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ABSTRACT. An ad aptive-grid finit e-volume glac ier model is desc ribed. The 
model is an implicit on e-dimensiona l fl owline model. The discretized implicit finite
volume equa ti ons a re solved by a n itera ti ve predictor- corrector method . The grid 
ada pts as the terminus moves in response to cha nges in sudace mass ba lance. Only the 
terminus grid poin t and the penultima te grid point a re ad a pted as th e glacier-terminus 
positi on cha nges in order to minimize computation. Seve ra l modelling experim ents a re 
carried ou t to demonstra te the performance of the model. Compa ri sons a re mad e wi th 
a fixed-grid finite-vo lume model and a fi xed-grid finit e-difference model. Compa risons 
a re mad e on two leve ls. The differences in m ethods, finite-volume method versus finite
difference method , a rise from differences in accuracy a nd progra mming efIi ciency. The 
difference in grid s, ad aptive-grid ve rsus fi xed-grid , a ri se from differences in the 
numeri ca l smoothness of the motion of the moving terminus. This a ffec ts ques tions of 
sta bility and accuracy. 

1. INTRODUCTION 

Simple flowlin e continuity mod els have been used by 
various resea rchers to simula te g lacier- clim a te interac
tion s. Most of the models have been constructed using 
finite-differences (e.g. Budd and j enssen, 1975; Bindsch
adler, 1982; Kruss, 1984; O erl ema ns, 1986; Greuell , 
1992 ) . The finite-difference me thod (FDM) involves 

direc t repl ace ment of deri va ti ves by divided difference 
quo ti ents (Richtmyer a nd Morton, 1967; Smith , 1985). 
The notion of th e FDM is simple a nd easy to apply. 
Beside the FDM, the finit e-element method (FEM ) is 
sometimes used (e.g. Fas took, 198 7). The FEM is a 
vari a tional formula tion in which a pproxim a ting fun ctions 
a re sys tema ti cally d erived by representing the given 
doma in as a collec tion of small sub-domains (Ba ker, 
1983; MOl' ton, 1986; R edd y, 1986) . The FEM tends to be 
ma thema ti ca ll y more fo rm a l. The computa ti ona l impl
ementa tion of the FEM is much more compl ex th an tha t 
of the FDM and this has hind ered its genera l usage in 

gl ac ier modelling. 
A glacier terminus, which is free to flu ctua te, is an 

essenti al fea ture of the models. It ad vances o r retreats in 
res ponse (Q ex tern a l fo rcing, which is usua ll y clima te 
rel a ted. The problem of tracing th e moving terminus is 
compl ex, since there is no relationship which contains the 
velocity or the position of the moving terminus explicitl y. 
Such problems where an explicit rela tionship does no t 
occur a re termed implicit boundmy problems (Sac kett , 1971 ) . 

A full considera ti on of the moving terminus has been 
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given in Budd and J enssen ( 1975), Bindschadler ( 1982 ) 
a nd Kruss ( 1984). The num erical computations a re 
ca rri ed ou t on fi xed grids. Hindmarsh a nd other (1987) 
a pp lied the adapti ve-grid sys tem of Murray and La ndis 
(1959) to track th e ma rgin moti on in a n ice-shee t model. 
In Figure I , severa l grid sys tems a re compa red . Th e use of 
vari a ble g rid sys tems is ra re in glaciology but it is 
common in other branches of a ppli ed science involving 
d ynamic boundaries. Varia ble-grid sys tems improve the 
smoothness of the motion of the moving bound a ry 
compared to fi xed-grid sys tems. Smooth bounda ry motion 
enh ances th e acc uracy and sta bility of the numeri cal 
mod el. 

An altern a tive so lution techniqu e, the finite-volum e 
method (FVM), may be used to solve the sam e type of 
problem for which the FDM a nd the FEM a re suited. 
The FVM is used widely a nd highly successfull y in 
computing so lutions to conse rvation laws for th erm al
a nd fluid-d ynamics a na lysis. Al though the FVM has been 
successfull y a ppli ed in glacier modelling (e.g. J 6ha nnes

