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Abstract  This paper addresses linear hyperbolic partial differential equations and pseudodifferential
equations with strongly singular coefficients and data, modelled as members of algebras of generalized
functions. We employ the recently developed theory of generalized Fourier integral operators to construct
parametrices for the solutions and to describe propagation of singularities in this setting. As required
tools, the construction of generalized solutions to eikonal and transport equations is given and results
on the microlocal regularity of the kernels of generalized Fourier integral operators are obtained.
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1. Introduction

This paper is one of a series aiming at developing microlocal analysis in Colombeau alge-
bras of generalized functions [20, 21, 23, 25, 26, 37,42, 46]. While these algebras were
originally introduced for handling nonlinear partial differential equations with distribu-
tional data, they have turned out, in the past decade, to be equally useful for treating
linear hyperbolic equations with strongly singular coefficients and data. Consider the
Cauchy problem for the linear hyperbolic system

Oru = ZAj<ﬂf,t)3ju + B(x,t)u + F(z,t), (x,t) € Rerl7 .
- 1.1
j=1

u(z,0) = g(x), xe&R™.
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In the case where the initial data g or the driving term F are distributions and the
coefficient matrices are, for example, discontinuous, the system formally contains mul-
tiplicative products of distributions. Simple examples [38] show that such systems may
fail to have solutions in the sense of distributions (referred to as classical solutions in
the following). For second-order strictly hyperbolic equations, the minimal regularity of
the principal coefficients is integral log-Lipschitz regularity in time for admitting unique
classical solutions [7,10]. For transport equations, one may go down to bounded varia-
tion (BV)-coefficients and measure data (see the recent surveys [2,29]). Differentiating
the equation and trying to establish an equation for the higher derivatives of the formal
solution already brings one beyond the admissible non-regularity, as will, for example,
letting B be a delta potential or letting F' be a space-time white noise.

The Colombeau algebra G(R™*1) is a differential algebra containing the space of distri-
butions D'(R™*1) as a subspace, and thus it provides a framework in which all operations
arising in (1.1) are meaningful. Indeed, existence and uniqueness of solutions to (1.1) in
the Colombeau algebra (as well as in its dual) have been proved under various con-
ditions: when A; and B are real-valued n x n matrices with entries in G(R™T1), for
A; symmetric [35,40]; for symmetric hyperbolic systems of pseudodifferential operators
with Colombeau symbols [32, 46]; for strictly hyperbolic systems of pseudodifferential
operators [24].

In the classical setting, Fourier integral operators (FIOs) and microlocal methods are
used to study the dependence of the solution on the initial data, in particular, the propa-
gation of singularities. Indeed, it is the aim of this paper to derive a generalized FIO rep-
resentation of the Colombeau solution and to predict its (generalized) wavefront set. In
the Colombeau framework, pseudodifferential operators and their application to microlo-
cal regularity and hypoellipticity were developed in [20,23,25,32,37,42]. Fourier inte-
gral operators with generalized phase and amplitude were developed in [21,26]. In the
present paper we initiate the application of generalized FIOs to hyperbolic equations
with Colombeau coefficients. We demonstrate how to construct FIO parametrices for
transport equations and scalar hyperbolic pseudodifferential equations. Furthermore, we
determine the generalized wavefront sets of the kernels of generalized FIOs, as well as
the propagation of the generalized wavefront sets through application of a generalized
FIO. Finally, we study the generalized Hamiltonian flow and prove various results on the
propagation of singularities.

In short, it is the aim of this paper to solve generalized strictly hyperbolic problems,
which might be generated by singular coefficients and data, by means of FIO techniques
placed in the Colombeau context. Generalized pseudodifferential and Fourier integral
operators, as well as the microlocal tools in the Colombeau framework that have been
developed in past years, provide new and powerful tools and techniques that were not
available at the time of the first work on hyperbolic generalized systems and equations
in [32,40,43-45]. On the other hand, the application of FIOs to generalized strictly
hyperbolic problems is also very natural in the Colombeau context; by means of diag-
onalization methods these techniques will be applicable not only to scalar equations
but also to hyperbolic systems with Colombeau coefficients. This, and the singularity
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structure in the case of systems and of higher-order equations, is the subject of ongoing
research and will be published elsewhere.

To put our work into context, we comment briefly on existing classical approaches to
hyperbolic equations with coefficients of low regularity. Systems with discontinuous coef-
ficients were already considered in the 1950s and 1960s, using jump conditions, energy
methods and regularization [11,27,38,39]. Second-order hyperbolic equations with Lip-
schitz coefficients were the subject of research in the 1970s and 1980s, culminating in the
aforementioned results on equations with log-Lipschitz and integral log-Lipschitz prop-
erties and beyond [7,9,10]. For coefficients depending on both time and space see [6],
and for the variational approach see [12]. For the general theory of pseudodifferential
and paradifferential operators with symbols of low regularity we refer the reader to the
monographs [31,49]. Another avenue of investigation was the case of transport equations
with discontinuous coefficients and/or measures as initial data. Renormalized solutions
were introduced in [13], BV-vector fields were studied in [1, 8], and measure-theoretic
concepts were exploited in [5,47]. An exploration into products of distributions can be
found in [33]. In summary, this line of research has aimed at pushing the regularity to
its lower bounds for classical (distributional) solutions.

We comment on some technical aspects of the theory. Elements of the Colombeau alge-
bra G(R™*1) are equivalence classes of nets (u.). of C**-functions satisfying asymptotic
bounds of order e~ in terms of the local L>-seminorms of all derivatives as ¢ — 0. The
generalized wavefront set is also defined by means of decay in the dual variable and uni-
form asymptotic bounds as € — 0. The existence theory is based on energy estimates and
Gronwall’s inequality and requires more restrictive asymptotic bounds of the type |loge]
in certain places; propagation of regularity may require additional so-called slow-scale
estimates. The necessity of such stronger bounds has been argued in [25,34,44]. When
the coefficients are discontinuous functions or distributions, corresponding members of
the Colombeau algebra satisfying the stronger bounds can always be constructed by suit-
able regularization [43]. Note that the choice of the scale involved in the regularization of
the coefficients is crucial in determining the Colombeau well-posedness of the correspond-
ing Cauchy problem, whereas no regularity is required on the distributional coefficients
themselves as long as the problem is (generalized) strictly hyperbolic. For a precise study
of the necessary type of scales we refer the reader to [32] for pseudodifferential equations
and to [40] for systems of differential equations.

As mentioned above there are hyperbolic equations with coefficients of low regular-
ity, or even with discontinuities, for which classical solutions exist. In these cases, as
demonstrated by many examples (see [33,40,43,44] and the recent [24]), the gener-
alized Colombeau solution is, as a rule, associated with the classical solution (i.e. the
representing nets of smooth functions have the classical solution as their distributional
limit).

We know that admitting distributional coefficients in hyperbolic equations may lead
to infinite propagation speed [40]. To avoid this phenomenon, one may assume that the
coefficients are constant for large |z|, as is often done in the classical case. Matters are
simplified further by assuming that the coefficients are compactly supported in x. This
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still allows one to model and study singularities as strong as desired (in the non-constant
regime), but facilitates the application of Sobolev estimates.

It may also be useful to employ Colombeau spaces with asymptotic estimates based on
Sobolev spaces. It was shown in [32] that the first-order scalar hyperbolic pseudodiffer-
ential problem

Ou —ia(t,z, Dy)u=f, u(0)=g (1.2)

with a real-valued principal part has a unique solution in the Colombeau algebra
G2.2([0,T] x R™) based on H*. Assuming that the symbol a is compactly supported in
x, the Sobolev embedding theorem also yields existence and uniqueness of a Colombeau
solution in G([0,7] x R™).

Proofs of the aforementioned existence and uniqueness results are based on a priori
L?-estimates in the representing nets of smooth functions. These methods have been
successful regarding the well-posedness of the Cauchy problems under consideration,
but do not provide deep qualitative information on the solution. This already applies
to the classical case of hyperbolic systems with C*°-coefficients and was one of the
main motivations for the constructive FIO approach introduced by Duistermaat and
Hormander [14,15,30], which we extend here to the Colombeau framework. For a sur-
vey on local and global regularity of Fourier integral operators on LP spaces, as well as
on Colombeau spaces, we refer the reader to [48].

Note that our solutions are global in time. Few results of local solvability are available
at the moment in the Colombeau context; we quote [3] for nonlinear first-order systems
solved in terms of generalized germs, [16] for ordinary differential equations, [22] for
differential operators of constant strength, [17] for the Hamilton—Jacobi equation and
[36] for wave equations on non-smooth space-times. The key idea in this kind of research
is to find suitable assumptions about coefficients and scales to ensure the existence of
an e-independent time interval. By means of this asymptotic approach we believe we
will be able to obtain further results of local existence and uniqueness in the Colombeau
setting, for instance, a generalization of [9] to wave equations with less than log-Lipschitz
coefficients.

The paper has the following structure. In §2, we recall required notions from the
Colombeau theory of generalized functions, in particular, microlocal tools, generalized
symbols and phase functions and generalized FIOs. In § 3, we look at scalar first-order
hyperbolic partial differential equations with Colombeau coefficients. We show how the
generalized solution can be represented by means of a generalized FIO. This includes
the construction of Colombeau solutions to the eikonal equations and to the transport
equation for the generalized symbol. In §4, we treat the case of first-order hyperbolic
pseudodifferential equations whose principal part depends only on time. This has the
advantage that generalized solutions to the eikonal equation can be given explicitly (the
more intricate t- and x-dependent case, which requires additional asymptotic bounds on
the coefficients, as follows already from [40], is postponed to work in preparation on
hyperbolic problems with singularities). We solve an infinite system of transport equa-
tions yielding the asymptotic expansion of the generalized symbol, and construct an FIO
parametrix of the generalized solution. In §5, we address microlocal properties of the
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kernel of a generalized FIO, as well as its action on Colombeau generalized functions.
This allows one to compute the generalized wavefront set (in space and time) of solu-
tions to first-order hyperbolic partial differential equations with non-smooth coefficients
depending on time. Furthermore, the spatial wavefront set of solutions to first-order par-
tial differential equations at fixed time is computed, when the coefficients are generalized
functions depending on space and time, in the case where the Hamiltonian flow has a
limit. We show that the generalized wavefront set is invariant under the Hamiltonian
flow for time-dependent coefficients. The paper concludes with some explicit examples
involving jump discontinuities and delta functions in the coefficients.

2. Basic notions

2.1. Basic notions of Colombeau theory

This section gives some background on the Colombeau techniques used in the rest of this
paper. As main sources, we refer the reader to [19,23,25,28].

2.1.1. Nets of complex numbers

A net (u.). in C(%U is said to be strictly non-zero if there exist 7 > 0 and n € (0, 1] such
that |uc| > €” for all € € (0,7]. For several reasons relating to regularity issues we will
make use of the concept of a slow-scale net (ssn). A slow-scale net is a net (r.). € C(0-1
such that

lre]?=0("" forallg >0 ase— 0.

A net (u.). in C%U is said to be slow-scale strictly non-zero if there exist a slow-scale
net (s¢)e and n € (0,1] such that |uc| > 1/s. for all € € (0,7).

2.1.2. C-modules of generalized functions based on a locally convex topological vector
space

The most common algebras of generalized functions of Colombeau type, as well as the
spaces of generalized symbols we deal with, are introduced by referring to the following
general models.

