
SOME INEQUALITIES FOR POLYNOMIALS 
AND RELATED ENTIRE FUNCTIONS II 

Q. I. Rahman 

(rece ived January 31 , 1964) 

n 
v 

1. Let p(z) = 2 a z be a polynomial of degree n. 
v = 0 

Then c l ear ly 

( 1 . 1 ) / | p - ( e i 9 ) | 2 d e S 2 » S | v a - | 2 < a 2 / | p ( e i 9 ) | 2 d e , 
0 v=0 V 0 

2 " . .2 
(1 .2) S v | a y | < n S | a y | , 

v=0 v=0 

and for R > 1 

2ir -a ? n n 

(1 .3 ) / |p(Re ) | d9=2 ir S |a | R V < R n2ir S |a | 
0 v=0 v=0 

= R 2 n / f f | p ( e i 9 ) | 2 d e . 
0 

Note that if w = p(z) maps | z J < 1 on a domain D of the 

Q , ,2 w-plane then the area of D i s given by IT 2 v |a j 
v=0 V 

For p(z) ^ 0 in | z j < i , inequalit ies (1. 1) and (1. 3) 
have been replaced respec t ive ly by the following: 
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(1.4) / * | p M e i e ) | 2 d e < f - / ' |p(e i 8 ) | 2 de , 
0 0 

(1 .5 ) / " l p ( R e i e ) j 2 d 8 < R n " * / " | p ( e i 9 ) | 2 d 8 , ( R > 1 ) 
0 0 

Inequal i ty ( 1 . 4) w a s f i r s t p roved by L a x ([3], pp. 5 1 2 - 5 1 3 ; 
for a n o t h e r proof see [2] , T h e o r e m 13) and ( 1 . 5) by the au tho r 
h i m s e l f ([5], T h e o r e m 1). The e x t r e m a l po lynomia l in e a c h 
c a s e i s p(z) = a + p z n w h e r e |or | = |p | . 

In th i s p a p e r we sha l l g e n e r a l i z e the above i n e q u a l i t i e s 
by c o n s i d e r i n g po lynomia l s p(z) ^ 0 in j z | < K w h e r e K is 
an a r b i t r a r y pos i t ive n u m b e r . We have not b e e n ab le to solve 
the p r o b l e m c o m p l e t e l y , e. g. we do not know the r e s u l t c o r r e s 
ponding to (1 .4 ) when p(z) ± Q in | z j < K, w h e r e K > 1 . 

In t h i s connec t ion the following r e s u l t i s known [4] . 

T H E O R E M A. If p(z) i 0 in | z | < K w h e r e K > 1 , 
2 _ _ 

t h e n for R > K 

2ir 2n 2n 2TT 

(1 .6 ) / | p ( R e i e ) l 2 d 9 < R % K / | p ( a l 9 ) | 2 d e 
0 1 + K n 0 

We prove 

n 
T H E O R E M 1. U_ p(z) = 2 a Z

V i s a po lynomia l of 
v = 0 

d e g r e e n such tha t p(z) i 0 for | z j < K , w h e r e K < 1 , 
then 

(1-7) / T | p ' ( e i 9 ) | 2 d 8 < " / " | p ( e i 6 ) | 2 d e , 
0 1 + K 0 
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(1 .8) Z v | a | 2 < — 2 - j j - / ' | p { e i e ) i 2 d 9 , 
v=0 V 1 + K 0 

and for R > i 

Ztr Zn Zn ZTT 

(1 .9) / l p ( R e l 9 ) l 2 d 8 < R + * J | p ( e i e ) | 2 d 9 
0 1 + K 0 

n n 
In e a c h c a s e equal i ty holds for p(z) = a z + (3 K w h e r e 
l«l«|p|. 

n 
v 

Now suppose that p(z) = 2 a z , a ^ 0 h a s a l l i t s 
^ v n 

v = 0 
z e r o s in | z | < K, w h e r e K > 1; then the po lynomia l 

n 
q(z) = z p ( i / _ ) = 2 H z cannot v a n i s h in I z j < — < 1 , 

z _ v K — 
v = 0 

and if we apply ( 1 . 8) to q(z) we s h a l l get 

l ( n - v ) | a J 2 < ^ Ç n Z | a j 2 , 
v=0 1+K v=0 

o r 
n n 

s v|a r>—v s |a r 
1 v ' — Zn ' v ' 

v=0 1+K v = 0 We can t h e r e f o r e s ta te the following 

n 
THEOREM 2. If p(z) = 2 a z V , a ^ 0 h a s a l l i t s -— v n 

v = 0 
z e r o s in I z I < K, w h e r e K > 1, then 

(1.10) Z v|a | 2 > — V Z |a | 2 

v = 0 1+K v = 0 
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The c a s e K = 1 of T h e o r e m 2 was p roposed by D. J . 
Newman a s an advanced p r o b l e m in the A m e r i c a n M a t h e m a t i c a l 
Monthly (vol. 69, 1962, p r o b l e m No. 5040). 

We can w r i t e (1 .10) in the equ iva len t f o r m 

( L I D U P ' . P H ^ — 2 ! : IIPII • 
U K 

i8 i0 
w h e r e (pf , p) the inne r p roduc t of pf (e ) and p(e ) i s 

2TT ——— 2-rr 
equal to f p* (e 1 ) p(eX )d9 and | j p | | = f [pfe* ) | d9 

0 0 

Proof of ( 1 . 7). The po lynomia l P(z) = p(Kz) does not 
n-

v a n i s h for | z | < 1 and so the po lynomia l Q(z) = z P(t/__) 

= z11
 P ( K 7 Z ) h a s a l l i t s z e r o s in | z | < l . Since |Q(z) j = | P(z) | 

z ~~ 
for | z | = l it follows tha t |P (z ) | < |Q(z) | for | z | > l . F r o m 
th i s we can conclude by a r e s u l t of De Bru i jn ([2], T h e o r e m 2) 
tha t | P f ( z ) | < |Q f (z) j for | z | > l . In p a r t i c u l a r , 

(1 .12) i P ' ^ e 1 8 ) ! ^ | Q ' ( ± e i 9 ) | 

for 0 < K < 1 and e v e r y 6 such tha t 0 < 6 < 2tr . Now 
n n 

P(z) = S a KV z V , Q(z) = S ï KV zn"V ; hence for 
v- 0 v s 0 

0 < K < 1 

/ V e V d e =^2 / , r | P ' â e i 9 ) | 2 d 9 
0 K O 

l-l-Sri/V^e^j^de+K^/'lQ'^»19)!^} 
K (1+K ) 0 A 0 
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n « ~ ~ n 
2IT „ 2 , ,2 2 2n , %2 , -, 2 1 . 

, , { 2 v- a K +K S ( n - v ) a —r— - } 
2, 2n » v „ v 1 2 n - 4 v - 2 

K (1+K ) v=0 v=0 K 
2w D , 2 2 4 v , . .2 

- ^ S {v + ( n - v) K } |a | 
1+K v=0 

( 1 . 1 3 ) < _ i l _ Z ( v 2
 + ( n - v ) 2 } |a | 2 

" l + K 2 n v = 0 

n 2 ° 2 
< n •-• 2ir S la I 
~ . 2n „ v 

1+K v=0 

=^4i /*|pu i e)|2ae. 
1+K 0 

Proof of (1. 8). In order to prove (1 .8 ) we start from 
(1. 13). Thus we have 

2* 2 v 2 | a | 2 < - ^ V 2 { v 2 + ( n - v ) 2 > ja j 2 

v — 2n v 
v = 0 1+K v = 0 

S (n - 2nv + 2v ) a 
2n v 

1+K v = 0 

or 

-> n -» 2 n • 2n n ^ 
2n . ,2 „ n . .2 1-K _ 2 . .2 

7* 2 v a < — 2 a + — 2 v a 
2n ' v ' — 2n ' v ' 2n ' v * 

1+K v = 0 1+K v = 0 1+K v = 0 
2 n 2n 2 n 

„ n . ,2 1-K n _ , ,2 
<- zr 2 a + - — 2 a 
— 9 2n ^ ' v ' 2n 2n ' v ' 

1+K v=0 1+K 1+K v = 0 
by ( 1 . 7 ) . Hence 

577 

https://doi.org/10.4153/CMB-1964-054-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-054-x


11 , .2 2 t . .2 2 l . K 2 n * , , 2 
2n 2 v | 4 | < n 2 | a y | + n 2 | a j 

v = 0 v = 0 i+K v = 0 

7 2 n . 
2n , ,2 

2 a 2n ^ • v ' 
1+K v = 0 

Dividing both the s i d e s by 2n we get ( 1 . 8). 