son and others, 1989; J 6hannesson, 1991 ), the method is 
no t widely a pprecia ted in g laciology. The ma thema ti cal 
concept of the FVM is to ex ploit the di vergence form of 
the conserva ti on equa ti on by integrating it ove r a finite 
vo lume and using Ga uss 's theo rem to convert th e result 
into surface integra ls whi ch a re th en di screti zed (Pa t
a nkar, 1980; MOI,ton and SUli , 199 1) . An excellent review 
of th e FVM a nd the FDM has been g ive n by Vinokur 
(1989) . It illustra tes the differences and th e simila riti es of 
the two methods. The models of Hu ybrechts a nd o thers 
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Fig. 1. Comparison oj selected grid s}stems. The grids are 
fixed at the lefthand side and are retreating at its nglztlzand 
side. (a) Fixed-grid S}stem. (b) Grid S}stem if MUlTay 
and Landis ( 1959) . (c) Grid system of Crank and GupLa 
( 1972) . (d) Grid system of Miller and others ( 1978) . 
6.x alld ~ are the standard and the Iloll-standard grid 
spacing, resjJectively . The superscrijJt refers to the time-step 
level. 6.t is the time-step size. The lower grid refers to 
time slep n and the ujJjJer grid refers 10 the next time slej} 
(n + 1). 

(1989) a nd Bindschadler and Rasm ussen (1983 ) used a 
stagge red g rid in space, in which the ice flu x is com puted 
at the inter-grid midpoinl. The scheme may be d escribed 
as a FV?vI in a loose sense . 

The FVM has a n inherent adva ntage ove r both the 
FDM and the FEM in that it na tura lly conserves the 
properti es concerned (Ba ker, 1983; Vinokur, 1989) . The 
FVM is th erefore a more prac tical a pproach for obtaining 
enhanced accuracy in conservation- law problems. The 
aim of the paper is to demonstrate the ap plica ti on of the 
FVM on an adapting grid to a simple flowline g lacier 
problem with a flu ctuating terminus. 

Lam and Dowdeswell: ilIac/et if glacier-lerminllsfillcllIaliolls 

2. FINITE-VOLUME METHOD 

The fundam ental equation of the simple fl owline g lacier 

model has been desc ribed in detail by Nye ( 1960, 1963 ) . 
Th e equation a long a flowline x is given by 

as aQ = W:b at + ox s , 
o ::; x ::; l(t) , t :::: 0 (1) 

where S is th e cross -sec tional a rea of th e glacie r meas ured 

perpendi cula r to the fl owline, Q is the volumetric flu x, Ws 
is the elTect ive width at the surface, b is the surface mass 
bala nce a nd l(t) is the g lacier leng th at time t. H ere, 

S = f (H ) , 

Q = (?is + '/J'd)S, 

Ws = f (H ) 

(2) 

(3) 

(4) 

where U s and?icl a re the mean cross-sec tiona l ice ve loc ities 
due to sliding over bedrock and interna l d eforma ti on 
respecti vely, and H is the glacier-i ce thickness . 

For the calcula tion of ?is and ?id , th e following 
equations a re used (Paterso n, 1994) : 

7 3 

?is = 11 N ' 

?id = 1273 H , 
oh 

7 = -pgH ox' 
N = pgH. 

(5) 

(6) 

(7) 

(8) 

H ere, h = 9.5 x 10 17 m5 s- 1 N- 2 a nd 12 = 6.0 x 10 25 m6 

s iN 3 a re the sliding and the d eforma tion fl ow para

mete rs, respectively. These values are th e same as those 
used in Stroeven and o thers ( 1989 ). Since the elTec t of 
basal-wa ler pressure is neglected in tbis stud y, N is simply 
th e overburden ice weigh t, 7 is the ice- fl ow driving stress, 
p = 870 kgm- 3 is the g lacier-i ce density, 9 = 9.8 1 m s-2 is 

the accelera tion due to gravity and h is the glac ier-surface 
eleva tion. 

The fundamental equa tion for a finit e-vo lum e a na lysis 
is given by integraling Equation ( I ) over a finite-volum e 
[0: , ,8] where 0: ::; x ::; ,8: 

(9) 

and may be written simply as 

o~~.J + [Q(,8) - Q(o:) ] = a a.(3 (10 ) 

where 

(ll) 

and 

(12) 

Vo,p is the cell volum e bounded between x = 0: and 
x = ,8. aa.l! is the surface mass ba la nce COl th e ce ll . 

Consid er a grid of (m + 1) grid poinls for th e wh ole 
glacier length [0 , l]. The g rid di vides the g lacier into a se t 
of contiguous cells. For a typical g lac ier with a fix ed head 
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Fig. 2. Fillile-I'olllllZe reIl difillilioll . (a) Head-bolll/dal)' 
reil. (b) Inlerior cell. (r) T erminus -bolllldal), cell. 