Let E be a locally convex topological vector space topologized through the family of
seminorms {p; };cs. The elements of

e EOV:viel, AN €N, pi(uc) = O(e™V) as £ = 0},

ME = {(ue)e

M = {(us). € ECY: Vi e I, I(we)essm, pi(ue) = Ow.) as e — 0},
%= {(u). € EOU:3IN €N, Vie I, pi(uc) =0 N) as e — 0},

Ng ={(u.). € EQU:vie I, Vg eN, pi(u.) = O(c?) as ¢ — 0}

are called F-moderate, F-moderate of slow-scale type, F-regular and E-negligible, respec-
tively. We define the space of generalized functions based on E as the factor space

G == Mg/Ng.
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The ring of complex generalized numbers, denoted by C, is obtained by taking E = C.
Note that C is not a field since, by [28, Theorem 1.2.38], only the elements that are strictly
non-zero (i.e. the elements that have a representative strictly non-zero) are invertible,
and vice versa. Note that all the representatives of u € C are strictly non-zero once we
know that there exists at least one that is strictly non-zero. When u has a representative
that is slow-scale strictly non-zero, we say that it is slow-scale invertible.

For any locally convex topological vector space E the space Gg has the structure of
a C-module. The C-module G55 == M35 /NEg of slow-scale regular generalized functions
and the C-module g% = M /NE of reqular generalized functions are subspaces of G,
whose role is to describe different notions of regularity. We use the notation v = [(ue)e]
for the class u of (u:): in Gg. This is the usual way, adopted in the paper, to denote an
equivalence class.

2.1.3. The most common Colombeau algebras

The Colombeau algebra G(2) = Ep(2)/N(2) (see [28]) can be obtained as a
C-module of Gg type by choosing F = C*>(£2). From a structural point of view,
2 — G(£2) is a fine sheaf of differential algebras on R"™. G.({2) denotes the Colombeau
algebra of generalized functions with compact support.

Regularity theory in the Colombeau context, as initiated in [44], is based on the
subalgebra G (£2) of all elements u of G({2) having a representative (u.). belonging to
the set

£29(2) = {(ue)g € £[7): VK € 2, 3N € N Ya € N,
sup |0%ue(z)] = O(e~N) as € — o}.
zeK

The G*-singular support of u € G(£2) (singsuppge u) is defined as the complement of
the set of points x such that u|y € G (V') for some open neighbourhood V' of z.

The intersection G (£2) NG, (£2) will be denoted by G°(£2). In the course of the paper,
due to issues relating to the Fourier transform, we make use of the Colombeau algebra
G (R™) = Gy mn) of generalized functions based on .#’(R™) and of the corresponding reg-
ular version G2 (R™). Finally, we recall that the Colombeau algebra G, (R™) of tempered
generalized functions is defined as &, (R™)/N,(R™), where &, (R") is the space

{(Us)a € OM(Rn)(O’l]: Yo € N*, 3N € N,
sup (1 + |z)~N]0%. ()] = O(e™N) as e — o}
IGR’”

of 7-moderate nets and N, (R") is the space

{(ua)g € Ou(R™)@: va € N", IN €N, Vg € N,
sup (1 + |z])~N[0% (2)] = O(e?) as € — o}
reR™
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of T-negligible nets. The subalgebra G°(R™) of regular and tempered generalized func-
tions is the quotient £ (R™) /N, (R™), where £2°(R™) is the set of all (u.). € Op(R™)(:1]
satisfying the condition that

IN €N, YVa e N*, 3M €N, sup (1 + |z|)"M[0%.(z)| = O(e™V).
TER™

2.1.4. Special types of Colombeau generalized functions in G(R™)

An element of the Colombeau algebra is real valued if it is represented by a net of
real-valued smooth functions. We recall that u € G(R") is

e of logarithmic type if there exists a representative (u). with the property that, for
all K € R™,
sup |u-(x)] = O(log(e™')) as e — 0;
reK
o of slow-scale logarithmic type if there exists a representative (uc). with the property
that, for all K € R™, there exists a slow-scale net (p.). such that

sup |uc(z)] = O(log(pe)) ase — 0;
rzeK

o slow-scale regular if there exists a representative (u.). with the property that, for
all K € R™ and all o € N, there exists a slow-scale net (u.). such that

sup |0%ue(z)] = O(pe) ase — 0.
zeK

Clearly, the previous properties hold for all representatives of u once they are known to
be valid for one.

2.1.5. Topological dual of a Colombeau algebra

A topological theory of Colombeau algebras was developed in [18,19]. The duality
theory for C-modules presented in [19] in the framework of topological and locally con-
vex topological C-modules has provided the theoretical tools for dealing with the topo-
logical duals of the Colombeau algebras G.(£2) and G(£2). We recall that £(G(£2),C)
and £(G.(£2),C) denote the space of all C-linear and continuous functionals on G(£2)
and G.(2), respectively. For the choice of topologies given in [18] one has the following

chains of continuous embeddings:

In (2.1) and (2.2) the inclusion in the dual is given via integration (v — (v —
Jou(x)v(z)da)) (for definitions and properties of the integral of Colombeau general-
ized functions see [28]), while the embedding in (2.3) is determined by the inclusion

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

430 C. Garetto and M. Oberguggenberger

G.(£2) C G(£2). Since 2 — E(QC(Q),@) is a sheaf, we can define the support of a
functional T (denoted by suppT'). In analogy with distribution theory, we have that
L(G(£2),C) can be identified with the set of functionals in £(G(£2),C) having compact
support.

For questions relating to regularity theory and microlocal analysis, particular attention

is given to those functionals in £(G.(£2),C) and £(G(2),C) that have a ‘basic’ structure.
More precisely, we say that T' € £(G.(£2), C) is basic if there exists anet (1.). € D’ ()]
fulfilling the condition that, for all K € {2, there exist j € N, ¢ > 0, N € Nand n € (0,1]

such that,

Vf € Dk(82), Ve € (0,n], |T(f)] < e sup |0 f(x)]

€K, |a|<j

and Tu = [(Tu.).] for all u € G.(12).

In the same way, a functional T € £(G(£2),C) is said to be basic if there exists a net
(T.). € €' (2)H such that there exist K € 2, j € N, ¢ >0, N € N and n € (0,1] with
the property that,

VfeCx(R), Yee (0,n], |T(f)l <ee™™ sup |9 f(x)l

zeK, |a|<j

and Tu = [(T.u.).] for all u € G(£2). The sets of basic functionals on G.(§2) and G(£2)
are denoted by Ly,(G.(£2),C) and L (G(£2),C), respectively.

2.1.6. The Fourier transform on G&(R™), L(G.»(R™),C) and L(G(2),C)

The Fourier transform on G (R™) is defined by the corresponding transformation at
the level of representatives as

F: gy<Rn) — (]y(R") u — [('&5)5]

F is a C-linear continuous map from G (R") into itself, which extends to the dual in
a natural way. More precisely, we define the Fourier transform of T € £(G.&»(R"),C) as
the functional in £(G.»(R™),C) given by

F(T)(u) =T (Fu).

As shown in [20, Remark 1.5], £(G(£2),C) is embedded in £(G»(R™),C) by means of
the map

L(G(£2),C) = L(G»R™),C): T — (u— T((ue|2)- + N(£2))).

In particular, when T is a basic functional in E(g(()),@), we have from [20, Proposi-
tion 1.6, Remark 1.7] that the Fourier transform of T is the tempered generalized function
obtained as the action of T'(y) on e™%¢ ie. F(T) = T(e ') = (T.(e71%)). + N (R").
More precisely, F(T') belongs to G°(R™).
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2.1.7. Microlocal analysis in the Colombeau context: the G -wavefront set for
generalized functions and functionals

For an introduction to microlocal analysis in the Colombeau context we refer the reader
to [20,23]. Here we only recall those microlocal concepts that we will employ in the final
section of the paper. The G>-wavefront set of u € G.(£2) (WFGu) is defined as the
complement of the set of points (zg,&y) € T*(£2) \ 0 fulfilling the property that there
exist a representative (uc)e of u, a cut-off function ¢ € C°(§2) with ¢(zg) = 1, a conic
neighbourhood I' of £, and a number N such that, for all [ € R,

sup(&)!@uz(§)| = O(e™™) ase—0.
el

By construction, 1oWFg~u = singsuppge u. In addition, [23, Theorem 3.11] shows
that WF g coincides with the set

Wi goe (u) := ﬂ Char(A),
Auege (1)

where the intersection is taken over all the standard properly supported pseudodifferential
operators A € WO(£2) such that Au € G*°(£2). The adjective ‘standard’ refers to symbols
that do not depend on the parameter ¢, but belong to the usual Hérmander classes.
This pseudodifferential characterization provides the blueprint for extending the notion
of wavefront set from G(£2) to the dual £(G.(£2),C). More precisely, for T € L(G.(£2),C)
we define

WFge (T) = Wag=(T):= [  Char(A), (2.4)

ATEeG>(02)

where the intersection is taken over all the standard properly supported pseudodiffer-
ential operators A € W0(£2) such that AT € G=(£2). It follows that mo(WFgeT) =
sing suppgeo 1.

A useful characterization of WFge(T'), in terms of estimates at the Fourier transform
level, is valid when 7' is basic. It involves the sets of generalized functions G% (1),
where I' is a conic subset of R™ \ 0, of all tempered generalized functions v having a
representative (uc ). fulfilling the condition that

IN eN, VIR, sup(&)|u(€)]=0(E"N) ase—0.
fer

Let T € L£(G.(£2),C). Theorem 3.13 in [20] shows that (z¢, &) € WFgT if and only
if there exists a conic neighbourhood I' of & and a cut-off function ¢ € CZ°(£2) with
¢(wo) = 1 such that F(¢T) € GF ,(I").

2.2. Generalized Fourier integral operators: generalized symbols and phase
functions

In this subsection we collect some basic notions concerning generalized pseudodiffer-
ential and Fourier integral operators. For a detailed presentation we refer the reader
to [21,26].
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2.2.1. Generalized symbols

Let £2 be an open subset of R™. By a generalized symbol of order m we mean an element
of the space Gg based on F = S;’?'(;(Q x RP). Analogously, G5, with E = ;”’5((2 x RP),
is the space of slow-scale regular generalized symbols. We say that a generalized symbol
a of order m is regular if it has a representative (a.). fulfilling the condition that,

VK € 2, 3N € N, Vj € N, |a5|$_l]). = sup |a5|§?1()xﬁ =0(E™) ase—0.
T lal+8I<d o

A notion of asymptotic expansion for generalized symbols was introduced in [21, §2.5]
and employed in developing a complete symbolic calculus for generalized pseudodiffer-
ential operators (see [21,25]). Finally, we recall that the conic support of a generalized
symbol a of order m is the complement of the set of points (x0,&) € 2 x R? such that
there exist a relatively compact open neighbourhood U of xg, a conic open neighbourhood
I of & and a representative (a.). of a satisfying the condition that,

Vae NP, VBeN", VgeN,  sup (& mll=00l|920a, (2, €)= O(c?) ase— 0.
zeU, el
(2.5)

By definition, cone suppa is a closed conic subset of 2 x RP.

2.2.2. Generalized phase functions

A phase function ¢(y,£) on §2 x RP is a smooth function on {2 x R? \ 0, real valued
and positively homogeneous of degree 1 in § such that V, ¢¢(y,§) # 0 for all y € 2 and
& € RP\ 0. We denote the set of all phase functions on {2 x R? by @(£2 x RP) and the set
of all nets in @(£2 x RP)(%:1 by &[22 x RP]. We recall that Spg(£2 x RP\ 0) is the space of
symbols on {2 x RP \ 0 homogeneous of order 1 in ¢, i.e.

sup €71 0¢8] a(x, €)] < oo
€K, EERP\O
for all K € £2, for all « € NP and for g € N".

Definition 2.1. An element of Mg (2 X RP) is a net (¢.). € P[§2 x RP] satisfying the
following conditions:

(i) (oc)e € MSﬁg(QXRP\O)v
(i) for all K € {2 the net

( inf
yeK, £ERP\O

2
o))

We introduce the equivalence relation ~ on Mg (§2 x RP) as follows: (¢). ~ (we)e if and
only if (¢ —we) € ./V'Sﬁ (2xrr\0)- The elements of the factor space

is strictly non-zero.

