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NONEXISTENCE RESULTS
OF POSITIVE ENTIRE SOLUTIONS
FOR QUASILINEAR ELLIPTICINEQUALITIES

Dedicated to Professor Junji Kato on his 60th birthday

YUKI NAITO AND HIROY UKI USAMI

ABSTRACT. This paper treats the quasilinear elliptic inequality
div(|Du/™2Du) > p(x)u”, x € RN,

whereN > 2 m > 1,0 > m—1, and p:RY — (0, 00) is continuous. Sufficient
conditions are given for thisinequality to have no positive entire solutions. When p has
radial symmetry, the existence of positive entire solutions can be characterized by our
results and some known results.

1. Introduction and the statement of results. This paper is concerned with the
quasilinear elliptic inequalities of the form

(1.1) Lmu = div(|Du/™2?Du) > p()uw’, x € RN,

whereN > 2 m> 1,6 > m—1, and p: RN — (0. 00) is continuous. When m = 2, L,
reducesto theusual Laplacian; whenm # 2, L, isreferred to asthe degenerate L aplacian.
A positive entire solution of (1.1) is defined to be a positive function u € CY(R") such
that |Du|™?Du € CYRN) and satisfies (1.1) at eachx € RN.

Theimportance of such inequalitiesin mathematical analysis has been widely recog-
nized in recent years. Interesting existence theorems and asymptotic theory for positive
entire solutions of such inequalities have been obtained by many authors; see, e.g., [4, 5,
7,8,9, 12, 14]. Among such results, we recall those obtained by [4]. The main existence
theorem in [4] may be described roughly asfollows:

THEOREM A [4, THEOREMS 2.1, 3.1, AND 3.2]. Let p be radially symmetric. Then
(1.1) has a positive radial entire solution if, for somee > 0

[limsupy_. [X™Pp(X) < 0o inthecasem < N;
(1.2) { limsupy ., [X™(I0g X)) **p(x) < oo inthecasem=N;
L limsupy_. |x|N+ﬂn":—f'l+5p(x) < 00 inthecasem > N.

Actually, in [4] we can find more than mentioned above. It is therefore natural to ask
whether or not (1.1) does possess any positive entire solutions if (1.2) is violated. Our
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main objective is to give partial answersto this question. In fact, we can show that the
decaying order imposed on p(x) in Theorem A is optimal in some sense; that is, if p(X)
decays more slowly than indicated in Theorem A, (1.1) does not possess positive entire
solutions.

Thefirst result is as follows:

THEOREM 1. Let m> 1bearbitrary. If

(1.3) Ilirlninf IX|™p(x) > 0,
X|—00

then, inequality (1.1) has no positive entire solutions.

Inthe casem < N, Theorem A showsthe sharpnessof Theorem 1. On the other hand,
incasem > N, one can improve Theorem 1 considerably as seen below:

THEOREM 2. Letm> N. If

(1.4) meuwﬂ¥m@>a
X[—o0

then, inequality (1.1) has no positive entire solutions.

THEOREM 3. Let m= N. If

(1.5) liminf |x|™(log |X|)"**p(x) > O,

[X|—o0
then, inequality (1.1) has no positive entire solutions.

The paper is organized as follows. In Section 2 an important lemma (Lemma 2.1) is
stated and proved. By meansof thislemmawe can reduce the multi-dimensional problem
under study to aone-dimensional problem. The proofs of Theorems1, 2, and 3 aregiven
in Sections 3, 4, and 5, respectively.

The problem of nonexistence of positive entire solutions has been studied in various
situations. For the case m = 2, we refer to [2, 3, 6, 10, 13, 16] and, for the casem # 2,
werefer to[1, 11, 12].

2. A comparison lemma. Consider the ordinary differential equation
(2.1) NV ™Y = N, >0,
where g: [0, 00) — (0, 00) is a continuous function satisfying
2.2 pX) > q(x)), xeRY.