.. 

a t :1' = 0 and a m O\'ing terminus a t J; = /, th e cells m ay be 

difTc renti a ted int o (Fig. 2 ): 

(a ) H ead bo und ary ce ll [xo. X11] . 

(b ) Inte rior ce ll s [:ri~j . . 1';+1] wh e re i = 2, 3, .... m - l. 

(c ) T erminus bo und a ry ce ll [xff' ~1 ' x'" = I]. 
Th e head bo und a ry crll is d efin ed difTe- rent to th e 

terminu s bo und a ry ce ll because g rid po int Xo is no t 

m O\'a blC' a nd th e ice thi ckn ess is fi xed a t th e g rid p o int .1'0 

such th a t Ho = O. II' it is d efin ed in a simil a r \\'ay to the 
te rm inus bo und a ry cell , th e head bound a ry cell wo uld 
no t be a bl e to respond to cha nges in \·o lu me . Thus, th e 

hea d bo und a n ' ce ll is d e fin ed as a n ex tend ed ce ll 

[xo 1 .1'J~l so th'a t it can res pond to cha nges in \ 'o lumc 
thro ug h' changes in th e ice thi ckn ess a t g rid po int Tj. 

Since th e cells a rc co nti g uo us, th e telescoping prope rt y 
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d efin es g lob a l conse rva ti o n o r m ass fo r th e \\'ho le g lacier 

IC'ng th ra , 11. Equ a ti on (10 ) is a ppli ed acco rding to th e 
cell d efiniti o n. 

3. SOLUTION TECHNIQUE 

Th e C ra nk ;\icho lson me th od is used to soh-I" Eq ua ti on 
( 10) . I t is a n impli ci t mcth od. Althoug h ex pli ci t m e th od s 
arc computa ti o na ll ), simpl e, th ey m ay res ult in a n 
osc ill a to ry so luti o n if' th e criti ca l time step [o r s ta bility is 

exceed ed (Smith , 1985 ). Implicit m e th ods a rc uncond

itio na ll y s ta ble fo r linea r equa ti ons a nd m ay becom e 

unsta bl e fo r non-linear equa ti o ns, if th e critica l time step 
(c) r sta bilit y is exceed ed. Sin ce Equ a ti on ( 10 1 is a nOI1-
lin ea r equ a ti on , bo th expli c it a nd impli cit m e th od s a re 
o nl y conditi ona ll y sta ble. N e\'C rthel ess, th e c riti ca l tim e 

ste p [o r stab ilit y fo r th e im p li c it m eth od is la rge r th a n 

th a t [or th e ex pli c it me th od (Smith , 1985 ) a nd th e refor e 

justifi es it s usage' . 
Using th e C rank :'-li cho lson m e th od, Equ a ti o l1 ( 10 ) is 

a pp roxima ted by 

V,, +I V" 
11 . .1 6~ n,d +~[ (Q:t + Q:;) - (Q;:+ I + Q~ ) ] 

- 1(all+ 1 + aff ) (13) - 2 11 .• ; 0 . .1 

\I 'here subscripts re fer to th e posJtlOn a nd supe rscripts 

re fer to th e lime. E qua ti on ( 13 ) is a n implicit equa ti on 
with unkn own \'a lu es V"+1 a"+ I, QII+I a nd QII+I a t time 11.,1, n .• ;,J n 

ste p (n + 1) a nd kn own \'a lues v,:'.;, a~ .. ;, Q:J a nd Q~ at 
time ste p 17 . 

T o so lve Equ a ti o n ( 13 ) 1'0 1' v,:' ~ 1, a n it e r a ti\ 'C 
p redi cto r co rrec to r sc h em e is used . Th e predi cto r~ 

co rrector a lgo rithm is g i\ 'C n by 

V"+ 1 
- V" 

n·.1 t::,.t " ';+ [Q:j- Q~]=a;;; . (14) Predictor 

V"+1 _ V" 
n . .1 11 .'; + 1[(0"+/ + QII ) _ (Q"+J + Qff )] 

6t 2.J " n 11 
Correct or 

= 1( (,i"+1 + a" ). (15) 
2 11 •• ; n.' 