B(2 x RP) := Mgp(2 x RP)/~

will be called generalized phase functions.
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Finally, we say that ¢ € Q~5(Q x RP) is a slow-scale generalized phase function if it
has a representative (@) € Sscﬁg (2xRr\0) Such that the net in (ii) is slow-scale strictly
NoN-zero.

In the following, £2’ is an open subset of R . We denote by ®[2'; 2 x RP] the set of all
nets (¢c)-c(0,1] of continuous functions on 2’ x 2xRP that are smooth on 2’ x 2xRP\ {0}
and are defined such that (¢.(x,-, ). € P[22 x RP] for all x € 2.

Definition 2.2. An element of Mg (2'; 2xRP) is anet (¢c). € P[2'; 2xRP] satisfying
the following conditions:

(i) (¢e)e € Msgg(rz'xrzxw\oy
(i) for all K" € 2’ and K € {2 the net

) (2.6)

We introduce the equivalence relation ~ on Mg (£2'; £2 x RP) as follows: (¢e)e ~ (we)e if
and only if (¢ —we). € NSE}g(Q/XQXR;ﬁ\O). The elements of the factor space

vy,£¢s (1'7 Y, é|>

inf
€K', ye K, EERP\O

is strictly non-zero.

D202 X RP) := Mgp(8'; 2 x RP) /~

are called generalized phase functions with respect to the variables in 2 x RP. If ¢ €
&((2'; 2 x RP) has a representative

(e)e € Mg (rxxrr\0)

such that the net in (2.6) is slow-scale strictly non-zero, then it is called slow-scale
generalized phase function with respect to the variables in 2 x RP.

2.2.3. Slow-scale critical points

Definition 2.3. Let ¢ € &(£2 x RP). We define O C 2 xRP\ 0 as the complement of
the set of all (z¢, &) € 2 x RP\ 0 with the property that there exist a relatively compact
open neighbourhood U(z) of z¢ and a conic open neighbourhood I'(§y) € RP \ 0 of &
such that the generalized function |Vee(-,-)|? is slow-scale invertible on U(zg) x I'(&).
We set mo(C5°) = S§° and Ry = (S5°)°.

By construction, C’;C is a conic closed subset of 2 x RP \ 0 and Ry C Ry C 218
open. It is routine to check that the region CF° coincides with the classical one {(z,¢) €
2 xRP\0: Vep(x,&) =0} when ¢ is a standard phase function independent of e.

2.2.4. Generalized Fourier integral operators

Let ¢ € &(2;02 x RP), let a € QS/%(Q,XQX]R;U) and let u € G.(£2). The generalized
oscillatory integral

T @) = [ e aa,y u(y) dyde
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defines a generalized function in G(£2’) and the map
A:Ge(2) = G(2'): u— Iy(a)(u) (2.7)

is continuous. The operator A defined in (2.7) is called a generalized Fourier integral oper-
ator, with amplitude a and phase function ¢ € $(£2'; 2 x RP). From [21, Theorem 4.6]
we have that, when phase function and amplitude are both slow-scale regular, the corre-
sponding generalized Fourier integral operator maps G2°({2) continuously into G (£2’).
If a € G5 (2 x oxmrry> then A maps Gc(£2) into G>(£2'). Pseudodifferential operators
are special Fourier integral operators with ¢(z,y,&) = (x — )& in (2.7).

2.2.5. Composition of a generalized Fourier integral operator with a generalized
pseudodifferential operator

We conclude this survey of generalized Fourier integral operators by studying the
composition with a generalized pseudodifferential operator. First, we focus on Fourier
integral operators of the form

n

Fo(b)(u) () = / (e )i dn,

wherew € Gg1 (0/xrm\0); 0 € Gsm (0 xrn) and u € Go(£2). Note that ¢(z,y,n) == w(w,n)—
yn is a well-defined generalized phase function belonging to @(£2'; 2 x R™) and I4(b) =
F,(b). Theorem 5.11 in [21] provides the composition formula stated below.

2.2.6. Composition formula for a(x, D)F,,(b)

Let w € G& (2XR™\0) have a representative (we ). such that V,w. # 0 for all € € (0, 1]

and SuCh lhal, f()I‘ all K S Q,
(m 77 ) )5

is slow-scale strictly non-zero. Let a € gg@m( xR and let b € g;ﬁ( 2xR™\0) with supp, b €
2. Then, the operator a(z, D)F,,(b) has the following properties.

inf
zeK,neR™\0

(i) Tt maps G2°(£2) into G=(02).
(ii) It is of the form
[ b nyita dn + (e, Dy
where h € G4, (2xR™\0) has the asymptotic expansion given by the symbols

dga(x,Vaw(z,n))

al

Dg(®E®Mp(z,m)| , aeN,

Z=T

ha(l’»ﬁ) =

with @(z,z,m) = w(z,n) —w(z,n) — (Vew(x,n), z — ), and r is slow-scale regular
and of order —oo.
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3. Transport equations with generalized coefficients

In this section, we are concerned with the Cauchy problem for the first-order hyperbolic
equation

Dyu =" a1 ;(t.2) Dyu+ ag(t, x)u,  u(0,) = uo, (3.1)
j=1

where D; = D, the coefficients a; ; are real-valued Colombeau generalized functions
in G(R"1), ap € G(R™™) and ug € G.(R™). The following theorem combines the well-
posedness results of [40] with the more recent investigations of [32].

Theorem 3.1. Let the coefficients a1 ;, 7 = 1,...,n, and ag be Colombeau generalized
functions in G(R™ ') compactly supported in x. Assume that the coefficients a, ; are real
valued and that Ora, ; and ag are of logarithmic type (k,j = 1,...,n). We then have the
following.

(i) For each ug € G(R™), (3.1) has a unique solution u € G(R"*1).
(ii) If, in addition, uy € G.(R™), then the solution u is compactly supported in x.

(iii) If, in addition, ay and wy are real valued, then the solution u is a real-valued
generalized function.

(iv) If the coefficients a1 ; and ag are slow-scale regular and Oya1; (k,j = 1,...,n)
and aq are of slow-scale logarithmic type, then for each ug € G*°(R™) the unique
solution u € G(R"*1) of (3.1) belongs to G (R™*1).

(v) Under hypothesis (iv), if the initial data ug are slow-scale regular, then u is slow-
scale regular as well.

The aim of this section is to prove that the solution w of (3.1) can be written as the
action of a generalized Fourier integral operator Fy(b) on the initial data ug € Go(R™).
This requires us to determine the phase function ¢ and the symbol b.

3.1. The generalized phase function and the characteristic curves

The generalized phase function ¢ is the solution of the eikonal equation determined by
the principal part of the operator

Dy = ay;(t,2)D; — ag(t, x)
j=1

under the initial condition ¢(0,x,n) = an. Thus, one has to solve the linear Cauchy
problem

3t¢(ta$777) = Za17j(t7x)aj¢)(t7 xan)’ ¢(va’n) = 7. (32)

J=1
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Under the hypotheses of Theorem 3.1 on the coefficients a; ;, we already know that there
exists a unique solution ¢ € G(R™"2). More precisely, it has the form

¢(t7 z, 77) = Z Wh (tv x)nfh
h=1

where wp, h =1,...,n, are solutions of the Cauchy problems
Owwn(t, ) =D aja(t,2)wn(t, ), wi(0,2) = . (3.3)
j=1

In the following proposition we describe the properties of the generalized functions wy,
more specifically. The solutions 1, ..., 7, of the initial-value problem

d
£’Y}L(I7ta 5) = 7a1,h(5571(1‘7ta 5)772(I7ta 5)7 s ar)/n(‘ra tv S))a (34)

'Yh('ratt):‘rjv hzl,...7ﬂ,

are the components of the characteristic curve v = (71, ..., 7, ) associated with the differ-
ential operator 37, a1,j(t, ) D;. Note that, from [28, Theorem 1.5.2 and Remark 1.5.3],
this initial-value problem is well-posed in G(R"*?) when a; ; is compactly supported in
2 and has first-order z-derivatives of logarithmic type.

We make the following assumptions.

(h1) The coefficients a; ; are real-valued generalized functions in G(R"*!), compactly
supported with respect to =, with dya; ; of logarithmic type (k,j =1,...,n).

(hg) The coefficients aq ; are real-valued slow-scale regular generalized functions in
G(R™*1), compactly supported with respect to x, with Oray,; of slow-scale log-
arithmic type (k,j =1,...,n).

Note that the compact support property is not essential and is introduced here to keep
the presentation simple.

Proposition 3.2.

(i) Under hypothesis (h;), there exists a unique real-valued solution wy, (t,r) € G(R"*1)
of (3.3); wy(t,x) is the hth component of the characteristic curve y(z,t,0).

(ii) Under hypothesis (ha), the solution wy, is slow-scale regular.

Proof. From parts (i) and (iii) of Theorem 3.1 it is clear that there exists a unique
real-valued Colombeau solution wy, € G(R™"1). Since the initial data z;, are smooth and,
therefore, slow-scale regular we have, from parts (iv) and (v) of Theorem 3.1, that wy, is
slow-scale regular under (hy) on a1 ; and Oxa1 j, k,j = 1,...,n. It remains to prove that
wn(t, ) = yn(z,t,0). This comes from the fact that wy, is constant along the characteristic
curves y(x,t, s), i.e.

d
&wh,s(sf-ylﬁ(xatv S)?WQ,E(xvta S)a R 7/7n,€(x7t7 8)) = 07
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working at the level of representatives. Hence,

wh,e(ta ’71,5(37’ ta t)a ey IYTL,E(:E7 t7 t)) = wh,e(oa 71,6(377 t? 0)7 e 7’7n,6($7 ta 0))
for each t € R. This implies that wp (¢, z) = v, (z,¢,0) in G(R™H1). O
Summarizing, we can state the following proposition.

Proposition 3.3. If (hy) holds, then the generalized phase function

n n
¢t w,m) =D walt,@)mn =Y vnlw,t,0)mp
h=1 h=1

solves the eikonal Cauchy problem (3.2).
If (hs) holds, then ¢ is a slow-scale generalized phase function.

Remark 3.4. The Colombeau generalized function ¢ is actually a generalized symbol
homogeneous of order 1 in n. With a certain abuse of language, we employ the expression
generalized phase function, previously used to refer to ¢'(¢t,x,y,n) = &(t, z,n) — yn.
Indeed, for ¢’ one has the typical invertibility condition on the gradient, i.e.

|V¢/(t,$,y777)| = |(vt¢(tax’n)vv$¢(t7xvn)v —U,Vnd)(t,l‘,’l]) - y)‘ 2 1

for all i, with |n| = 1.

3.2. The transport equation for the generalized symbol

To compute the generalized symbol b, we need to solve (3.1) with initial condition 1
at t = 0. More precisely, we need to solve

Dib = a1 ;(t,2)D;b+ ao(t,x)b, b(0,-) = 1. (3.5)
j=1
We introduce the following set of hypotheses on ag.

(i1) ao is a generalized function in G(R™*!), compactly supported in  and of logarithmic
type.

(iz) ag is a slow-scale regular generalized function in G(R"*1), compactly supported in
x with zero-derivative of slow-scale logarithmic type.

Using Theorem 3.1 and integrating along the characteristics, we have the following exis-
tence and uniqueness result.

Theorem 3.5.

(i) Under hypothesis (hy) on the coefficients a; ; and hypothesis (i1) on ag, there exists
a unique solution b € G(R" 1) of (3.5).
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(ii) Under hypothesis (hg) on the coefficients ay ; and hypothesis (i2) on ag, the solution
b€ G(R™1) of (3.5) is slow-scale regular.

(iii) Furthermore, b(t,z) = ePt%) with
t
B(t,z) = / ap(s,v1(z,t,8),...,vm(z,t,s))ds.
0

3.3. Generalized FIO formula
A combination of Proposition 3.3 and Theorem 3.5 yields the following FIO formula.

Proposition 3.6.