We define an entire solution of (2.1) by asolution v of (2.1) with v/(0) = 0 which exists
on the interval [0, 0o). It should be noted that the leading term of (2.1) is the so-called
polar form of Lp,.
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Let v be a solution of (2.1) with V/(0) = 0. Suppose that [0.R) (R < o0) be the
maximal interval onwhich v is defined and remains positive. Then we haveV/(r) > Ofor
0 <r <R Infact, anintegration of (2.1) over [0.r].r < R, yields

VOI Ve =e [ 'Nlgev(9ds. 0<r<R

HenceV/(r) > 0for 0 < r < R. Moreover we know from this fact that, if R < oo, thenv
must blow up at R: V(R — 0) = oo.
It is worthwhile to note that a positive entire solution v of (2.1) satisfies

1

2.3) V(r) = (rlfN A NIV (9) ds)m, r>0,
and
(2.4) v =vO)+ [ r (sl—N /OstN‘lq(t)v"(t) dt) Tgs r>0.

The following lemma plays an important role in proving our results.

LemmA 2.1. If inequality (1.1) has a positive entire solution u, then there exists a
positive entire solution v of (2.1).

To prove Lemma 2.1, we prepare the following lemma.

LEMMA 2.2. Let Q be a bounded domain in RN ‘with smooth boundary 9 Q. Let u
be a positive entire solution of (1.1) and let v € C(Q) N CY(Q) be a positive function
satisfying |Dv|™2Dv € CYHQ). If Lmv < p(X)v’ inQ andu <vondQ,thenu <vin Q.

REMARK. Lemma?2.2 wasalso obtained in [1, 15], although we give a proof for the
sake of completeness.

PROOF. Let ¢:R — [0,00) be a Ct-function which vanishes on (—oo, 0] and is
strictly increasing on (0. oo). For example, ¢(u) = 0 for u < 0 and ¢(u) = U? for u > 0.
We have

(Lt = LnV)o(u — V) = pOY(U” —=V)g(u—Vv) inQ.

As a consequenceof the divergence theorem, it follows that
— /g)(|Du|W2Du — |DV|™2Dv) - (Du — Dv)¢'(u — V) dx > /Q PO)(U” — V)p(u — V) dx.
Since (|Du|™2Du — |Dv|™2Dv) - (Du— Dv) > 0in Q, we have

| PO =)o —vydx <.

Thus, we concludethat u < vin Q. n
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PROOF OF LEMMA 2.1. Assume to the contrary that no such function v exists. Take
a > 0 such that a < u(0). Let v be a solution of (2.1) with initial values v(0) = a and
V/(0) = 0. Since v can not be continued to oo, the maximal interval of existence of v is
of the form [0, R), R < oo, and we have V(r) > 0 for 0 <r < Rand v blowsup a R:
V(R — 0) = 0o. Wethereforecan find an R; € (0, R) so that

V(R1) > max{u(x) : |x| = Ry}

Define Q = {x € RN : IX| < Ri}. ThenLpv < p(x)v? inQ and v > uon Q. By
Lemma2.2,u < vin Q, which contradictsv(0) = a < u(0). Thus, the proof is complete.

3. Proof of Theorem 1. In this section Theorem 1 is proved. Assume that (1.3)
holds. Then there is a constant ¢ > 0 such that

c
> - RN.
p(x) > T+ " X e
Putting
c
q(r)_1+rms r20~

wefind that q satisfies (2.2), and
(3.1) qr) > Cor ™ 1 >R,

for some Cy, Ry > 0.

PROOF OF THEOREM 1. Suppose to the contrary that (1.1) admits a positive entire
solution. Then, (2.1) has apositive entire solution v(r) by Lemma 2.1. First we show that

(3.2) lim v(r) = 0.

r—oo

Since (2.4) holdsand v isincreasing, it follows that
1

v(r) > V(0) + v(0)1 /O r (slfN /0 *tN-1q(t) dt) ™ ds.

From (3.1), we observe that

lim Or (sl-N I *tN-1q(t) dt) ™ ds = oo.

r—oo
Thuswe obtain (3.2).
Integrating (2.1) twice over [R, r], R > Ry, we see that

3.3) V) > vR)+ [ (/RS (g)N_lq(t)v”(t) dt) ™ ds. r>R>R.
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Using (3.1) and the inequality

N1 1
- > — <t <s<
(s) Z N1 forR<t<s<2R
in (3.3), we have
3.4 SvR+C [ [rmvd) T ds R<r<2
(34 v = vR+C [ ([T™V(@®d) T ds R<r<2R

where C; = (Co/2N-D)Y/(™D_ Now let us define the function w(r) on R < r < 2R,
by the right hand side of (3.4). Then w satisfies w(R) = v(R) and, for R < r < 2R,

w(r) < v(r),

w(r) = Cl(/Rr sT™7(s) ds)m > 0.
and
(3.5) (Iw|™2w) = C™ My > C L,

Multiplying (3.5) by w > 0 and integrating the resulting inequality on [R,r] (R <r <
2R), we see that

m—1 m [T crr .
—— WO = T [ wigw(9 ds= Lo W () — W R,
which implies
W) — W R]“"wW(r) > Corl, R<r < 2R

where C, = (%)U M > 0. Integrating over [R, 2R], we have

0 2R
[C1s™ - wr R Hds> [~ wr(R] H ds > Colog2.
V(R) JW(R)

We observe that, by the change of variable s = w(R)t,

o+l

(3.6) [V(R)]™ 7" /1 et — 1)~ dt > Cylog2, R> R

On the other hand, from (3.2) and o + 1 — m > 0, we have

o+l-m

lim (R~

/1 Pt — 1) mdt=0,

which contradicts (3.6). This completes the proof. ]

REMARK. Whenm = 2, Theorem 1 wasproved by [2, Theorem 3.1], [3, Theorem 2.1],
and [10, Theorem 3.4].
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4, Proof of Theorem 2. In this section we assume that m > N and (1.4) holds.
Then, there exists a positive constant ¢ such that

N
p(X)ZW (nn:lNJ x e R".

Define afunction g by
N=——m--—mw. >0
q( ) 1+ rN+nW1 —_

Then g satisfies (2.2) and there exist constants Cyp > 0 and Ry > 0 such that
(4.1) q(r) > Cor NI, 1 >Ry
The proof of Theorem 2 is decomposed into several steps.

LEMMA 4.1. Letv bea positive entire solution of (2.1). Then

4.2) im O _

1—00 fm1

PrRoOF. From (2.4) we observe that, forr > 1,

_1_

W0 = (s [ v (o) dt) ™" ds
= (/01 g9v'(9) ds)ﬁ [s¥ias
Then, we obtain
(4.3) PP

for some constant C; > 0. From (2.3), we have

L

V(r) > rma (/Rro SN1g(sHv’(s) ds) " >R

By virtue of (4.1) and (4.3), wefind that

1

Ym0~ ([T 1 45) ™1
V(1) = (CoCHY ™ P ([ st as)
> Cor mi(logr)@1, >R

for some C, > 0. This implies that lim,_ v’(r)/r% = co. By L'Hospitd’s rule, we
conclude that (4.2) holds. ]

LEMMA 4.2. Let v be a positive entire solution of (2.1). Let w(r) = v(r)/r%'f and
A =0 /(m— 1). Then, for someC > 0,

(4.4) w(2r) > C[w(n)]*. r > Ro.
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PROCF. Integrating (2.1) twice over [R,r], (r > R > Ry), we have

v(r) > / s (/ NIV () dt) "™ds. r>R>R.
Putting r = 2R in the above, we obtain

V2R > [ R ( / N1V (1) dt) ™ds. R>Ro.
Since (4.1) holdsand v(r) isincreasing, it follows that

1— a(m=N)

1
V2R = PRI [T (L d) T ds R2 R,
We therefore have

m g 2 _
W2R) > CY M IREHER) [ ([ g
for R > Ry. Thisimplies (4.4) with

1

_~lmen 2on gt g seen o=
C=¢C, ./1'[ 1(/17' 1d7') dt. .
LEMMA 4.3. Let v bea positive entire solution of (2.1). Then, for any k € N,
. v(r)
(4.5) r_m r_k =

PROOF. From Lemmas 4.1 and 4.2, we seethat lim,_.., w(r) = oo and
(4.6) w(2r) > Cw(r)], >Ry,
wherew(r) = v(r)/rﬁ—'f and A = o/(m— 1). Choose R, > Ry so large that
4.7) criw(r) > 2, >Ry
From (4.6) we observe that, for any ¢ € N,
(4.8) w(2'r) > CH N [w(r)] = comr[cTIw()]Y,  r >R

Letr > 2R;. Thenwecanfind £ = £(r) € Nand R, € [Ry, 2R;) suchthat 2Ry < r <
2(*1R; and r = 2'R,. We notice here that
logr — logR; — log 2

(4.9) (r) = l0g2

From (4.7) and (4.8), we have
w(r) =w(2'OR,) > C I [CTIWR)]Y > CTTIH(L(r)). 1> 2Ry,

where H(a) = 2. By virtue of (4.9), we easily see that lim,_., H(((r)) /r* = oo for
any k € N. Then we have, for any k € N,

lim ()

r—oo [

Thuswe obtain (4.5). ]
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PROOF OF THEOREM 2. Supposeto the contrary that inequality (1.1) admitsapositive
entire solution u. Then, by Lemma 2.1, there exists a positive entire solution v of (2.1).
We note that v satisfies

(4.10) NV AVY = N (gnvn] T VR, >0
From (4.1) and Lemma 4.3, we observe that
(4.11) lim r™(a(n){v(r)] ) =00,

Since (c + m—1)/2 > m— 1, by virtue of Theorem 1 we can show that (4.10) has
no positive entire solutions. Thus, we have a contradiction. This compl etes the proof of
Theorem 2. n

5. Proof of Theorem 3. Only a sketch of the proof of Theorem 3 is given here,
since aparallel argument to that of Theorem 2 isvalid.

Assumethat m = N and (1.5) holds. Then, there exists a positive constant ¢ such that

c

p(x) = —. xeR“
1+ X|™(log(1 + [x])) """
Put c
r)= - =0
1+rm(log(1+T))
We then show that g satisfies (2.2) and there exist constantsCo > 0 and Ry > 0 such that
(5.1) q(r) > Cor M(logr) =", 1 >R
LEMMA 5.1. Letv bea positive entire solution of (2.1). Then
v(r)
5.2 —= =
(52) rLoo logr

PrOOF. From (2.4) we observethat, forr > 1,

W > [(som [ " m 1w (o) dt) ™ s> (/ " e lg9v(9) ds) w1 ['stds
Then, we obtain
(5.3) v(r) > Cilogr, r >Ry,

for some constant C; > 0. From (2.3), we have
_1

V() > r—l( /R; MgV (s) ds) " >R
By virtue of (5.1) and (5.3), we find that

v(r) > (Cocfl’)l/(m—l)r‘l(/F:0 s Y(logs)t ds)m
> Cor*(log(log r))ﬁ. r > Ry.

for someC, > 0. Thisimpliesthat lim,_., rv/(r) = oo. By L' Hospital’srule, we conclude
that (5.2) holds. "
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LEMMA 5.2. Let v be a positive entire solution of (2.1). Let w(r) = v(r)/ logr and
A =0 /(m— 1). Then, for someC > 0,
(5.4) w(r®) > Cw()]*, r>R,.

PrOOF. Integrating (2.1) twice over [R.r], (r > R> Ry), we have

v(r) > /R' s*l(_/: ™1tV (t) dt) "4 r>R>R.

Putting r = R? in the above, we obtain

_1_

VR > /:2 s-l( /: tm‘lq(t)v”(t)dt) " ds. R> Ry

Since (5.1) holdsand v(r) isincreasing, it follows that

V(R?) > CY/ ™ Iy(R)] 7 /R ¥ s—l(./Rs t(logt)~"~1 dt) "ds. R> Ry,

and hence, we obtain

V) > Y " ogRy TR [( [ tar) et R Ry

1
Thisimplies (5.5) with

C= %cg/“'“’ /12(/1%—”—1(17) ™ .

LEMMA 5.3. Letv bea positive entire solution of (2.1). Then, for any k € N,

V() _
(5.5 lim Gogry 00
PrROOF. Letw(r) =v(r)/logr and

Z(s)=w(r), s=logr.

Then, from Lemmas 5.1 and 5.2, we see that lims_,, Z(S) = oo and

(5.6) 2(29) > Cl9)]". s> S
where § = log Ry. Hence exactly asin the proof of Theorem 2, we can show that
LAs)

L
for any k € N, whichimplies

im W)

e (lognk ~ °

Thuswe obtain (5.5). ]

The final stage of the proof of Theorem 3 is the same as that of Theorem 2. So we
leave the proof to the reader.
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