Th ere arc ac tu a ll y three se pa ra te processes occurring in 
th e predi cto r co r recto r sc hem c. Fo r th e head bounda ry 
ce ll a nd th e inte ri o r cell s, th c three ste ps a rc: 

p- Predi c tor s te p . C se kn own \ a lues v,:'" Q~: , Q:j a nd 
0';:., g i\cn a t th e time ste p n to predi c t th e \'a lue 

~:'~ J a t th e n ex t tim e ste p (n + I ) . 

E- Eln'a ti o n .,:s tep. Use th c ir: tcrm cdi a tc \'a lue V;:'.j1 to 
ca lcula te S"H a nd hence H "+l a t til e g rid po int from 

th e il1\'CI'se o r Equ a ti o n ( 11 ) a nd Equ a ti on (2 ), 

res pec ti\ ·e! y. H"+ 1 a t 0' a nd (3 a re inte rpola ted fi'om 
adjaccnt kn own g rid-point \·a lues . O ff+1 a t 0' a nd (3 
a rc th en calcu la ted with th e ne\l·h- ca lcula ted .lrH 

I . I I d (3 ' . I - n~1 anc assoc latcc \'a ucs at 0' a n , res pec tJ\ 'C y. a ll." IS 

calcul a ted rro m relenlnt \ 'a lucs a nd para m e te rs. 

c- Co rrec tor ste p . Usc th e \'a lll es o btained from th e 

elevati on stc l) to co rrect th e \'a lue V"+ 1
• (l J j 

I tcra ting th e co rrec to r k tim cs \\'o uld be \\Titten as 
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Table I . . 1 cOIII/JarisOIl oIeqllilibriulIl glacier length/or the tlllN lIIodels. iT .li adajJtire. IT .I! jiled alld FD.l f Iilf{/. 
The illitial eqllilibriulIl glacier /muile is gl'III'mtN/ ~) ' the Fr. lf ada/dic'e II/odel alld i,1 used ill .I111)Jeqllenl admllcillg alld 
retrealillg fI /Jffllllenls jin aI/ lI/odel.l. i ll Ihe adralll'lllg fI/Jerilllent.l. tlte lIIajS balallce is /Jertllrbed /JOSilil'I'()'. ill lite 
retrealing flllerimmts. lite lIIass balallce is /inlllrbed negalil'e{l'. tJ. o/t = (~" - /('q)/ I~" x 100 % 

Theoret iat! FI'.I1 ar/ajJtire 

le" I~ ,q tJ. % 

kill kill 

Initi a l 10.0000 9.9996 ",0 

Ad\'ancing 10.5000 10.4996 ",0 
R ctrea t ing 9.5000 9.:')004 ",0 

P(Ect Th e correc to r step is repca ted until the 
success i\'c \ 'a lu cs for v,::~ 1 arc sufTi c icntl y closc . The 
. .. . d I 10 10 GV,,+ lk IVn+1k+ 1 nerallon I:; terl1lll1ate \\' lcn . x - (1..1' 2: n. I . 
_V,,+ l.kl· 

(I. ,j 

For the terminus-bound a ry ce ll . a sli ght modification 

to the predictor correcto r sc heme is req uired to accom

modate the mO\'ing terminus. O\\'ing to th e definition or 
the grid . the \'olumc of the tcrminus-boundary cel l may 
bc \\Tillen as a function of' the terminus positio n: 

V,1I -1./ 11 = f(l). .1'11/ = l. (16) 

At th e c1c\'a tion step in the predictor co rrecto r sc hemc, 
{" , I is calcu lated rrom the ill\'Crse or Eq uation ( 151. The 

0.6 -L 

-"""' 

/-. 
. V" . 

I 

] 
'-' 

.s 0.4 bJ) 
~ 

j 
.... 
<U ..... 
~ ..-. 

e,:J 

= 0.2 ..... 
V 
bl) 
~ 
~ 

...c::: 
U 

o 

fT . I I fi' w/ FDM jiINI 

f"q tJ. (1<, L" tJ. % 

kill km 

10.4996 ",0 10.H55 0.5 
9.5004 ",0 9.5.')82 +0 .6 

I Q-II~l ' I . 1 I [' \ 'a ue - /1/ - 1 IS t len Interpo atce rom ad jacent known 
va lues. Th d predictor a nd the co rrector s teps rema in th e 
sa me. 