(i) Under hypotheses (hi) and (i1) on the coefficients a1 ; and ao, respectively, the
solution u € G(R"1) of (3.1) can be written as

u(t,z) = Fy(b)(uo)(t,x) := / ) BTt 2)io(n)dn, (3.6)

where the generalized phase function ¢ is defined in Proposition 3.3 and b €
G(R™*1Y) is defined in Theorem 3.5.

(ii) Under hypotheses (hy) and (i2), (3.6) holds with ¢ and b slow-scale regular.

3.4. The non-homogeneous Cauchy problem

We conclude this section by finding a solution formula for the non-homogeneous Cauchy
problem

Dyu=Y"a1;(t,x)Dju+ag(t,x)u+ f(t,x), u(0,") = uo, (3.7)

j=1

where f € G(R"*!) is compactly supported with respect to z. Note that the Fourier
integral operator Fy(b) of Proposition 3.6, solving the homogeneous problem, is given by

F¢(b) (UO)(tv x) = / ei¢(t7m7n)b(tv €T, 77){1'0 (77) dn = b(t7 I)UO (V(Iv L, O))

n

This defines, for each t € R, a map
U(t) = Fy(b)(t): Ge(R™) = Ge(R™): ug — Fiy(b) (uo) (2, -)
such that U(0) = I and

1

Ut)™ = G(R") = G(R™): v — N 00)

v(y(x,0,t)).
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Theorem 3.7.

(i) Under hypotheses (hi) and (i1) on the coefficients a; ; and ag, respectively, the
solution u € G(R"1) of (3.7) can be written as

¢ 1
/ Wf(w(-,o,mdf)(x), (3.8)

where the generalized phase function ¢ is defined in Proposition 3.3 and b €
G(R™*1) is defined in Theorem 3.5.

ult,0) = Fo0)0) (10 +

(ii) Under hypotheses (hy) and (i2), (3.8) holds with ¢ and b slow-scale regular.

4. First-order hyperbolic pseudodifferential equations with generalized
symbols

We now consider hyperbolic first-order pseudodifferential equations of the type
Diu = a1(t, Dy)u + ag(t, z, Dy)u, (4.1)

where a; and ag are generalized symbols of order 1 and 0, respectively, with a1 real
valued and independent of x. As mentioned in §1, we restrict ourselves to t-dependent
principal parts. We begin by collecting what is known about (4.1) in the Colombeau
context. The following theorem is due to Hérmann (see [32]). The well-posedness of the
Cauchy problem

Diu = a1(t, Dy)u+ ao(t,z, Dy)u+ f,  u(0,-) = ug (4.2)

is intended in the Colombeau algebra G e ((—7,7)xr») based on H*((—T,T) x R™). Here,
we use the notation G 2((—7,T) x R™) introduced in [4]. The choice of this setting is
motivated by a uniqueness issue; the solution u to (4.2) fails to be unique in the usual
Colombeau algebra G([—T,T] x R™), whereas it is uniquely determined in Go o((—T,T') %
R™). Finally, with the expressions generalized symbol and slow-scale regular generalized
symbol we refer to the elements of the spaces gCoo([_T’TLSm(]RQn)) and gggo([_Tj],Sm(R%)),
respectively. Note that by the notation S™(R?") we denote symbols satisfying uniform
estimates with respect to x € R™ and £ € R”, i.e.

sup (&) Hl9gata(x, €)] < oo
(z,&)ER?"
In the following, (k,h) denotes the 7-derivatives and z-derivatives of a symbol up to
order k and h, respectively.

Theorem 4.1. Let a; be a real-valued generalized symbol of order 1, let ag be a
generalized symbol of order 0, let f € Go2((—=T,T) x R™) and let ug € G 2(R™).

(1) If there exist representatives (a1, ). and (agc)e of a1 and ag, respectively, such that
(@1,¢)e is of log type up to order (ky,, 1, +1), with k, = 3(|n/2]+1) and l,, = 2(n+2),
and (ag. ). is of log type up to order (kl, j.), with k|, =1, = |n/2| + 1, then (4.2)
is well-posed in Go o((—=T,T) x R™).
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(i) If, for large |x|, the net (ao,)e does not depend on t, then one can set k, = 1,
ln=n+2k,=0,1l, =n+1in (i)

(iii) If ay and ag are slow-scale regular generalized symbols and the log-type conditions
in (i) on (a1.)e and (ao,e ). are replaced by slow-scale log-type assumptions, then,
for each f € G35((=T,T) x R") and ug € G5%(R"™), the unique solution u to (4.2)
belongs to G3%((—=T,T) x R™).

Our aim now is to find an FIO formula by which to express the solution u. More
precisely, we will construct a generalized FIO parametrix for the hyperbolic Cauchy
problem

Diu = a1(t, Dy )u+ ag(t,z, Dy)u, u(0,-) =ug € G(R™). (4.3)

Under suitable moderateness assumptions, we get well-posedness and G*°-regularity.

4.1. The generalized phase function and the eikonal equation

We begin by determining the generalized phase function ¢(t, z,7), i.e. by solving the
following eikonal equation.

Proposition 4.2. The eikonal equation

o(t,x,n) = ar1(t, Voo(t,z,n)), ¢(0,2,1) = 2n, (4.4)
has the solution

t
o(t,z,m) =I77+/0 ai(s,n)ds

in Geoo(—r1),51(R2%)) I @1 € Geo(-r1), 51 @2n)) Aand N Golo gy 51 manyy a1 €
G (-11),51 ®2m)):

Remark 4.3. (i) Note that ¢(¢,z,n) is a symbol of order 1 with V,¢(t,x,n7) = n,
but non-homogeneous with respect to 1. This is not an obstacle in defining the Fourier
integral operator

L b mitman = [ Db 0 myoty) dya
n R2n

for v € G.(R™) and a generalized symbol b. Indeed, to give a meaning to the oscillatory
integral on the right-hand side (by means of an operator Ly to be used in the integration
by parts), it is sufficient that the bound from below

IVadl(t, )] + [VydL(t, 2, n)* + [0Vl (t, 2, n)[* > Aclnl® (4.5)

holds for some strictly non-zero net A. and for ¢'(t,z,y,n) = ¢(t,xz,n7) — yn uniformly
inte[-T,T)], (z,y,n7) € R® and € € (0,1]. Condition (4.5) is trivially satisfied by the
phase function in Proposition (4.2). Indeed, for

t
¢ (b 2,y,m) = (z — y)n + / ax(s,7) ds

one has that |V,¢.(t,z,n)]? = |n|>.
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(ii) Easy computations at the level of representatives show that the Fourier integral
operator with phase function

t
o(t, 2,7) = 7 + /0 ax(s,m) ds

and symbol
b(t,,m) € Geoo ([—1,1),5m (R2"))

maps G.(R™) (or G»(R™)) into Geeo(—7,7],7(®n))- Recalling the embedding G.(Rn) C
G (R"™) C Goo(R™) (see [19]) we have that

F¢(b): gy(Rn) — gcoc([,T’T]’y(Rn)) — g272((—T, T) X Rn)
and
a (¢, DZ)F¢(b) + ao(t, z, DI)F¢(b)Z G (R") — gcoo([,TﬁT]yy(Rn)) — ggyg((—T, T) x R™).

In addition, if we work with slow-scale generalized phase functions and symbols, then
the previous mapping properties hold between G2 (R") and G5%((—T,T) x R").

Theorem 5.10 in [21] concerning the composition of a generalized pseudodifferential
operator with a generalized Fourier integral operator can be easily adapted to Fourier
integral operators with a phase function, as above. This means that under the slow-scale
assumptions of Theorem 4.1 (iii), for any b € ggcoo([—T,T],Sm(]R%)) and v € G.(R™), we have
that

n

a1(t,Dm)F¢(b)v+ao(t,m,Dm)F¢(b)v=/ TNt 2, 0)o(n) dn+r(t,z, Do)v, (4.6)

where h and r are generalized symbols of order m + 1 and —oo, respectively, v € G (R™)
and the equality is intended in G o((—T,T) x R™). If we take slow-scale regular phase
functions and symbols, then h and r are slow-scale regular as well and r(t,z, D,)v €
G3%((=T,T) x R™). The symbol h has the following asymptotic expansion (as defined
in [21]):

aa(al(tan)+a0(t7x7n)) ar io(t.z.x.n)
hit,z,n) ~ Y ha(t,zn) = > o D2 (B Mp(t, 2, m))

aEN? Q€N =z
0%(a1(t,n) + ao(t, x,
-y o (ar(t,m) ' of n))Dﬁb(twm)-
aeNn &

4.2. The transport equations and the generalized symbol

We proceed in the construction of a generalized FIO parametrix for (4.3) by looking
for a symbol b € gg;([fT,T]yso(Rzn)) given by the asymptotic expansion

D br b € G a5k
keN
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The symbols by will solve some specific transport equations and will determine b such
that
Dthg(b) — al(t, Dﬁ)Fqg(b) — ao(t, Z, Dz)F¢(b)

is a G5%-regularizing operator. We begin by observing that, by composition formula (4.6),
a1(t, Dy)Fy(b)v + ao(t, z, Dy) Fy(b)v = Fy(h)u +r(t,x, Dy)v, v € G.(R™),

where r has order —oco and is slow-scale regular when a; and ag are also slow-scale
regular. In other words, we can write that

Dy Fy(b)v — a1(t, D) Fy(b)v — ag(t, x, Dy)Fy(b)v = Dy Fy(b)v — Fy(h)v — r(t, x, Dy)v.

Note that, taking a suitable cut-off function ¥, we can write the action of r(¢,2, D,) on
v as the integral operator

. YY)k (t, z,y)v(y) dy,

with ¢ (y)k-(t,z,y) € G5%((=T,T) x R*") rapidly decreasing with respect to x and y.
Then, the generalized function
)k (t, 2, y)v(y) dy
RTL

belongs to G3%((—T1,T) x R™). We recall that ¢ solves the eikonal equation (4.4) of the
previous subsection. Hence, by making use of the asymptotic expansion of A and b written
above and by collecting the terms with the same order, we obtain the transport equations

0%a (t,
Dibo =Y Mngo+aoboa

al
|a]=1
0%aq (t,
Dib_y = Z %ngﬂ + agb_1
|a|=1 ’

O%ap(t, x,m) 0%aq (t,m)

n (et @ n ’ e

+ E 7!Dxbo + E 7!Dxbo, (4.7)
la|=1 |a]=2

0% (t,
Dib_i, = Z %ng% + apb—_r + f—k,

lo|=1

where f_j € QZ?X,([_T T],5-k (R2m))" From Proposition 3.6 and Theorem 3.7 we deduce the
following statement on transport equations with generalized symbols as coefficients and
initial data.

Theorem 4.4. The Cauchy problem

8aa1(t777) Iy
Dt5: Z WTDzS+a0(t7xan)5+fa (48)
|a|=1
8(07 "y ) = S0, (49)
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has a solution s € Geoo ((—1,1],5m (R27)) Where
(i) m €R, f € Geoo(j—1,1],5m(R2")) and s € Geoo(|—1,1],5m (R2"))
(ii) a1 € Geoo(j—7,1),51 (R2n)) and ag € Geoo ([—1,7],50 (R27)) 5
(iii) ag is of log type.

If we replace G with G*¢ in (i)—(iii) and the assumption of log type with slow-scale log
type, then s € gg%o([,T,T]ysm (R2n))-

Proof. By applying Theorem 3.7 to (4.8) we have the solution formula

s(t,x,n) = b(t,z,n) (so(t ~y(t, z,m), / Sy, 7)) d7')7

y(t,z,m,7),m)

where, for i =1,...,n,

t
’yi(tvxvn) =y +/ 8771‘0’1(Ua 77) dJ,

0

t T
it ) = i+ / Byya1(0,m) dor — / Oy (oym) do,
0 0
t
b(t,x, ) = exp (i | aotsattszn o) ds).