P roof of ( 1 . 9 ) . The po lynomia l p1 (z) is of d e g r e e n - 1 ; 
t h e r e f o r e by ( 1 . 3) we have for e v e r y r > 1 

/
i0 ,2 2n-2 r • iO .2 

| p ' ( r e ) | d 9 < r n / | p ' ( e ) | d6 
0 0 

n 2n -2 r , , i8 .2 jrk 

< - r J |p(e ) | d9 . 
1+K 0 

Mul t ip ly ing both the s ide s by r and then i n t e g r a t i n g wi th r e s p e c t 
to r f r o m 1 to p we get 

2 v | a v i 2 ( p 2 v » l ) < - ^ - ( p 2 G . l ) / * | p ( e i 9 ) | 2 d e . 
v = 0 1+K 0 

Hence for e v e r y p > 1 we have 

2 v | a v | 2 ( p V . i ) < - ^ . ( p n . l ) / ' i p ( e i 9 ) | 2 d e , 
v=0 1+K 0 

o r 

= v l a v | 2 P V < - S S < P n - » ) / " | p ( e i 6 ) | 2 d 9 + I v | a | 2 

v=0 1+K 0 v=0 

2 ^ .- . 
n n r i 16 ,2 

Tn p I I**6 >l d9 

1+K 0 
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by ( 1 . 8). Dividing both the s ides of the above inequal i ty by p 
and in t eg ra t ing wi th r e s p e c t to p be tween the Limits 1 and R 
we get 

I | a | 2 ( R V - l ) < ^ n / " ip(e i 9) |2d9, 
v=0 1 + K 0 

o r 

n. ^ «n 2n ZTT 

_ , ,2 v R + K r , , i9% , 2 ^ 
2 'aJ R £ 2T~ / Ip ( e H dG • 

v=0 1 + K 0 
2 

F ina l ly , we r e p l a c e R by R to get ( i . 9 ) . The proof of 
T h e o r e m 1 i s c o m p l e t e . 

Now the ques t ion a r i s e s a s to how far the r e s t r i c t i o n 
K < 1 i s e s s e n t i a l for the va l id i ty of e s t i m a t e s ( i . 7) and ( 1 . 8). 

Let us c o n s i d e r the po lynomia l p(z) = (z + K) , w h e r e K > 1. 
Then for a r b i t r a r i l y l a r g e K 

2TT 

J jp(e ) | d9 =27rn { i + ( C K) + . . . + ( C K ) 
0 1 n " 

+ ( a - * C K - 1 ) 2 } 
n - 1 

„ 2 T ,2n-2 
~ 2 r a K 

w h e r e a s 

/ I | p ( e i e ) | 2 d 8 = 2 ï { l + ( D C K ) 2 + . . . M I 1 C / ' V + t ' c K 1 1 ) 2 } 
o n_1 n 

2n 
~ 2 i r K . . 

Thus, for the c a s e K > 1, we could at the mos t expect to have 
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(1.14) / V e l 8 > i 2 d » - < ^ / ' |P<ei9)|2<i9 • 

2 
<t>(K) ~* K as K -> « . 

Such an est imate in fact holds and the proof is t r ivia l . We 
simply have to note that if the zeros z . z . « . • , z of the 

^ J 1 2 n 
n 

polynomial p(z) = S a z all lie in | z | > K, then on 
v = 0 

expressing a in t e r m s of the zeros and comparing it with 
v 

a = z z_ . . . z we shall get 
o i 2 n 

la | < |a | n C K~V, v = 1 . 2 , . . . . n . 
1 v — o n- v 

Thus 

/
, i 9 , 2 2 , i2 i 12 2 n 2 - 2 v 

p ' ( e ) d8=2ir 2 v a < 2ir a 2 v ( C ) K 
~ ~ ' v ' — ' o ' . n- v 
0 v=0 v=0 

2 2 -2. 
^ 2 i r | a I n K a s K - * « , 

and (1 . 14) follows because 

/ | p ( e i 9 ) | 2 d e = 2 , 2 | a v | 2 > 2 T r | a | 2 . 

The hypothesis that the geometric mean of the moduli of 
the zeros is at least equal to K is much weaker than the 
assumption p(z) ^ 0 in | z | < K . However, in this case the 
problem under consideration can be completely solved» 

THEOREM 3. JLet the geometric mean of the moduli of 
the zeros of a polynomial p(z) of degree n be K, where 

K < (n - 1) ' n . Then for every R > 1 , 
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2TT .^ _ „2n 2n 2ir 
/ |p(Rc ) | de<_ — / |p(e ) | d9 . 

0 1 + K 0 

- l /2n , 
If K > (n - 1) then 

2TT ^ _2n 2n 2TT 

/ |p(Re ) | d0 < f— / |p(e ) | d 8 , 
0 1 + K 0 

or 

/ * ( p ( R e i e ) | 2 d e < R 2 n ' 2 / ' | p ( e i 9 ) j 2 d e 
0 0 

according as & > ^ £ £ 1 < K. < ^ > where /? i s the only-
root of 

2n 2n 2n-2 2n 
(1. 15) R - (1 + K ) R + K = 0 

in ( l ,oo). 

Proof of Theorem 3. The hypothesis impl i e s 

la I > Kn la I, so that 
' o ' — n 

l \ l V n *K I 2 ;^£<KI 2 *K I 2 > 

for R > 1 . If l < v < n - l , then for R > 1 

2v _ 2 n - 2 
R < R 

and so 

This fact fo l lows , for example , from the D e s c a r t e s 1 rule of 
s igns . 
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2n 2n 
i i2 J-v i l 2 R- + K 
a R < a z— 

1 v — v 2n 
1 + K 

if 

-, _2n 2n 
,A , , . 0

2 n - 2 R + K 
(1.16) R < r—-

— C.XÏ 

1 + K 

If K < ( n - 1 ) " then (1. 16) holds for every R > 1 . Hence 

r i i0 ,2 r , ,2 2n , ,2 , .2 2n-2 
/ p(Re ) d9 = 2ir{( a R + a ) + a | R 
•̂  n o n -1 
0 

. . . . + | a 2 | 2 R 4 + J a J ^ 2 } 

<K * 2 n 2 i r ^ l a
a | 2 + l a

0 | Z > + | a n - l | Z + • • • + I a 2 | 2 + | a 
1 + K 

2n 2n 2tr 
^ R + K r i , i9u2

 J r t 

< - i r / |p(e ) | d0 . 
1 + K 0 

But if K > (n - 1)" n , then for (1. 16) to hold R should 

at least be equal to & where / ? is the root of (1. 15) in (1, oc). 

2n-2 p 2 n + K 2 n 

If 1 < R < K then R is greater than — : L - ~ — as well 

1 + K 2 n 

2v 
as R , v = l , 2 , . . . , n - 2 , and so we get 

2^ .^ 2TT 

r , , _ 18 . ,2 , 2n-2 /• . , 10 ,2 
J |p(Re ) | d0 < R J |p(e ) | d0 . 
0 0 

Given any e > 0 we can clearly construct a polynomial 
n 

p(z) = S a zV with la I > Kn la I, K > ( n - l ) " 1 / 2 n and 
A v ' o ' — ' n1 
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f | p ( R e i e ) | 2 d 9 > ( l « c ) R 2 n - 2 / ' | p ( e i 9 ) j 2 d 9 . 
0 0 

We can s i m i l a r l y prove the following two t h e o r e m s . 

THEOREM 4. Let the g e o m e t r i c m e a n of the modul i of 
the z e r o s of a po lynomia l p(z) of d e g r e e n be K- Then 

/ ' | p . ( e i e ) | 2 d 9 < - ^ / * | p ( e i 9 ) | 2 d 9 
0 1+K 0 

o r 

/ * | p ' ( e i 9 ) | 2 d e < ( n - 1 ) 2 / * | p ( e i e ) | 2 d 9 , 
0 0 

a c c o r d i n g a s K < ( 2 n - i ) (n-1) or 

l / 2 n - 1 / n 
K > (2n - 1) (n - 1) r e s p e c t i v e l y . 

THEOREM 5. If the g e o m e t r i c m e a n of the modu l i of 
n 

v 
the z e r o s of a po lynomia l p(z) = Z a z of d e g r e e n be K 

v s 
v =0 

then 

v =0 l+K 0 

o r 

n 2TT 

2 v | a | < ( n - l ) / | p ( e ' ) | d9 , 
v = 0 V 0 

a c c o r d i n g a s K < ( n - 1 ) or K > ( n - 1 ) r e s p e c t i v e l y . 
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2. Let f(z) be an entire function of exponential type T , 
periodic on the real axis with period 2TT. Then it has the form 
([ ! ] . P-109) 

n 
IV Z 

f(z) = S a e , n < T 

v — 
v =-n t z 

In addition, if f(z) is 0(e ' ') on the positive imaginary axis' 
for some e less than 1, then we shall have 

n 
iv z 

f(z) = S a e , n < T . 
v=0 V 

Hence Theorems A and 1 may be restated as follows. (We use 
h (0) to denote the indicator of f(z). ) 

THEOREM AT . J f f(z) 4 0 J o r Im z> K where K < 0 , 

and if h Or) < i , then for y < 2K 

2 e
2 T ' l y l + 2 T | K | » 

/ | f(xfiy) | d x < ^ 4 / _ |f(x)| d x . 
-IT 1 + € ' ' -IT 

THEOREM 1' . Jf f(z) i 0 for_ Im z > K > 0, and if 

h (-) < 1, then 

* 2 2 IT 

/ f f , ( x ) i d x £ T ,2KT / | f (x ) ( d x ' -2KT 
1+e -ir 

| / f'(x) f(x) dx[ < T ^ 2 K T / |f(x)| d x , 

and for y < 0 

2T | y | - 2 T K IT 

/ | f ( x + i y ) r d x < 5 ; 2 r
e

K / i f ( x ) | Z d x 

1 4- e 
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For the r e s t of th i s sec t ion let f(z) be an e n t i r e function 
2 

of exponent ia l type T belonging to L on the r e a l a x i s . We 
sha l l prove r e s u l t s for f(z) which a r e analogous to T h e o r e m s 
A and 1 of the p reced ing sec t ion . Acco rd ing to a we l l known 
t h e o r e m of Pa l ey and Wiener ( [ l ] , p. 103) an e n t i r e function 

2 
f(z) of exponent ia l type r belonging to L on the r e a l line 
has the r e p r e s e n t a t i o n 

f(z) = / e 1 Z t 0(t) dt , 0 c L . 
- T 

If ( f ,f) deno tes the inner p roduc t of f1 (x) and f(x) then 

( f ,f) = / V (x) f(x) dx = 2*1 J t | P ( t ) | dt . 
- 0 0 - T 

Analogous ly to (1 . 1), ( 1 . 2) and ( 1 . 3) we have 

°° 2 2 °° 2 
(2 .1) / | f ( x ) | d x < T / | f (x ) | d x , 

- 0 0 - 0 0 

00 2 
(2.2) |(f ,f) | <r f [f(x)| d x , 

-00 

00 , , 00 

and for a l l y 

(2 .3 ) / | £ ( x + i y ) | 2 d x < e 2 T | y | / " |f(x) | 2 dx 
- 0 0 - 0 0 

T h e s e i nequa l i t i e s follow i m m e d i a t e l y f rom the above 
r e p r e s e n t a t i o n for f(z) a s a finite F o u r i e r t r a n s f o r m . 

C o r r e s p o n d i n g to ( 1 . 4) and ( 1 . 5) we have ([5] , T h e o r e m s 
6 and 7). 

THEOREM B. J £ f(z) t 0 J o r Im z > 0, and if 
h f(ir/2) = 0 , then 
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oo 2 oo 2 

(2.4) / | f ' (x) | d x < j - / |f(x)| d x , . 
2 

- o o - o o 

and for y < 0 

.2 J i . 2 T | y 
(2 .5 ) / | f ( x + i y ) r d x < | ( e A I Y | + 1) / Jf(x) | dx . 

- 0 0 - 0 0 

H e r e we p r o v e the following a n a l o g u e s of T h e o r e m A and 
T h e o r e m 1 r e s p e c t i v e l y . 

T H E O R E M 6. J f f(z) 4 0 for_ Im z > K w h e r e K < 0 , 
and if- h ( I T / 2 ) = 0, t hen for y < 2K 

, °° 2 e 2 T ' y U e 2 T l K | , °° 2 
(2 .6 ) / | f ( x + i y ) | d x < + . - / | f (x ) | dx 

-oo 1 + e -oo 

T H E O R E M 7. J f f(z) i 0 J o r Im z > K > 0, and if 
h (TT/2) = 0, then 

oo 2 oo 

(2 .7 ) / | f ' ( x ) | dx<_ ^ R 7 / j f (x) | d x , 
-oo 1 + e -oo 

°° 2 
(2.8) | ( f ' , f ) |<— Z Zz&r f |f(x)| dx, 

1 + e -oo 

and for y < 0 

« 2 r | y | - 2 T K oo 
(2 .9 ) / | f ( x + i y ) | d x < - - ^ | / | f ( x ) | d x , 

-oo 1 + e -oo 

Let f(z) be an e n t i r e function of o r d e r 1 and type T such 
tha t f(z) h a s a l l i t s z e r o s in Im z > K w h e r e K < 0. If f u r t h e r 

h (TT/2) = 0 then the e n t i r e function g(z) = e f(z) ha s no z e r o s 

in Im z > - K > 0 and h (TT/2) = 0 . If we apply (2. 8) to g(z) 
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we shal l get 

T ' - 2 K T T 

/ (T- t ) | 0 ( t ) | d t < T g / | 0 ( t ) | dt 
0 i + e" 0 

o r 

T T 

/ t | « t ) | dt> J • / |0(t)| d t . 
0 i + e 0 

We can t h e r e f o r e s ta te the following analogue of T h e o r e m 2. 

T H E O R E M 3. If_ f(z) is an e n t i r e function of o r d e r 1 
and type T such that f(z) has a i l i t s z e r o s in Im z > K whe re 
K < 0 and h (TT/2) = 0, then 

(2.10) | ( f . , f ) | > IZKT j|fj| 
1 + e 

oo 

2 w h e r e ||f|j = f | f (x ) | dx . 

Proof of T h e o r e m 6. To s t a r t with we suppose that 
f(z) ha s a l l i t s z e r o s on Im z = K < 0. By P a l e y - W i e n e r 
t h e o r e m f(z) ha s the r e p r e s e n t a t i o n 

T 

f(z) = / e 1 Z t Ht) d t , 0€ L . 
0 

1TZ 
The function F ( z ) = f ( z + iK) a s wel l a s c j ( z ) = e f(z + iK) 
h a s a i l i t s z e r o s on the r e a l a x i s . B e s i d e s | F(x) | = | C J ( X ) | for 
-co < x < oo , hence for some y in 0 < y < 2TT we have 

iy 
F(z) = e ^ ( z ) . F r o m th i s it follows that 

| 0 ( T - t ) | = e
K ( T - 2 t ) \ m \ , 0 < t < r . 

T h u s for y < 0 , 
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00 T 

/ | f ( x + i y ) | 2 ' d x = 2ir / e " 2 y t | 0 ( t ) | 2 d t 
-oo 0 

r T r -2yt ,„ , , , 2 -2y (T- t ) 2K(T-2t) , , % , 2 , , 
= ir J [e y | ( 5 ( t ) | + e y v e |P( t ) | ] dt 

0 

T 2 | K | ( T - 2 t ) 2 | y | t 2 | y | ( T - t ) 

+ | 0 ( T - t ) | 2 ) dt 

Now 

2 T | y | 2 T | K | 2 | K | ( T - 2 t ) 2 | y | t 2 | y | ( T - t ) 
e + e e e + e 

1 + e 
2 r | K ) _

 l + e 2 | K | ( T - 2 t ) 

{ ( e 2 ( r - t ) | y | _ e 4 | K | ( T - t ) ) ( e 2 | y | t _ 
, , 2 T | K | W J 2 K| (T-2t) , (1+e ' ' ) ( l+e ' |V ) 

+ e 2 | K | ( T - 2 t ) ^ I Y K T - D ^ J ( e 2 f y | t _ e 4 | K | t ) } 

> 0 

if y < 2K. Therefore the greates t of the quantit ies 

e 2 | K | ( T - 2 t ) e 2 | y | t + e 2 | y | ( T - t ) 

1 + e 2 | K | ( T - 2 t ) 

for 0 £ t < T i s 

e 2 T ) y | + e 2 T [ K l 

1 + e 2 T ' K l 

if y < 2K. Hence for y < 2K we have 
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oo 2T Jy | 2 T | K | « 
(2.6) / | f ( x + i y ) | d x < - ^ ^ j / | f (x ) | dx 

-oo 1 + e ' ' -oo 

The theorem is proved for the special case when al l the zeros 
of f(z) l ie on Im z = K < 0. 

Now let us cons ider the general c a s e . If 
iT (z- ik) 

3 K z ) = e V ~ ' f(z + 2iK) then |j*(z) | = |f(z) | for. Im z = K. 

The function G(z) =f(z + iK)e has no zeros for y > 0, 
and h (-ir/2) =h (TT/2) = T / 2 . Therefore by a theorem of Levin 

G G 
([1] , p. 129) we have |G(z) | < |G(z) | for y < 0, or 
|G(z - iK) j < jG(z + iK) | for y < K. Thus for y < K , 

\*t \\ * \*i-±'>-xr\ - i T ( 2 + i K ) / 2 . . i T ( z - i K ) / 2 . | f ( z ) | < |f(z + 2iK) e I je j 

i T ( z - i K ) / 2 . . iT(z- iK}/2 
= |f(z + 2iK) e I |e 

,——rrrr , i T ( z - i K ) . 
= |f(z + 2iK) e J 

= | * ( z ) | . 

Since |G(z - iK) | < |G(z + iK) | for y < K we have 

|G(z + i K ) | > |G(z - iK) | 

for y > -K or 

|G(z - iK| > |G(z + iK) | 

for y > K. From this we can deduce in the same way as above 
that |^ ( z ) (< |f(z)( for y > K. B e s i d e s , it i s easy to verify 

that for every r\ such that 0 < rj < 2TT the function f(z) + e J*(z) 
has ail its z eros on Im z = K and we can apply the speciaL case 

proved above to the function f(z) + e J*(z). Hence for y < 2K 
we have 
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oo . 2 r |y | 2T |K| CO 

/ |f(x+iy)+elT1^(x+iy)| d x < - ^ j ^ / |f(x)+elTl*(x) | dx 

Now integrate both the sides with respect to TJ from 0 to 2TT. 
On inverting the order of integration and noting the above 
relations between | £( z) | and |j*(z)| for y < K and y> K 
we easily get 

/ V + e ' V d r , I |f(x+iy)|2dx 
0 -oo 

2T|y| 2 T | K | oo 2ir 

1+e ' ' -« 0 

This gives the desired result. 

°° 2 
The above estimate for j Jf(x-fiy) | dx is valid only 

- - c o 

for y<_ 2K. An estimate for 2K < y < 0 can be obtained from 
the following consideration. 

Since 

oo T 

/ | f ( x + i y ) j Z d x = 2ir / e " 2 y t | p ( t ) | 2 dt , 
-oo 0 

°° 2 
it is easily verified that log J |f(x + iy) | dx increases and 

-co 
is a downward convex function of y as y -* -co. Thus for 
2K < y < 0 we have 

{log J |f(x+ iy) | 2 dx- log j |f(x)|2dx}/jy| 

< (log / |f(x + 2iK)| dx - log f |f(x+iy)| dx}/(2 |K|- |y | ) 
- 0 0 _ 0 0 
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or 

°° 2 °° 2 
2 | K | l o g / | f ( x + i y ) | d x - ( 2 | K | - l y | ) log / | f ( x ) | d x 

»co -co 

,2 
< | y | log / | f (x+ 2 iK) | dx 

- 0 0 

4 T | K | 2 T | K | «8 

f | y | i o g ( e
 2

+
T i K | / | £ ( x ) | 2 d x > 

by (2. 6). Hence 

0 0 CO . * 

2 | K | l o g / | f ( x + i y ) | 2 d x < 2 J K | l o g / | f (x) | dx + | y | l o g e T | K !
S 

or 
oo j , oo 

J | f ( x + i y ) | 2 d x < e T ' y ' j | f ( x ) | d x 
-oo -oo 

for 2K < y < 0 . 

P r o o f of (2 . 7) . L e t F (z ) = f(z + iK) and c o n s i d e r 
XT z 

u ( z ) = e F ( z ) , w h i c h i s an e n t i r e func t ion of e x p o n e n t i a l 
t y p e > T . S i n c e f(z) h a s no z e r o s for I m z > K, h . (TT/2) = 0 

and h ( - I T / 2 ) = T , the funct ion w(z ) h a s no z e r o s for 

I m z < 0 , h ( - T T / 2 ) = T , and h (TT/2) = 0. The func t ion 

- i T z / 2 
e co(z) t h e r e f o r e b e l o n g s to the c l a s s P d i s c u s s e d in 

([*]» P- 129) and by the t h e o r e m of L e v i n ( i o c . c i t . ) 

• - Î T Z / 2 , , - i T z / 2 . 
| e w ( z ) | > | e u ( z ) | 

for Im z < 0. T h u s for Im z < 0 w e h a v e 

|F(2) | = | e 1 T Z ^H) | < |„(z)| . 
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By another theorem of Levin ([ l ] , p. 226) it follows that 

| F ' U ) | < | u ' ( z ) | 

for Im z < 0. In par t icular , | F ! (x - iK) | < |u ' (x - iK) 
Since 

T 

ir z r - K T - iz t ——• , 
u(z) = e J e e p(t) dt , 

0 

we get 

00 00 

/ | f ( x ) | 2 d x = J |F» ( x - iK)| dx 
- 0 0 - 0 0 

00 00 

< hï£ï if | F ' ( x - i K ) | dx+ e" K T / | w ' ( x - i K f d x } 

1 + e 

r f 2 u , , ^ - 2 K T r , ,2 2K(r -2 tL . . , 2 , , 
— { / t |0 ( t ) | d t + e J (T-t) e lJ>(t)| dt} -2K" 

1 + e 0 0 

/ {t + (T-t) e } |0( t ) | dt 
" 2 K T A 1 + e 0 

(2.11) < 2 \ 2 K T J ' T { t 2
+ ( T - t ) 2 } |?)(t) |2dt 

1 + e 0 

2 T 

< T -2KT 2 " / I W l d t 

1 + e 0 

2 oo 

T . 2KT / l £ Wl d x 

i + e -oo 

This is (2. 7) 
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Proof of (2. 8). F r o m (2. 11) we have 

2* / t 2 | P ( t ) | 2 d t < 2 T 2 £ T / (T 2 -2Tt+2t 2 ) | 0 ( t ) | 2 d t 
0 1 + e" 0 

or 

, T 2 T 
2 T / t.|»<t)|zdt< \ j \m\at 
- 2 K T Jn

 | y x " - J - 2 K T 
1+e 0 1+e 0 

- 2 K T T 

+ 1 ^ 2 F T / t 2 | M t ) | 2 d t 
i+e 0 

1+e 0 

- 2 K T 2 T 

i+e i+e 0 

by (2. 7). Hence 

T T 

/ t | « t > r d t < I
ZÏ^: f |P(t)| dt , 

0 i + e 0 

and (2. 8) fol lows. 

Proof of (2. 9). The function V (z) i s of exponential 
type T ; therefore by (2. 7) and (2. 3) we have for every p < 0 

2ir / t 2 e " 2 p t |P ( t ) | 2 dt = j \V (x+ip) | dx 
0 -co 

i - h s ' " 1 " / "IWI2^ •2KT 
i+e -oo 
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Integrating both the sides with respect to p from 6 to 0 we 

get 

T °° 
Z i r / t l g > ( t ) | 2 ( e ' 2 5 t - l ) d t < J 2 K T ( e - 2 T 5 - l ) / | f (x) |2dx 

0 1+e -oo 

o r 

2ir J t e ' 2 6 t iP(t) |2dt < 2u j t | 0 ( t ) | 2 d t 
0 0 

+ —ris; I«"2T6-UX / "WH 2 * 
i+e - « 

T - 2 T 6 « 
< -2KT e f |f(x)| dx 

1+e 
- 0 0 

by (2. 8). Now integrating both the sides of the above inequality 
with respect to 5 from y to 0 we get 

Z* f ( e - 2 y t - l ) f f t t f d t j ^ 2 K T ( e " 2 T y - i ) / °° i f (x) | 2dx 
0 1+e T -co 

o r 

T -2Ty - 2 K T » 

2 » / e - ^ | p ( t ) j 2 d t < ^ — z é r ~ S if(x)i d x 

0 1 + e -oo 

which i s the same as (2, 9). 
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