4. ADAPTIVE GRID 

I n the interests of' computational economy. it is undesir
a ble to use a \'ery difkrent g r id from one time step to 
a not her \\'hi ch l\'Quld il1\'oh'C interpo lat ing a la rge 

number or \'a lues [i'om the o ld grid to the nel\' one. 

H ence, the grid sys tem o[' \Ii ller a nd ot he rs ( 1978 ) ( Fig. 

Id ) is more practical to use than th c g ri d systcm or 
~lurray a nd La ndi s 1959 ) (Fig. Ib ). The app li cation or 

~ 

................ ...........•.. .. -.... •.•..•• 

f-
FVM-Adaptive 

_.'._'_.11- .... FVM-Fixed 

---------- FDM-Fixed 

I I 

o 100 200 300 400 500 

Time (year) 

Fig. 3. Trall.lielll rl'J/JolI.les i!/'g/acier /i'Ilglh la 0111'/) illum,11' ill the ,11U/rlCf lIlm .1 ha/ailCl'. The .1/ aliI Ih()ll'.1 Ihe cllIllIge ill glacier 
Ifl/gth H'il/z res/Jnt 10 the illitial equilibriulIl glacier lel/glh ru' /0.0 kill. The l/zeoretiraljillall'rtuilibriulII glaeia li'Ilgth il 10.5 kill. 
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Fig. 4. Correlation between the glacier length and the node 7lumberJor a step increase in Ihe sUIJace mass balance. Results 
are givenjor (a) the FVM adafJtive-grid model, ( b) the F VM fixed-grid model and (c) the FDM fixed-grid model. 
Th is is taken.Jrom each TUn.Jor the lime when Ihe change in glacier length varies .Jrom 0.39 to 0.43 km wilh res/lect 10 the 
initial equilibrium-glacier length 0.1 10.0 km. This ocwrs at lime belween 120 and 220 years. 

th e g rid system of Miller a nd others ( 1978) is d emon
stra ted here. 

In the grid sys tem of Miller and o thers ( 1978), onl y 
the grid points in th e neighbourhood of the moving 
terminus a re ad apted while keeping th e res t of the g rid 
points representing the glacier unchanged. The grid is 
kept a t a sta ndard grid spac ing llx a pa rt from the grid 
points in the neighbourh ood of the moving terminus. The 
grid points a re adapted by calcula ting the new pos ition of 
the moving terminus and p lacing the penu ltimate grid 
point (m - 1) ha lf-way between the moving terminus 

grid point m and the last fix ed grid point (m - 2), with a 
di stance o[ ~ = ~ (xm - X m- 2 ) between each point. Th e 
control volume V,1I - 2,m d efin ed by 

l
't", 

v,,,-2.m = . S dx , 
·'1 m- 2 

Xm = l (17) 

is kept consta nt during the adjustment of the penultima te 
90 

grid point (m - 1). The term control vo lum e refers to cell 
associa ted with grid adaption. It is used to distingui sh it 
from the term finit e-vo lum e which refers excl usively lo 
the FVM. 

When ~ < ~llx, the tota l number of g rid points is 
dec reased by one by giving up the penultimate grid point 
(m - 1) . The last fi xed-grid point (m - 2) is positi oned 
ha lf-w ay between the g rid point (m - 3) and lh e 
terminus grid point m with a di stance ~ = ~ (xm - X m- 3 ) 

between eac h point. The control volume Vm- 3.11l is 
conserved throughou t the change. 

When ~ > ~x, the tota l number of g rid points is 
increased by one by inserting a grid point between the 
penultim a te g rid point (m - 1) and the terminus g rid 
point m . First, th e penultimate g rid point (m - 1) is 
positioned a t a distance llx from the las t fix ed-grid point 
(m - 2). The contro l vo lume V,n-2.", is conserved during 
the adjustment. Then, a grid point is inse rted ha lf-way 
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o I I 
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a ""'_0.1., •••••• FVM-Fixed 
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Fig. 5. Trallsiellt responses oJ glacier length to a stejJ decrf{lse in the sll/face mass balance . The y ({\is sliol1.'s the change ill glacier 
length with mjJect to the illitial equilibrium-glacier length oJ 10.0 kill . The theoreticaL final equilibrium-glacier length is 9.5 km. 

between th e penu ltimate g rid point (m - 1) a nd the 
terminus g rid point rn with a d istance ~ = ~ (xm - .1:1/1 -1 ) 

from each poi n l. The con trol \ '01 ume V';n - 1.11l is conserved 

during the cha nge. 
In practicc, th e criteria for g rid ad a ption can lead to 

oscill a tions. Arter adding a g rid point, the tcrminus m ay 
re trea t a littl e in respo nse to th e modified g lacier 
geometry nea r the terminus and causes the mod el to 

remO\T a g rid point in the nex t time step. S imila rl y, afte r 
remo\ 'ing a grid point , th e terminus may ach-a nce a littl e 
in response to the modifi ed g lac ie r geo metry near the 

terminus and ca uses the mod el to add a g rid point in th e 

next time step. Therefore, it is better to have a buffer such 
that g rid poillls a re rcmO\'ed \\·hen ~ < 1.:46.r a nd add ed 
when ~ > 6 :r II'here k < l. Alte r ma ny expe rim ents, 
k = 0.9 is taken in this stud y. 

T abLe 2. CPC times oJ the three mode/sJor the adl'{lllcillg alld retreating eljJeriments. The times are recorded Jar each 100 
),f(lr run. The meal! is the aueragl' CPL' time./or a 100)'ear rull. Ra/io I iJ the CPC-Ioad ratio L(,111l res/Jec/ to the two 
dijjerell/lI1odel.l , Ff'111 V.f FDil/. Ra/io 2 i.1 the CPU-load ra/ia with res/Jee//o the two grid s),s/ellls, aria/J/il'e grid l'Sfi led 
grid 

Time C:PC time 
AdNlllCillg Retreatillg 

!'f 'M Ff 'M FJ)AI PT,II FT 'iII FDM 
adaP/il'e Fled filed ada/J/IL'I' filed filed 

yea r 

0- 100 1067 820 300 1017 579 239 
100- 200 1079 668 2 11 964 61 1 189 
200 300 647 332 203 568 292 185 
300- 400 615 305 154 564 282 154 
400- 500 614 303 131 569 275 125 

l\Iea n 804 486 200 736 408 178 

R a tio I 2.43 1.00 2.29 1.00 

Ratio 2 1.65 1. 00 1.80 1.00 
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5. MASS-CONSERVATION EXPERIMENTS 

A simple g lacier config ura ti o n is used to illu stra te th e 
perform a nce o f th e FVi\l m od el with a n a d a pti\Oe-g rid 

sys tem o f~Iill e r a nd o th e rs ( 1978 ) (Fi go Id )o A g lacie r in 

a rec ta ng ul a r cha nnel o n bedrock o f co nsta nt slo pe is 

exa mined in this stud yo Th e head is fi xed but th e terminus 

is free to m O\T in res po nse to ch a nges in surface m ass 
ba la nce o Th e (o llo\\Oing fo rmula ti o n is e mpl oyed to 

d esc ribe th e surface m ass ba la nce b: 

(18) 

where Cl a nd C2 a re consta n t p a ra m e te rso 

Sta rtin g w ith a n a rbitra ry g lacier pro fil e on a g ri d 

w ith a co nsta nt g rid spac ing 6.x = 200 m , the FV\l 
a d a pti ve-g rid m od e l is run until th e g lacier reaches a n 

equilibrium s ta te o Since th e g lacie r width a t th e surface is 

constant thro ug ho u t th e wh o le leng th o f th e g lacier [0 . 11. 
th e equilibrium glacier le ng th leq is simpl y g iven b y 

(19) 

If Cl = 3m yea r 1 (wa ter equi va lent) a nd C2 = -000006 
year I , th e n th e equilibrium g lacier leng th leq is ID kmo 

The th eore ti ca l equilibrium leng th is compa red with th e 

computed equilibrium le ng th fro m th e m od el. This serves 
as a prim a ry c hec k o n m od el perform a nce . 

Furth er ex perim ents a rc condu c ted to look a t th e 

tra nsie nt res po nse of th e g lac ier a t equilibrium to a ste p 

c ha nge in th e surface m ass balance . The equilibrium 

g lac ier pro fil e fro m th e initi a l ex perim ent is used a s th e 

initia l pro fil e for th ese ex pe rim e nts. Tim e-s tep s ize 

6.t = Imo nth is used in all runso A la rge r time ste p 
m ay sm o th e r th e terminus osc illa tio n a nd th e refore m ay 

no t be a ble to d e m o nstra te th e differe nces betwee n th e 

m od els we ll e no ug h. The surface mass ba la nce b give n b y 

Equa ti o n ( 18 ) is perturbed such th a t Cl + 6.C1 ~ rl 

whe re 6.Cl = ± 0015. From Equ a tion ( 19 ) , th e positively 

a nd nega ti ve ly perturbed equilibrium leng th s l eq a rc 

10.5 km a nd 90S km , respec ti ve ly. 
T wo fi xed-g rid m odel s, a FVM fix ed-g rid m od el a nd a 

FD?\l fix ed-g rid m od el, a rc includ ed fo r compariso n 

purposes o They use a fi xed-g rid sys te m (Fig. I a ) simil a r to 

th a t used in Bindsc ha dl e r ( 1982 ) . fn th eo ry, g rid po ints 

a re add ed whe n ~ > 6.x a nd a rc rem o ved w hen ~ = O. 
H o weyer , in the sa m e \\Oay as ha ppens w ith the a d a pti ve 
g rid, these c rit e ri a fo r g rid additi o n a nd l"(' m o \Oa l can lead 

to osc ill a ti o no Furtherm o re, since ~ ca nn o t be negative, it 

m ay haye pro blem s wh en ~ < O. Thus, g rid po ints a re 

rem O\oed w hen ~ -::; 00056..1: to a,ooid th e possibilit y o f 

~ -::; 00 As fo r th e a d a pti\Oe grid , a buffe r is a ll o \\Td , such 
th a t g rid po ints a re a dd ed w hen ~ > 1.106x a nd a rc 
re mO\oed w he n ~ ::; 0.056 x o 

The FDl\[ m od el is a d a pted fro m Hu ybrechts a nd 

o th ers ( 1989) . It is fo rmul a ted o n a staggered g rid in 

whi c h th e ice nu x computed at th e int er-g rid midpo int. It 
is I"urther m odifi ed [o r th e Cra nk .'Jic ho lso n m e th od a nd 
so lved b y a simil a r pred ic to r co rrec to r sc he m e as th a t o f 

th e FV\l m od el. 

C o mpa ri so ns a re m a d e o n t\m le, oe I5. Th e differe nces 

in m e th od s, F\'1\[ \Oe rsus FD:'-'[ , a rise fro m d ifferences in 

acc uracy a nd progra mming effi c iency o Th e differences in 

g rid s, a d a ptilT g rid ve rs us fix ed g rid , a ri se fro m 
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diffe re nces in th e smoo thn ess in th e m o ti o n of th e m oving 

terminus. This affects sta bility a nd acc uracy o 

6. RESULTS AND DISCUSSION 

A compa riso n o[ th e equilibrium g lac ie r length betwee n 

th e th eory a nd th e three m od els is sho wn in T a ble I . It 

shows a good agreement be twcen th e th eo ry and th e thrce 
m od elso Alth o ug h th e res ults o f th e FDl\J m odel m ay see m 
poor re la ti ve ro the two FVM m od els, th e di screpa ncies 

a re insig nifi cant if conside rin g th e wh o le length o f th e 

g lac ier. N e, oe rth eless, th e results sugges t th a t th e FV:\l 

m od e ls a re more acc ura te th a n th e FD?\J m o d e l. 

Furth erm o re, the res ult s of the t\\OO FV\1 m od els sugges t 
that th e g rid sys tem s have neglig ibl e crfec t on th e s tead y

state so l u ti o n. 

Th e tra nsient res po nses o f th e three m od els ro a ste p 

inc rease in th e surface m ass ba la nce a re shO\\On in Fig ure 

3 . The cunTS for th e two FVl\l m od e ls a re \ 'er )' simil a r. 
A gain , this sugges ts th a t th e g rid sys te ms h a ve neg li g ibl e 
effec t 0 11 th e mod e lso Th e c urve fo r th e FDM m odel 

initi a ll y fo ll ows closely th e c urves for th e FVM m od els. [t 

d evi a tes a way from th em a ft e r ", 100 year. It is caused b y 

th e acc umulated numeri cal differences be tween th e FJ)l\[ 

m od el a nd th e FVM m od elso 
A close r exa min a ti o n o f Fig ure 3 shows th a t a ll three 

c urves sho w oscilla ti o ns 01" varyin g d egrees . Th ese a re 
sho wn be lle r in Fig ure 4 toge th er with th e corre la ti o n 

be twee n th e nod e numbe r. It sho uld be no ted th a t th e 

two g rid sys te m s have the sam e buffe r to prevent 

oscill a ti o no Th e bufTe r see ms to be a d equ a te in a rres tin g 

oscill a ti o n fo r th e FV M a d a pti ve-g rid modcl. Th e m od el 
sufTe rs fro m a mino r di scontinuity wh en a g rid po int is 

added . Tt ca uses th e te rminus to re trea t a littl e be fo re 

re, oe rtin g bac k to adva ncin g. Howeve r, th e buffe r fo r bo th 

fix ed-grid m od els seem s to be in a d equ a te o They sune r 

from osc ill a tion ca used b y g rid cha nges . Th e FDM fi xed

g rid m od el suffers fro m a muc h pro lo nged osc ill a ti o n 

compa red with th e FVl\1 fi xed-grid m od el. This sugges ts 
th a t th e a pplica tion o fFV?\I on a fix ed g rid has bene fi c ia l 

effec t in minimizing th e osc ill a ti o no Th e osc ill a ti o n m ay 

be minimized b y inc reas ing the bufTe ro Howeve r , a t bes t, 

the m od els wo uld suffer from a mino r discontinuit y as 

o bse l"\'ed in th e FV?\f a d a ptin'-g rid m od el. 
The tra nsient res ponses of the three m odels ro a step 

d ec rease in surface m ass bal a nce a re shown in Fig ure 50 
The ove ra ll pi c ture is similar to th a t o f Fig ure 3. All three 

mode ls halT a sm oo th terminus m o ti o no Th e m odel s seem 

to be m o re sta ble in re treating m od e th a n in ach oa nc in g 

m od e o This is beca use, fo r ad\Oa nc in g m od e \\Ohen a g rid 
po int is ad d ed , ice thi ckn ess a t th e new inte rf~lce is sm a ll 
a nd th e {lu x computed is no t sulTi c ient to m a inta in th e 

terminus ach 'a nces o Tt m ay be due to th e ass um ed p ro fil e 

n ea r th e terminus whi ch g i'TS a sm a ll e r ice thic kn ess th a n 

it sho uld to m a inta in continuo us terminus ad\Oa nceso 

C P U tim es a re reco rd ed fo r each 100 yea r run (Fig . 2 ) . 
Th e FD'\1 m odel consis te ntl y has lower CPU tim es. This 

is beca use th e FD~l m odel is simple r than th e F\ 'M 

m od els. At each tim e ste p , the FD?\f m od el perfo rms 

fewe r ca lcul a ti ons th a n th e FV~I m od e lso it is ex pec ted 

that th e C PU tim e fo r th e FV?\f a d a pti\Oe-grid m od e l 

wo uld be hi g he r th a n th a t fo r th e FVl\If fi xed-g rid m od e l, 
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becau se of the extra calcu lations ill\ 'o h 'ed 111 gr id 

adapt ion. 

7. CONCLUSION 

This stud y has d emonstrated th e application oC the F \' 1\1 

and the adap ti " e-grid sys tem to g lacier mode ll ing. It 

sho\\'s that the F\'l\1 is more acc urate than the FD'\I. The 
ad a pti" e-g rid minim izes the probkm 0[' fi c titious g lac ier 
flu c tuation caused by model numerics and gi,"Cs a much 
smoo ther terminus motion . 

For the same grid spac ing 6.x and time-step size 6.t. 
the CPU load for using the FVl\,J as compared to the 

FDl\I is ",2 .4 times as much (Table 2). HowC\er. since 
the F\,'\f has a h igher order of accuracy than the FD1\ l . 
thi s stra ight forward comparison is therefore not fair and 
should not be taken at (ace ,·alue. \\' ith the same pre-se t 

accuracy target , the FVi\l allows larger 6.x and larger 

6.t, thus reducing the CPU time required. This wou ld 
ma ke the CPU time (or the F\, '\I and th e FD.\[ more 
com parable. 

Th e CPU load for using the adapti,e gr id as 
compared to the fixed grid is ",1.8 times as much (T a ble 

2). Although th e grid sys tems do not affect the steady

state solution, hO\\"e\'er, th ey have different eflects on the 
transient response. An adapti"e-grid can m in imize 
spuri o us glacier fluctuati on and g i,"Cs a much smoother 
terminus mot ion. This sho uld be taken in for considera
tion in glacier mode ll ing in which transient responses are 

i m porta n t. 
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