0

One can easily check that b(¢,z,n) and so(¢t,v1(¢,2,n),...,72(t,2,n),n) are elements of
the generalized symbol spaces Geoo((—1,7],50(R2n)) and Geeo ((—7,7],5m (R2n)), Tespectively,
and that

/ [tz n,m).m)
y(t,z,n,7),m)

-/ exp(—i / ao(s,v(tw,n,8),77)d8>f(7ﬁ(t,x,nﬁ),77)dT
0 0

belongs to Geeo (—7,7],5m (R2n))- From this, it follows that s(t,x,7) is a generalized symbol
of order m satisfying the initial condition s(0,z,n) = so(x,n). O

We now go back to (4.7). With the help of Theorem 4.4 we solve the equations in (4.7).

Proposition 4.5. If a; and ag are slow-scale regular generalized symbols of order 1
and 0, respectively, satisfying the assumptions of Theorem 4.1 (iii), then there exist sym-
bols b_; € gcoo (—T,T],5- (R2n))» j € N, which solve transport equations (4.7) and such
that by(0,2,n7) =1 and b_;(0,2,n) = 0 for all j > 0.
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4.3. Construction of a generalized FIO parametrix and solution formula for
the Cauchy problem

We now have all the tools for constructing a generalized FIO parametrix for (4.3).
Combining Theorem 4.1 with Proposition 4.2 and Proposition 4.5 we obtain the following
statement.

Theorem 4.6. Let ug € G.(R™) and let a; and ag fulfil the assumptions of Theorem
4.1(iii) on aq and ag. Then, there exists a generalized Fourier integral operator F(b)
with slow-scale phase function and symbol b of order 0 such that

DtF¢(b)u0 = al(tv Dl)F¢(b)u0 + ao(ta x, Dx)F¢(b)u0 + T(ta x, Dx)u07
F¢(b>u0(07 ) = Uo + 7"0(15, Dw)u()a

where r € gé(;c([—T,T],S—OO(]RQ")) and rg € ggC_m(RQn).

Corollary 4.7. Let the hypotheses of Theorem 4.1 (iii) be satisfied. Then, the solution
u € Goo((—=T,T) x R™) of the Cauchy problem

Dyu = ay(t, Dy)u+ ag(t,x, Dy)u, u(0,-) =ug € G.(R"),

is equal to Fy(b)ug modulo G5%((—T,T) x R™).

Proof. From Theorem 4.6 we have that v = Fy(b)ug —u € G2 2((—T,T) x R™) solves
the Cauchy problem

Div = ay1(t, Dy)v + ag(t,z, Dy)v + r(t,x, Dy)ug, v(0,-) = ro(z, Dy)uo,

where r(t, z, Dz )ug € GS%5((—=T,T) xR™) and ro(x, Dy )up € G5%(R™). Theorem 4.1 yields
the G*-regularity of v, i.e. v € G5%((=T,T) x R"). O

5. Microlocal investigation of the solution of a generalized hyperbolic
Cauchy problem

This section presents a microlocal investigation of the solution u € G(R" 1) of the hyper-
bolic Cauchy problem studied in §§3 and 4. First, we will concentrate on the microlocal
properties of u, viewed as a generalized function in both the variables t and z (WFgeu),
and, second, we will fix ¢ and investigate the generalized function u(t,-) € G(R™) microlo-
cally (WFgeu(t,-)). Since u can be written as the action of a generalized Fourier integral
operator Fy(b) on the initial data ug € G.(R™), we focus our attention on the microlo-
cal properties of generalized Fourier integral operators. We begin with some abstract
theoretical results that we will finally apply to the special case of u = Fy(b)up under
suitable assumptions on the phase function ¢.
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5.1. Microlocal properties of generalized Fourier integral operators:
the wavefront set

We begin by recalling some results obtained in [26]. Let {2 be an open subset of R™.
As a preliminary step we observe that when ¢ € #(2 xRP), U CU € 2, ' CR"\ 0,
V C 2 xRP\ 0, then

U ger 0 ' U, ¢er 0
etteer el + 10 wethecr e+ 0] ).
is a well-defined element of C.

In the following, W3S, denotes the set of all points (z9,&) € T*(§2) \ 0 with the
property that, for all relatively compact open neighbourhoods U(xg) of g, for all open
conic neighbourhoods I'(§p) € R™ \ 0 of & and for all open conic neighbourhoods V' of
cone supp a N C° such that V' N (U(zg) x R? \ 0) # 0, the generalized number

€ = Vyo(y, 0)]

Inf
y€U (z0), €I (€0) €]+ 10|
(y,0)€VN(U(z0) xRP\0)

(5.1)

is not slow-scale invertible.

Theorem 5.1. Let I,(a) be the functional in £(G.(12),C) given by
v WS aly, E)u(y) dyde,
2 xR™

where ¢ is a slow-scale generalized phase function and a is a regular symbol of order m.
The G>°-wavefront set of 1,(a) is contained in the set W3¢,

The previous theorem can clearly be stated for a slow-scale generalized phase function
¢(x,y, &) (in the variable (y,¢)) and a regular amplitude a(z,y,&) on 2/ x 2 x RP with
an open subset 2’ of R”'. In this case,

Iy(a)y = / @V a(z, y, E)o(x,y) do dydg
2" x 2 xR"
is the kernel of the generalized Fourier integral operator

A: G(2) = G(2):u— @z, y, E)u(y) dyde.
xR
We will therefore use the notation K 4 for the functional I;(a). The next theorem relates
WFge Au to WFEge K4 and WFgeou.
We recall that, given E C 2/ x 2 x R" xR™, B/ C (£2' x R™) x (£2 x R™) is the set of
all (z,¢,y,n) such that (x,y,£,—n) € E. A subset E’ defines a relation E' o G of 2 x R"
with 2 x R when G C 2 x R". More precisely,

E'oG:={(z,6) € 2 xR": 3I(y,n) € G, (a,&,y,m) € E'}.
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Theorem 5.2. Let ¢(z,y,&) be a slow-scale generalized phase function in the variable
(y,€) and let a(x,y, &) be a regular amplitude on 2’ x 2 xRP. Let A be the corresponding
Fourier integral operator with kernel K € £(G.(£2 x 2),C) and let u be a generalized
function in G.(12). If

WFw K4 0 WFgoeu C T*(£2')\ 0, (5.2)
then
WEFge Au C (WFgee K4 0 WFgoou) U (WFgeo K 4 0 (sing suppge u x {0})), (5.3)
where the right-hand side is a conic subset of T*(£2)\ 0.

Proof. Let L be a neighbourhood of singsuppgs u. Let A be the right-hand side
of (5.3) with singsuppge v replaced by L. It is clear that A is conic, and the inclusion
A CT*(2')\ 0 follows from (5.2).

We prove that if (z9,&) € A, then (z9,&) € WFge Au. From this it follows that
WFge Au C A. At this point, since L is chosen arbitrarily and u has compact support,
we get the desired inclusion (5.3).

Let K be a neighbourhood of zg, and let Ky = mo(singsuppge Ka N (K1 x L)).
From the assumptions on phase function and amplitude we have that A maps G* into
G=°. It follows that, for a cut-off function ¢ that is identically 1 on a neighbourhood of
Sing suppgee U, we can write sing suppge Au = singsuppg- A(¢u). If Ky = (), then taking
¢ such that supp(¢u) C L we have that Au|g, can be written as [ Ka(z,y)vu(y) dy,
where Ka(z,y) is G*®-regular. Hence, Au|x, € G and (z9,&) € WFge Au for each
£#0.

We assume that K5 is not empty and for yg € Ko we set

EO = {(5777) ($07y075777) S WFQ“’KA}’
Iy ={n: (yo,n) € WFgu}.

We claim that there exist
e a conic open neighbourhood Yy C R+ \ 0 of Xy,
e a conic open neighbourhood I'y CR» \ 0 of I,
e a conic neighbourhood W C R \ 0 of &,

e a number ¢ > 0 and neighbourhoods V; and V5 of ¢ and yg, respectively,

such that
W N (Zoly) =0, (5.4)
Vix Vax {(§m): £ €W, |n| <€} N WFge K4 =0, (5.5)
Zon{(&n): —n ey, € <} =0. (5.6)

But (r9,&) € A implies that (z9,&) € WFgee K4 0 WFgesu. Thgrefore, since Yo, I
and Xy o [y are closed and conic, there exist neighbourhoods W, X, and Iy, as above,
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satisfying (5.4). If (zo,&0) € A, then (xg, yo,&0,0) € WFge K 4. Indeed, (9, Yo, 0,0) €
WFg K 4 implies that (z9,&y) € WFge K’y o (L x {0}) C A. It follows that there exist
neighbourhoods V; and V4, as above, and 6 > 0 such that (5.5) holds. Finally, we have that
{(0,n): —n € I}N Xy = 0. Indeed, if (x0,0,y0,n7) € WFg K4 and (yo, —1) € WFg=u,
then (z0,0) € WFgo K 4o WFgoou. This is absurd since WFge K4oWFgeeu C T*(£2')\0.
This assertion yields (5.6) for a suitable choice of Z~‘0 and I 0. By shrinking V; and V5 we
can also impose that

ViC Ky, (Vax(Ip))NWFgeu =0, (VixVax(Z))NWFgeKs=0, (5.7)

where the complements are intended in R™ \ 0 and R™ +n \ 0, respectively.

Letting o € C°(V7) be identically 1 near xq, we have to prove that aAuis g% oregular
on a certain conic neighbourhood of &. Let 1 € C2°(f2) be identically 1 on a neighbour-
hood of singsuppge v and with suppy C L. Since aA((1 — ¥)u) € G(£2') we have
that

adAu = a@) modulo G%.
‘We write that
aApu(€) = (Ka, o(z)e Sy (y)u(y)).

From K = 7o (singsuppge. K4 N (K1 x L)) we have that we can restrict our attention to
y € Kj. Taking a partition of unity in a neighbourhood of K (based on the neighbour-
hoods V3 with the property above) we observe that aAyu(€) is a finite sum of terms of
the form

(fEa,a(z)e™ B(y)uly)),

where f € C(V; x Va) and 8 € C°(V:). Applying the Fourier and inverse Fourier
transforms we can write that

(F K ara(x)e™ " B(y)uy)) = / FIA(0, )& (€ — 0)Fu(—n)dbay.

Rn/+n

From (5.7) we now have that the tempered generalized function f/K\A is g;ﬁ,o—regular
outside Xy and that &(& — 0)@(—77) is G j-regular with respect to (6,7) outside
{(8,m): —n € Iy, |0] < 8|n|}. This fact combined with (5.6) guarantees that the integral
above is absolutely convergent. Note that

ja(€—0) <en(1+ - o)~

for arbitrary N € N and that if W’ is a sufficiently small conic open neighbourhood of
& with W’ C W, then there exists ¢ > 0 such that | — 0] > ¢(|¢| + |0]) for all £ € W’
and all 8 € W¢€. Hence, the estimate

jG(& = 0)| < (1 + gl + 10D~

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

448 C. Garetto and M. Oberguggenberger

holds for all £ € W’ and all § € W¢. Tt follows that
/0 oy TR0t~ OFu(-ma0ay € G35 ,(W) (5.8)
w

In_order to understand the integration over W x R™ we begin by proving that
fKA(9 n)ﬁu( n) is G y-regular in (6, n) for § € W and n € R™. From (5.5) we have that
fKA is G2 j-regular in (6,7) for 6 € W and |n| < §|0]. If [n] > 6|0 and —n ¢ I, (5.7)
implies that Pu is G -regular in 1) and, therefore, also in (0,7n). Finally, when 6 € W
and —n € I, then (9 n) & Xo from (5.4). Since fKa is GF (-regular outside o, we
conclude that fK A(0 n)ﬁu( 7) has the same regularity proﬁerty. At this point, it is
clear that the generalized function given by

/ FEA®. )A€ — 0)Fu(—n)dody (5.9)
I=2%%

is G -regular on W. A combination of (5.8) and (5.9) yields that aAu € Gz o(W?).
This means that (xg, &) € WFge~ Au and completes the proof. O

We recall that the G>°-microsupport of a generalized symbol a on {2 x R™ is the comple-
ment of the set of points (x¢, &) with the following property: there exist a representative
(ac)e of a, a relatively compact open neighbourhood U of zg, a conic neighbourhood
I' CR™\ 0 of {& and a natural number N € N such that,

Ym eR, Va,8 € N*, e >0, In € (0,1], V(z,&) e U x I, Ve € (0,7),
080 ac(z, )] < c(§)™e™N. (5.10)
The G*°-microsupport is denoted by psuppge a.

Remark 5.3. Condition (5.2) is satisfied when A = a(x, D) is a generalized pseudo-
differential operator with regular symbol. In this case we have from [26, Remark 5.15]
that if (z,y,£,1) € WFgex K4 = WFge~ K45 p), then © = y and n = —¢, with £ # 0 and
(x,€) € psuppge a. Hence,

WFGee Ky (o,0) © WFgeou C {(2,€): (@, 2,8, —§) € WFg Ky (4, p)} N WFgeou,
which implies that WFGe Koz, py © WFgeeu € T*(£2) \ 0. Since
WF G Ky(z,p) © (singsuppgee u x {0}) = 0,
Theorem 5.2 yields, for u € G.(£2), that

WFg~a(z, D)u C WFgo Koy, py © WFgeu
CH{(,8): (z,2,§,—E§) € WFge Ky, p)} N WFgeou
C psuppge a N WFgesu.

Note that the same inclusion was obtained in [23, Theorem 3.6].
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We now consider a special class of generalized Fourier integral operators that fulfil (5.2)
and we rephrase Theorem 5.2 for them. This requires some preliminary results concerning
the set 'y, of singular points and the set Wj¢, defined before Theorem 5.1.

Proposition 5.4. Let [(¢).] € &(2 x RP) and let ¢ € C'(£2 x RP \ 0) such that
lim. o ¢ = ¢ in C1 (2 x RP\ 0). It then follows that

() €, C {(2.6) € T*(92)\ 0: Ved(a,€) = 0},

(ii) for any generalized symbol a,

W[S((;)E],a c {(ZU, vx¢(x7 0)) ¢ 7é 07 (SU, 0) € cone supp a, VQd)(J?, 0) = O}

Proof. (i) From the limit property we obtain that, for any compact subset K of

2, sup,eg, jej=1 | Vede (2, ) — Ved(z,€)| tends to 0. If, for some (x0,&0), Ved(xo,80) #
0, then |Veo(z,£)| > ¢ on a relatively compact neighbourhood U(zg) and on a conic
neighbourhood I'(§p). Since for all n € N there exists ¢, € (0, 1] such that

1
z€U(z0), £€T(0) n

for all € € (0,¢,), we get that

Vebe(w,6) > Vedle,&)] — [Vedo(e,€) — Vel €)| > e —

for all z € U(xp), £ € I'(&) and € € (0,&,). Choosing n large enough we have that the
net

‘Vg(bs(x,fﬂ

inf
€U (w0), §E€I(£0)
is slow-scale invertible, that is, (zq, &) € C[S(C¢E)E].

(ii) If (z0,&0) € W[5).1,4> then we find sequences of neighbourhoods Uy (20), I'»(o) and
V.. (cone supp aﬂC'[S(Cd)E)E]) and sequences of points x,, € Uy, (20), &n € Tn(&0), (Tn,0n) € Vi
such that

[€n — Ve, (€0, 02)| < [logen| ™ ([€a] + 164]),

where ¢,, tends to 0. It is not restrictive to assume that #,, has norm 1. Hence,
[€n — Ve, (20, 0,)] < [logen|~H([€a] + 1) (5.11)

Passing to subsequences, we have that x,, converges to zo and 6,, converges to a certain g,
with |6p| = 1 and (x0,6p) € cone suppa N Clls.).)- The first assertion of this proposition
implies that Vg¢(xo,8p) = 0. The sequence |£,| is bounded. Indeed,

1€n] < |&n — Vade, (20, 00)| + [Vade, (20, 0,)] < |10g5n|71(|§n| + 1) + [Vae, (20, 00)],

where from lim, 00 |Vade, (Tn, 0n)| = |Vad(20,00)| it follows that |V e, (zn,0,)] < 1
for n large enough. Thus,

[ (1 = log en| ™) < [logen| ™" +1
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results in an upper bound for |&,|. As a consequence, passing again to subsequences, we
find some & = A\, A > 0, such that &, — &’. Passing to the limit in (5.11), we deduce
that & = A = Vid(x0,00). In conclusion, we have proved that if (xg,&y) € W[S(fﬁ)al,a,
then there exists 6, # 0 such that (x¢,6)) € cone suppa, Vop(zo,0)) = 0 and & =

We are ready to consider a Fourier integral operator with phase function

[(¢<(2,€))e] — v
From the previous statements we obtain the following microlocal result.

Theorem 5.5. Let [(¢.(x, &) —y&).| be a slow-scale generalized phase function in the
variable (y, &) and let a(x,y,&) be a regular generalized amplitude on 2’ x 2 x R™. Let
A be the corresponding Fourier integral operator with kernel K, € L(G.(2 x 2),C)
and let u be a generalized function in G.(£2). If there exists ¢ € C1(£2' x R™\ 0) with

Veo(z,&) # 0 for € # 0 such that ¢. — ¢ in CH(£2' x R™\ 0), then
(i) WF/QOOKA o WFgeeu CT*(2')\ 0,
(11) WFQ""AU < {(xavz¢(z79)) (’l,’,v‘gd)(lf,e),e) € cone suppa, (V9¢($,9),0) €

Proof. An application of Proposition 5.4 to the phase function [(¢c(z, &) —y&)e] yields
that
WFQ‘X’KA c {(xa yavﬁ(b(xa 9)7 _9) 0 7& 07 (Ivya 9) € cone supp a, va(b(x’ 9) = y}7
(5.12)
ie.

W g K C {(2, Vod(2,0), V(. 6), ~0): 6 £ 0, (2,y,6) € cone suppa}.

From the hypothesis on V,¢ we have that if (z,&) € WFga K4 0 WFgecu, then € =
V.é(x,0) for some 6 # 0. It follows that £ # 0. From (5.12) and Theorem 5.2 we easily
obtain inclusion (ii). O

We now apply Theorem 5.5 to the case of a generalized Fourier integral operator solving
a hyperbolic Cauchy problem as in §3. We obtain the following microlocal result.

Proposition 5.6. Let

u(t,x)z/ ei[(‘ﬁf(t””’”))f}b(t,x’n)ao(n)dn,

where b is a regular generalized symbol of order 0 and [(¢c(t,x,n) —yn)<] Is a slow-scale
generalized phase function in the variable (y,n). Assume that there exists ¢ € C1(R x
R™ x R™\ 0) with V ;. ¢(t,z,1) # 0 for n # 0 such that ¢. — ¢ in C'(R x R x R™\ 0).
Then,
WFgeeu C {(t,2, Vid(t, 2, n), Vad(t, 2, n)): (t,2,1) € cone suppb,
(vn¢<t7 z, 77)? 77) € WFgoouO}-
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Example 5.7. We demonstrate how Proposition 5.6 can be used in a simple example.
It concerns a transport equation with discontinuous coefficients and distributional data
taken from [46, §5]. More precisely, let

Dyu(t,x) = —H(t — 1)Dyu(t,x), u(0,z)=0d(x),

with ¢ € [0,4+00) and € R. Here, H denotes the Heaviside function and ¢ denotes the
Dirac measure. Take p € D(R) with supp p C [—1, 1], non-negative, symmetric and with
integral equal to 1. Let (w™!(¢)). be a slow-scale net with lim._,qw(g) = 0. The solution
u € G([0,400) X R) of the Cauchy problem can be written, at the level of representatives,

as
ue(t,z) = / ei(ziAg(t))npAe(n) dn,
R
where
0, 0<t<1—wl(e),
t
A(t) = / Ae(2)dz, 1—w(e) <t <14w(e),
1-w(e)
t—1, t>w(e)+1,
and
(t=1)/w(e)
a0 = | p()dz

for e — 0. When t # 1 we are working under the hypotheses of Proposition 5.6. Indeed,
Vit,z) (@ — A(t))n = (=A'(t)n,n) # 0 for n # 0. It follows that

WFQ”(U|0<t<1) c {(taO,O,ﬂ)3 n#0,0<t< 1}

and
WFgoo (U"t>1) g {(tat - 1a _77777): n 7é 07 t > 1}

The fact that A is not differentiable at ¢t = 1 does not allow us to apply Proposition 5.6
in a neighbourhood of ¢ = 1. The wavefront set at ¢ = 1 has been computed by direct
calculations in [46].

Another class of generalized Fourier integral operators satisfying (5.2) can be found
when solving a hyperbolic Cauchy problem where the principal part depends only on ¢.
More precisely, we will deal with phase functions of the type

(@1 + e (t,n) — yn)e],
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where ¢, is homogeneous of order 1 in 7. Note that unlike Proposition 5.6 we do not
require any convergence as € — 0, but simply that . does not depend on x. We consider
the Cauchy problem

Dyu = Zam(t)Dju +ao(t,x)u, u(0,:) =wug € Gc(R™).

j=1

A typical example of ¢ = [(¢c)] is given by

p(t.n) = z": (/Otal,j(ff) dU)ﬁj,

Jj=1

where ,
vi(x,t,s) = x; —|—/ ar (o) do
S

are the components of the characteristic curves corresponding to the operator
n
Dt - Zal,j(t)Dj-
j=1
Proposition 5.8. Let
u(t,x) = / ell@nte<(tm)elp(t 2 n)ig(n)dn := Bug,

where b is a regular generalized symbol of order 0 and [(xn+ . (t,n) —yn).] is a slow-scale
generalized phase function in the variable (y,n). If the net

( sup atsas(t,n))
|t|<T, n£0 ) Je

WFgeou C (WFgeo Kg 0 WFgeetg) U (WFgoo K g 0 (sing suppge up x {0})).  (5.13)

is bounded for all T > 0, then

Proof. The microlocal result (5.13) is directly obtained from Theorem 5.2 by checking
that the inclusion
WF/QDOKB o WFgeoug CT*(RxR™")\ 0

holds. We prove something stronger. We prove that if (¢o, zo, Y0, 70, €0, M0) € WFge K,
then & = —no. Thus, (to, zo, Y0,0,0,7m0) € WFge K if 79 # 0.

By Theorem 5.1, for the point (o, o, Y0, 70, &0, M0) € WFge K we can find sequences
of neighbourhoods U, (to, xo,%0), In(70,&0,m0) and sequences of points (t,,Zn,yn) €
Un(to, ©0,90)s (Tns&n,1n) € Iy and 6, such that

|(Ts &ns i) = (Depe, (tns 0n ), Oy —02)| < Nog n] ™ (|(Tn, €ns )| + 16,
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where €, tends to 0. Again, we may assume that 6, has norm 1. Hence,

|(Tna§m"7n) - (8t@6n,(tn79n)yena _Hn)‘ < |10g5n‘71(|(7—n7£n777n)| + 1)-

From the hypothesis on 0;¢. it follows that

10g5n|71(|(7na€m77n)| + 1) + ‘(aﬂpsn (tmen)a On, _on)|
10g &0 | (T, &ny )| + €,

|(Trs Ens )|

which means that the sequence |(7,,,&n,7,)| is bounded. Passing to subsequences, we
have that (7, &, nn) converges to A(7o, &0, 10) and 6, converges to some 0y # 0. Finally,

|(§na nn) - ((9", _en)| < |(Tnafnann) - (at(pEn (t”’ 9”)’9"’ —Gn)|
< |log5n|_1(|(7'm§na77n)| + ]‘)
yields that
(Ao, o) = (Bo, —bo),
ie. & = —no. -

5.2. The Hamiltonian flow and the G°°-wavefront set at fixed time

We now fix ¢ and investigate the microlocal properties of the solution w(t,-) of (3.1). As
in the previous subsection, we begin with some theoretical results on generalized Fourier
integral operators of the type

FaO)uta) = [ e Db(a, i) dy

and we then consider the specific case of a strictly hyperbolic Cauchy problem. The
following theorem is modelled on [41, Theorem 4.1.6] and makes use of the composition
formula for generalized operators in [21].

Theorem 5.9. Let (2 be an open subset of R", let ¢ be a slow-scale regular generalized
symbol on (2, x R} homogeneous of order 1 in 1, let b be a slow-scale regular generalized
symbol of order 0 on {2 x R™ compactly supported in x and let u € G.(£2). Let (x0,&p) €
T*(£2)\ 0 and (yo,m0) € WFgeu. If there exist

e a representative (¢.). of ¢ such that V,¢. # 0 and

Vade (a: ")
In]

is slow-scale strictly non-zero for all K € {2,

)

e conic neighbourhoods W and Z of (yo,no) and (zg, &), respectively, with W C
(WFQ"OU)C7

inf
zeK,neR™\0

e £y € (0,1] and a slow-scale net ().

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

454 C. Garetto and M. Oberguggenberger
such that

(2,Vode(z,n) €Z = |y—Vyde(z,n)| = A" foralle € (0,e0] and all (y,n) ¢ W
(5.14)
holds, then

(w0, &0) & WFgee (Fip(b)u). (5.15)

Proof. By the definition of the G*°-wavefront set we can find a conic neighbourhood
W1 of (yo,mo) such that W C Wy C (WFgsu)®. From [23, Lemma 3.4], we can find a
symbol ¢ € S°(£2 x R™) with usupp ¢ € Wy and such that c¢(z,7) = 1 on W when || > 1.
In addition, we can construct ¢ such that supp, ¢ € {2. From [23, Theorem 3.6], we have
that WFgeec(x, D)u € WFgeeu N psuppc = 0. It follows that c¢(z, D)u € G°(£2). We
now write that

Fy(b)u = Fy(b)e(y, D)u+ Fy(b)e(y, D)u,

where e(y,n) =1 — ¢(y,n). Since ¢(y, D)u € G(§2), we obtain from the mapping prop-
erties of a generalized Fourier integral operator that Fy(b)c(y, D)u is also G*-regular.
This means that

WFgaoF¢(b)u = WFng¢(b)e(y, D)u.

We therefore prove that the implication

(Y0,m0) € WFges(u) = (20,80) € WFgee (Fy(b)e(y, D)u) (5.16)

is true. Making use of the characterization of the G°-wavefront set stated in [23, Theo-
rem 3.11], it is sufficient to prove that, for some pseudodifferential operator a(z, D) with
a € S°(£2 x R™) such that suppa C Z and a(x,£) = 1 on some smaller neighbourhood
Zy when |£| > 1, we have that a(x, D)Fy(b)(e(y, D)u) € G=(£2). We are working under
the hypotheses of the composition theorem in [21] (see [21, Theorem 5.11]). Hence, mod-
ulo a G*°-regularizing operator that does not affect the wavefront set, we have that the
operator a(z, D)Fy(b)(e(y, D)u) is the generalized Fourier integral operator

Fy(bn) (e(y, D)u) () = / 9N, (2, 7) / e~ We(y, Dyuly) dyds,

9]

n

where by € Q;%( ) has the asymptotic expansion

T Oga(x,Vaod(z,n))

i D2 (= Mp(z, 7))

a z=x

At the level of representatives, this means that

8°‘a(x,V1¢a($ﬂ7)) a/ ide(z,x
be(a,m) ~ Y = o DE (el )

a z=x

and, since we argue modulo G*°, we can consider b;. as a sum of a convergent
series obtained from the asymptotic expansion above, as in [21, Theorem 2.2]. Hence,

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

Fourier integral operator methods for hyperbolic equations 455

bie(x,m) = 0if (2,Vyde(z,n) ¢ Z and € € (0,&0]. In the following, we complete the
proof by showing that Fy(b1)e(y, D) is an integral operator with kernel in G (2 x £2).
This follows from the fact that the transposed operator ‘e(y, D)'F,(b;) has a kernel
in G*=(£2 x §2). Working at the level of representatives, we have that the kernel of
te(y, D)'Fy(by) is given by

v — ei(‘f’f(”’")_y”)(te)(y, —)b1.e(z,n)v(z, y) de dydn, (5.17)
N2X2XR™

where ‘e(y,n) ~ >, (a!) "' DY Dge(y, —n). Again arguing modulo G*, it is not a restric-
tion to assume that te(y, —n) = 0 when (y,n) € W. It follows that in the integral (5.17) we
may assume that (z, V,¢.(x,n)) € Z and (y,n) € W for € € (0, gg]. Thus, by integrating
by parts we have that

/ l(@<@m=ym) (te)(y —n)by (,n)v(z,y) dz dydy
Nx2XR"

. AN (te(y, —n)by - (z,
_ / i (aam)—ym) Bn (Y —n) 1’6(21\37))dnv(x,y)dxdy,
QX Q2XR™ |Vz¢a<$a77) - yl

where we can make use of hypothesis (5.14). Since the nets involved in the integral

/ i@ (z,m)—ym) Aév(te(ya —n)b1.e(z, 1))

(Ve (x,m) — 2N dn (5.18)

are of slow-scale type and |V ¢e(x,n) — y[*Y > A72V, where ()\.). is also a slow-scale
net, we conclude that (5.18) generates a generalized function in G®(£2 x (2). O

Theorem 5.9 applies to the solution

ult, @) = Fy(b) (o) (t, ) = / &L MY (L, 7)o () dn

n

(see Proposition 3.6) of (3.1) under a certain convergence assumption on the Hamiltonian
flow.

Theorem 5.10. Let u € G(R"*!) be the unique solution of the Cauchy problem
n
Diu = Z a1,;(t,x)Dju+ ao(t, x)u, u(0,-) =ug € Gc(R™).
j=1

Under hypotheses (hy) on the coefficients ay 5, j = 1,...,n, and (i2) on the coefficients
agp, let

¢(ta T, 77) = Z Vh(x7 t, O)Wh
h=1

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

456 C. Garetto and M. Oberguggenberger

be the solution of (3.2) and let b(t,z) € G>(R""1) be as in (3.6). Let ¢ have a represen-
tative (¢ ) satisfying the following conditions for any t € R:

(1) Vaoe(t,z,m) #0 for all e, x and n # 0 and the net

Va6 (t, 7, ’7) ‘
In]

(ii) the Jacobian (0;7ie(z,t,0)); ; is invertible and the solution (y,n) = Xi(z,§) of
the system

inf
ze KER™, n#0

is slow-scale strictly non-zero;

g = vxd)E(t’ z7 T])’
Yy = vn¢e(tv €T, 77)
converges to a limit x; in C(T*(R™)\ 0,7*(R™) \ 0) as € — 0;
(iii) x¢ defines a bijection on T*(R™) \ 0.

Then,
WFgsult, ) C Xt_l(WFgoouO).

Proof. We denote the linear map corresponding to the Jacobian (9;v;(z,t,0)); ; by
I'.(t,x). The invertibility of I'.(¢, z) allows us to solve the Hamilton—Jacobi system above
with respect to the variable (y,n). More precisely, we have that

Xt.e(2,€) = (y1.2(2,1,0), . Yne (2,4, 0), (I7) 71 (¢, 2)€)

and
Xie W) = (1,e(1,0,8), .-, Ve (4, 0, 8); T2 (¢, 7 (3, 0, £))n),

where ’Ye(yv 0, t) = (Wl,e(yv 0, t)» s a'yn,a(ya 0, t))

Let (zg,&) € T*(R™) \ 0 and let (yo,m0) = Xxt(20,&). The limit in (ii) entails the
following assertion: for all conic neighbourhoods W of (yo,n0) there exists a conic
neighbourhood Z of (z¢,&) and some gy € (0,1] such that x;.(z,§) € W for all
(x,€) € Z and € € (0,e0]. In other words, if (x,V,¢:(t,z,n)) € Z and € € (0,&0],
then (V,¢e(t,z,n),m) € W. Thus, (z, V4¢:(t,2,1)) € Z and € € (0, o] imply, for all W,
with W C W1, the assertion that

3e>0, Y(y,n) € W1, |y —Vyo:(t.z,n)] > c.

Combining hypothesis (i) with this result, we are working under the assumptions of
Theorem 5.9 for fixed t. Therefore, that (yo,n0) = xt(x0,&) € WFgeoug implies that
(z0,&0) € WFgeu(t,-) or, in other words, that

W (u(t,)) € X; " (WFgw o). (5.19)

]
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Remark 5.11. When the coefficients a; ; and ag are C*-functions, Theorem 5.10
recovers the propagation of singularities result obtained in [23, Proposition 4.3]. In this
case, arguing by time reversal, one proves the inclusion x; *(WFgeug) € WFgecul(t, -)
and, therefore, WFgecu(t, ) = x; H(WFge1o).

5.3. Examples

This subsection contains some examples of first-order hyperbolic Cauchy problems
whose principal part depends only on ¢. Applying the results of the previous sections, we
can express the Colombeau solution by means of a generalized FIO formula and perform
a microlocal investigation.

Proposition 5.12. Let u € G(R"™1) be the unique solution of the Cauchy problem
Dyu=3"a1;(1)Dju+ao(t,x)u, u(0,-) = ug € Ge(R").
j=1

Under hypotheses (ha) and (iz), let
$(t,x,m) =Y ulx,t,0)m
h=1

be the solution of (3.2) and let b(t,z) € G=(R"*!) be as in (3.6). If there exists a choice
of representatives (a1 jc)s such that

t
A (t) = —/ a1,e(z)dz, j=1,...,n,
0
depends continuously on € and

lim A, . (t) = A;(t) forallteR, j=1,...,n,

e—0

then
WFgsu(t, ) = x; " (WFgeug),

where
Xe Hyem) = (i + (), oy + An(t), ).

Proof. The components v;.(z,t,s) of the characteristic curves are the solutions of
the Cauchy problems

d
£7j,6(x7tas) = _al,j,a(s)’ ryj,s(x7tat) =Ty
Hence,

Yje(w,t,s) = Ajo(s) + x5 — Aj(t)
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and

n

St m,m) =Y (25— Aje(t))ny.

Jj=1

It follows that hypotheses (i) and (ii) of Theorem 5.10 are satisfied, with x; -(x, &) given
by
E=n y=7(10) =z - A1)

Now,
Xt(xaé-) = Eh_{% Xt,s(w7£) = (.’17 - A(t)aé-)

is a bijection on T*(R™) \ 0 with x; ' (y,1) = (y + A(t),n). From Theorem 5.10 we have
that
WFg (u(t, ) € x;  (WFgeeuo) = {(y + A(t),m): (y,1) € WFgeeuo}.

We will now argue by time reversal. We fix ¢y € R and we set v(t,z) = u(to — ¢, z). From
the original Cauchy problem we obtain that

Dy = — Zal’j<t0 — t)DjU(t, Z‘) — aO(tO —t, 33)7],
Jj=1

with initial condition v(0,z) = u(to, z). The corresponding characteristic curves are

s t
Ve, t,8) =x; + / a;e(to —2z)dz — / a,je (to — 2)dz
0 0

and therefore
'Yj,e(x7 t, 0) =x; — Aj’g(to — t) + Ajﬁg(to).

In particular, denoting the corresponding Hamiltonian flow by X;}}E, we have that

)zto,i(x7§) = ('T + AE(tO)ﬂg)v 92;0}5(3/»77) = (y - Ae(t0)7n)'

Moreover,
Ruo (,€) = lim g (2, €) = lim (@ + A.(t0), €) = (2 + Alto), €)
and
Xt (y:m) = lim X5 (y,m) = (y — Alto), m)-
Hence,

WFge (v(to, ) C Xy, (WFge= (v(0,-)))

or, in other words,
WFQ“’ (UO) - 92;)1 (WFg“ (u(t()? )))7

which implies that
Xto (WFge= (ug)) € WFge (u(to, -))-
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Since X¢, = Xy, 1 we deduce that
Xty (WFgeug) € WFge (u(to, -)).

In conclusion,

WFgeou(t, ) = x; (WFg=up).
(|

Example 5.13 (a transport equation with discontinuous coefficient and dis-
tributional data). We continue studying the Cauchy problem from Example 5.7. By
applying the previous proposition, we can undertake a microlocal investigation of the
solution u € G(]0,+00) x R). Using the nets and notation of Example 5.7, we easily see
that the assumptions of Proposition 5.12 are fulfilled. In particular, the Hamiltonian flow
is given by

Xt,s(‘r7 5) = (z — Ac(t), f); X;g(ya 77) =(y+ Aa(t)’ ),

with A.(t) defined as in Example 5.7 and having limit

Hence,
Xe(w,€) = lim xe e (w,8) = (0= A(1),€), i '(y,m) = lim xi 2 (y,m) = (y + A(1), m).
In conclusion, for each t > 0 we have that

WEge (u(t,")) = x; ' (WFg=(8)) = {(A(t),n): 1 # 0}.

Example 5.14 (an example in higher dimension). We can adapt the previous
example for higher space dimensions. For instance, let

Diu(t,x1,x2) = —a1H(t — 1) Dy, u(t, 21, x2) — agH (t — 1) Dy, u(t, 21, x2),
u(0,2) = Y(x1,22)0c (71, T2),

where a1,a2 € R, §¢ is the Dirac measure along a smooth, simple curve C € R? and
¥ € D(R?). In this case, the components of the characteristic curves are given by

71,6(5617 ta S) = alAE(S) + Ty — alAE(t)7 72,E(I25 t7 S) = Q2A€(S) + xTo — GQAE(t)a
with A. as above. This yields that

Xt,s(xag) = ((‘xl - alAE(t)axQ - a2A€(t))a (gl,é-?))a
Xie (y,m) = ((y1 + a1 A=(t), y2 + a2 A (1)), (n1,7m2))

and gives the limit

Xi '(y.n) = ((y1 + a1 A(t), y2 + az A(t)), (1, n2)).-
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In conclusion,

WFge (u(t,))
= xi | (WFg=(¢6c))
={(@1 + a1 A(t), 22 + a2 A(t), &1, &)+ (21, 72) € supp ¥, (€1,€2) € N(z1,22)},
where N (x1,z2) denotes the set of non-zero conormal directions of C.

Example 5.15 (an example with the Dirac measure as a coefficient). We
consider the Cauchy problem

Dyu(t,x) = —6(t — 1) Dyu(t, x), u(0,z) = uo(x),

with ug € G.(R). In the regularization of §(t — 1) via convolution with a mollifier we
use p € D(R) as in Example 5.7 and a slow-scale net (w=!(¢))., with 0 < w(e) < 1 and
lim._,o w(e) = 0. The solution is represented by

U (t, ) = uoe(x — Ae (1)),

with A.(t) as in Example 5.7. Since suppp C [—1,1] and f_ol p(z)dz = %, we have that
Ae(1) = 3 for all € € (0,1], and thus

1, t>1,
lim A (t) = A(t) =4 %, t=1,
e—0

0, t<1

By Proposition 5.12,
WFEge (u(t, ) = {(z + A1), €): (x,§) € WFgeuo}

for all ¢ € R. Note that the limits of the flows x;.(x,€&) are homeomorphisms at each
fixed ¢, while the limiting two-dimensional characteristic coordinate change (¢,z) —
(t,z — A(t)) is still bijective, but no longer continuous. Such a situation is admitted by
Proposition 5.12.

Acknowledgements. C.G. was supported by JRF, Imperial College London. M.O.
was partly supported by FWF, Austria (Grant Y237).

References

1. L. AMBROSIO, Transport equation and Cauchy problem for BV vector fields, Invent. Math.
158 (2004), 227-260.

2. L. AMBROSIO, Transport equation and Cauchy problem for non-smooth vector fields, in
Calculus of variations and nonlinear partial differential equations (ed. L. Ambrosio et al.),
Lecture Notes in Mathematics, Volume 1927, pp. 1-41 (Springer, 2008).

3.  H. A. BIACGIONI, Generalized solutions to nonlinear first-order systems, Monatsh. Math.
118 (1994), 7-20.

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Fourier integral operator methods for hyperbolic equations 461

H. A. BIAGIONI AND M. OBERGUGGENBERGER, Generalized solutions to the Korteweg—
de Vries and the regularized long-wave equations, SIAM J. Math. Analysis 23 (1992),
923-940.

F. BoucHuT AND F. JAMES, One-dimensional transport equations with discontinuous
coefficients, Nonlin. Analysis 32 (1998), 891-933.

M. CICOGNANI, Esistenza, unicita e propagazione della regolarita della soluzione del prob-
lema di Cauchy per certi operatori strettamente iperbolici con coefficienti lipschitziani
rispetto al tempo, Ann. Univ. Ferrara Sci. Mat. 33 (1987), 259-292.

F. CoLoMBINI AND N. LERNER, Hyperbolic operators with non-Lipschitz coefficients,
Duke Math. J. 77 (1995), 657—-698.

F. CoLOMBINI AND N. LERNER, Uniqueness of continuous solutions for BV vector fields,
Duke Math. J. 111 (2002), 357-384.

F. COLOMBINI AND G. METIVIER, The Cauchy problem for wave equations with non-
Lipschitz coeflicients: application to continuation of solutions of some nonlinear wave
equations, Annales Scient. Ec. Norm. Sup. 41 (2008), 177-220.

F. CoLoMBINI, E. DE GIORGI AND S. SPAGNOLO, Sur les équations hyperboliques avec
des coefficients qui ne dépendent que du temps, Annali Scuola Norm. Sup. Pisa IV 6
(1979), 511-5509.

E. D. CoNnwAY, Generalized solutions of linear differential equations with discontinuous
coefficients and the uniqueness question for multidimensional quasilinear conservation
laws, J. Math. Analysis Applic. 18 (1967), 238-251.

L. DE SIMON AND G. TORELLI, Linear second-order differential equations with discontin-
uous coefficients in Hilbert spaces, Annali Scuola Norm. Sup. Pisa IV 1 (1974), 131-154.
R. J. DIPERNA AND P.-L. L1ONS, Ordinary differential equations, transport theory and
Sobolev spaces, Invent. Math. 98 (1989), 511-547.

J. J. DUISTERMAAT, Fourier integral operators, Progress in Mathematics, Volume 130
(Birkh&user, 1996).

J. J. DUISTERMAAT AND L. HORMANDER, Fourier integral operators, I, Acta Math. 128
(1972), 183-269.

E. ERLACHER AND M. GROSSER, Ordinary differential equations in algebras of generalized
functions, in Pseudo-differential operators, generalized functions and asymptotics, Opera-
tor Theory: Advances and Applications, Volume 231, pp. 253-270 (Birkh&user, 2012).
R. FERNANDEZ, On the Hamilton—Jacobi equation in the framework of generalized func-
tions, J. Math. Analysis Applic. 382 (2011), 487-502.

C. GARETTO, Topological structures in Colombeau algebras: topological C-modules and
duality theory, Acta Appl. Math. 88 (2005), 81-123.

C. GARETTO, Topological structures in Colombeau algebras: investigation of the duals of
Go(92), G(£2) and G (R™), Monatsh. Math. 146 (2005), 203—226.

C. GARETTO, Microlocal analysis in the dual of a Colombeau algebra: generalized wave
front sets and noncharacteristic regularity, New York J. Math. 12 (2006), 275-318.

C. GARETTO, Generalized Fourier integral operators on spaces of Colombeau type, in New
developments in pseudo-differential operators (ed. L. Rodino and M. W. Wong), Operator
Theory: Advances and Applications, Volume 189, pp. 137-184 (Birkhauser, 2008).

C. GARETTO, Fundamental solutions in the Colombeau framework: applications to solv-
ability and regularity theory, Acta Appl. Math. 102 (2008), 281-318.

C. GARETTO AND G. HORMANN, Microlocal analysis of generalized functions: pseudo-
differential techniques and propagation of singularities, Proc. Edinb. Math. Soc. 48 (2005),
603-629.

C. GARETTO AND M. OBERGUGGENBERGER, Symmetrisers and generalised solutions for
strictly hyperbolic systems with singular coefficients, eprint (arXiv:1104.2281 [math.AP],
2011).

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

462

25.

26.

27.

28.

29.

30.
31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

C. Garetto and M. Oberguggenberger

C. GARETTO, T. GRAMCHEV AND M. OBERGUGGENBERGER, Pseudodifferential opera-
tors with generalized symbols and regularity theory, Electron. J. Diff. Eqns 2005 (2005),
1-43.

C. GARETTO, G. HORMANN AND M. OBERGUGGENBERGER, Generalized oscillatory inte-
grals and Fourier integral operators, Proc. Edinb. Math. Soc. 52 (2009), 351-386.

I. M. GEL'FAND, Some questions of analysis and differential equations, Usp. Mat. Nauk
14 (1959), 3-19.

M. GROSSER, M. KUNZINGER, M. OBERGUGGENBERGER AND R. STEINBAUER, Geomet-
ric theory of generalized functions with applications to general relativity, Mathematics and
Its Applications, Volume 537 (Kluwer Academic, Dordrecht, 2001).

S. HALLER AND G. HORMANN, Comparison of some solution concepts for linear first-
order hyperbolic differential equations with non-smooth coefficients, Publ. Inst. Math. 84
(2008), 123-157

L. HORMANDER, Fourier integral operators, I, Acta Math. 127 (1971), 79-183.

L. HORMANDER, Lectures on nonlinear hyperbolic differential equations (Springer, 1997).
G. HORMANN, First-order hyperbolic pseudodifferential equations with generalized sym-
bols, J. Math. Analysis Applic. 293 (2004), 40-56.

G. HORMANN AND M. DE HooP, Microlocal analysis and global solutions of some hyper-
bolic equations with discontinuous coefficients, Acta Appl. Math. 67 (2001), 173-224.

G. HORMANN AND M. OBERGUGGENBERGER, Elliptic regularity and solvability for partial
differential equations with Colombeau coefficients, Electron. J. Diff. Eqns 2004 (2004),
1-30.

G. G. HORMANN AND C. SPREITZER, Symmetric hyperbolic systems in algebras of gen-
eralized functions and distributional limits, J. Math. Analysis Applic. 388 (2012), 1166—
1179.

G. HORMANN, M. KUNZINGER AND R. STEINBAUER, Wave equations on non-smooth
space-times, in Asymptotic properties of solutions to hyperbolic equations (ed. M. Ruzhan-
sky and J. Wirth), Progress in Mathematics, Volume 301 (Birkh&user, 2012).

G. HORMANN, M. OBERGUGGENBERGER AND S. PILIPOVIC, Microlocal hypoellipticity of
linear partial differential operators with generalized functions as coefficients, Trans. Am.
Math. Soc. 358 (2006), 3363-3383.

A. E. HURD AND D. H. SATTINGER, Questions of existence and uniqueness for hyperbolic
equations with discontinuous coefficients, Trans. Am. Math. Soc. 132 (1968), 159-174.
N. N. KuzNECOV, On hyperbolic systems of linear equations with discontinuous coeffi-
cients, Computat. Math. Math. Phys. 3 (1963), 394—412.

F. LAFON AND M. OBERGUGGENBERGER, Generalized solutions to symmetric hyper-
bolic systems with discontinuous coefficients: the multidimensional case, J. Math. Analysis
Applic. 160 (1991), 93-106.

M. MASCARELLO AND L. RODINO, Partial differential equations with multiple character-
istics, Mathematical Topics, Volume 13 (Akademie, