€ I XJ where I =[0,2727%),
|[J] =227k JC {y:2a2°" L <y <2a27");

(2) T,,f(x,y) for h>0, k>m and (x,y)€IXxXJ where |I|=2727K
IC{x:2a2 " < xg2a2° ™), J =[0,2727%);

3) T, f(x,y) for k>0, h>0 and (x,y)€ I X J where I =[0,2727%),
J =10,2727").

One can estimate the sum of the operators in (1) and (2) quite easily by the
methods of Section 1. We leave this to the interested reader. Instead something
new (Lemma 2) has to be introduced to handle the operators in (3). We are going
to do it in this way. Let 1 /p + 1 /g = 1. It is easy to check that the worst estimate
for A(p) and B(q), namely the one corresponding to «; = [0,2%) and
w; = [0,2%), is A(p) < c((2P*T"/M)lg(A/22 K R)/2 B(q) <
c((2%23172 /\)lg(A /2% +34/2)1/2 Clearly if 27* > 272k it is more convenient to
use B(q), i.e. to write Ty, f(x, y) = L, T, f(x, y), and to use A(p) if 27" < 272K,
The two cases being similar we are going to treat only the case 27 > 272k, First
of all we shall add up all pairs q =[] X J,w,] such that B(g) ~1 (ie.
2k234/2 /873X > 1, which makes |N(x, y)x’|, |N*(x, y)y’| <1). We show that
forl<pxg?2

(7) Y TS| <clfl
B@~1 b
Secondly for r > 0 we show that if B(q) ~ 277! (i.e. 272772 < 2k234/2 /843X <
2727 then
(8) Y Tf| <¢277%(r+ DS,
B@~2"""" L
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Since it is no problem to add up to the estimates (8) over r this will end the proof.
We start by proving (7). In our assumptions it has to be w, = [0, 2%), since we are
working close to the origin x = y = 0. We have that

F . f(x,y)= Y Tf(x,y)

B(g~1

= f f X o (x) 0, (¥)f(x — X',y = y) dx'dy’,
(k,h)eB_,
k>ko(x,y), h2hp(x,y)

where B_, = {(k, h): 2-* > 22k 2K2%/2 /873X » 13, and ko(x, ), ho(x, )
are defined as follows. If 7 < y < 27, x < 27[1/873A] then 27%o = 2 ko(x») =
[1/873\], 2770 = 27ho(x ) = 1; if /2 < y < 7 then, if x < 27r[1/87r3] we have
that 2-%o = 2[1/873A], 2-%0 = 1, while if 27[1/87°A] < x < 4n[1/873A] we
have the same 27%0 and 2 %0 = 1/2; and so on, until y < 27r[1/(87r3)\)‘/2] then,
if x< 27r[l/87r3}\] we have 27k =[1/(873A)1/4], 27h =1,..., while if
7[1,/(873A)! /4] < x < 27[1/(873)X)!/*] then we have the same 2~ k and 27" =
[1/(873N)1/2]. Therefore

[EufGen)ls|Su [ [ 8 ax)en(y)f(x = 'y = y) dx'dy|.
ko, hg (k,h)eB_;
k>kg,h>kgy

Hence by Lemma 2 we have ||F_,||,, < ¢, and (7) is proved. Now let B(q) ~ 2=
Since 27% > 272% we have that 2%7/8n3A < 2% < 20+D/2 /87304 If
Tinf(x, ) = Z,T,f(x, y) and B(q) ~ 277! then ||T;,|l, < ¢,27"/9 by Lemma
1 of [6]. So, trivially, if 1/27*}(873A)1/4 < 27k < 20+ 1D/2 /(873X )/* we have
that X, , ITyull, < c,277/%91g(2"*P/?). We are left to consider 27% <
2-7-1873N)" 174 which makes IN(x, y)x’| < 1. In this case we keep the T},’s
decomposed as sums of the 7’s, ¢ = [I X J, w;]. Depending upon w, we are
going to subdivide the T’s into 4(r + 1) families D, ..., Dy, ., and to show that
Rqen, Tfll, <c, 2"/2" for every s. This proves (8). The first family D, is
defined by w; = [O, 2*). Since (Axy)? < 2*,, clearly

FOf(x’y)= Z qu(x,y)
q€ D,

~_[ f > o (2N, (V) (x —x', y —y)dx'dy’,
(k,h)€eB_,_,
2> (Axy)?

where

B, ={(k,h):27%>27% B(q) ~27""1,27% < 1/2*}(8x°A)"/*}.
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By Lemma 2 the last operator has L -norm smaller than c,. This is not good
enough. We are going to do better by splitting every T, f(x, y) = quf(x, y)+
T2f(x, y) where T(f(x, y) = T, f(x, )X g:(x, ) and

E,=E n{(x,y): x <2*?27/\}, E} = E/\ E.

With obvious notations, F,f = Fif + FZf. If we put Efy={x(x,y) e E‘:} and
= {y:(x, y) € E}} it is easy to check that

(9) |Efy|/1T1 | Ey|/1T )< 27
Now the estimates (5) and (6) of Lemma 2 can be made more precise [8], namely
|Fo(x, y)|=| X T}f(x.»)

q9€ Dy

<c{ Sup (4khn) f f |f(x—x",y —y)|dx dy’
ky<k<k,
hy<h<h,

+ Sup (4kh) j f |H,f(x = x', y — y') | dx' dy’

k1<k<k2
hy<h<h,

k

+ swp (@) 1 [ |Hp ey ) laxdy
ky<k<k, -k
hy <h<h,

+ Sup (2k)—1/:i|fly«f(x—x’,y)ldx’

ky<k<gk,
with k; = k,(x, y), h, = h,(x, y).

The maximal function acting on the x’ variable and (9) make the L,-norm of each
of these four operators less than or equal to ¢2~"/?. Precisely we can always first
integrate in y’ and then (with y fixed) in x’. Then the support of Fjf(x, y)in the
x variable (y is fixed) can be subdivided into disjoint intervals I}, I7,.... These
can be set in one-to-one correspondence with other disjoint intervals 1}, 13, ...
such that x € I?, y' =y — o, |I'| ~ 2-%2(*»)_ For instance if 7 < y < 27 then
Ff(x, y) = f(x y) where q; = [[0,27a) X [0,27), [0,1)] and a = [27/A}
Then I} = Ey and I} = [0,27a]. If instead 7/2 <y <7 then Flf(x y) =
f(x, y)Tlf(x y), where q;= [[0,47a) X [0, 7), [0,2)]. In this case I} and I}’
are defined as above, while I{ Ef, \ E{, and I}’ = [2ma,47a]. And so on. By
(9) we have that

1q,

1
1|

<277,
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So by the action of the maximal function (acting on the x’ variable) that appears
in each of the four terms that control Fjf(x, y) we have

(10) |5l < 2777

Now we proceed to show that || F7||, < ¢,(r277)"/7. This is easier and it is proved
by the following observation. There exists a family of sets { G, } and of two-by-two
disjoint intervals {J, X I,} with the properties G, C I, X J;; |G,|/|1, X J,| <
¢27"; at any point (x, y) in G, at most r among the quf(x, y)'s are different
from zero; if (x, y) € I, X J, then

1
F? s <£r Su —_ x', yYldx'dy’
| Of(x )’)| I,,xJ,,gpli IIXJI'/;XJII( y)‘ y
if (x,y) € G, and FJf(x, y) = 0 otherwise. Precisely I, = [2"2"/%/A,
k12172 /8], J, = [0,27"] and G, = {(x, y) € I, X J,: N*(x, y) € [0,2")}. This
proves the desired estimate. Now we are going to consider the family D,,
1<s<4(r+1),definedbyq=[IXJ, 0], w, €V, and

v, = U{[zf k(27 4 1)2%),., [(20 - 1)28,227) )

(observe that E, = @ if w, € V,, s > 4(r + 1)). The w,’s in ¥, are two-by-two
disjoint so that the corresponding T.’s live on disjoint sets. This makes the matter
easier and so it is left to the reader to prove that

<c, 2-r/8p

qED;

by considering a suitable maximal function.

The main operator we used is H,. As we said it is easy to handle all pairs
q=[IxJ,l [J=? o =][0, 2"] B(q) =1 of the collection (1): it is
enough to apply the double Hllbert transform. For instance if J C {y: 2""r < y
< 27"}, 27" > X1/, then we observe that N(x, y) = Axy ~ A27"x. So after

applying the operator
Y T (y) ) ¢(x)* f(x, y)
2-hgon [23n/2/>‘]<2-k$[2n/)\]1/2

no pairs of norm 1 are left among the ones we started with.

The picture becomes considerably more complicated if we let N(x, y) =
(Axy#)* where B is as big as we wish. To handle this case we are going to
introduce an operator more powerful than H,. This is the subject of the next
section.
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3.

We shall make use of the following

LEMMA 3. For every y fixed, let B, be a subset of N X N with the property that
for every k there exists an integer r(y, k) such that B, = {h € N:(k,h) € B,} =
{h = r(y, k)}. Then there exists a constant c, depending only upon p,1 < p < oo,
such that ||H, f|l, < c,\|f|l, where

Hiy)=[[ T 606 f(x = x,y—y)dx'dy.

(k,h)EB,

Moreover if we define

f(x)=Sw|[ [} e(0e)f(x =%y =) dr'dy
0 (k.h)€B,
k<kg

then there exists an absolute constant ¢ such that H, f(x, y) < ¢{ M, H,.f(x,y)+
M;(H,f(x, )X )} and so H, is a bounded operator on L,.

PrOOF. This is Theorem 3 and Theorem 4 of [8].

Now we consider the operator Tf(x, y) defined as in (1) with N(x, y) =
(AxyP)*, A > 10'°, B > 1. A new problem arises when B is big. Let us assume
for instance that B is as big as we wish and A > 828, We are going to explain
why H, is needed to control LT, f(x,y) where q = [I X J,w,], w, =[0,2"],
|J| = 1|3, I =1[0,2"%]and B(q) = 1. Suppose for instance that 7 < y < 2. The
point is that y# is approximately a constant (i.e. it takes on values lying in
between two consecutive dyadic numbers) only on very small intervals, precisely
over intervals of size not greater than 1/8. So if among the pairs under
consideration we single out those with J C { y: # < y < 27}, then only the pairs
with |J] < 1/8 can be dealt with by applying the double Hilbert transform.
Similarly if 727" <y < #2°"*!, and so on. Therefore, after applying the double
Hilbert transform, we are left with many pairs having J C {y: 727" <y <
72°"*1} besides those having I = [0,2727%] and J = [0,2727%]. It is easy to
check that two pairs [I; X J;, w; ] and [1, X J,, @, ] with |J;| = |J,] = 27" (and so
wy, = w;, = [0, 2My) will have I, # I, unless J; = J,. In other words, if we add up
the T.’s corresponding to all pairs we are left with, the resulting operator will have
a convolution kernel depending upon the height y at which the operator is
evaluated. Such an operator, except for an error term, is H,.

We will not go into more details, H, is essentially the only new tool needed to
control Tf(x, y).
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We conclude by observing that our study suggests that H, and the double
Hilbert transform play the same central role in the problem of a.e. convergence of
double Fourier series we mentioned, that the Hilbert transform played in the
one-dimensional problem.
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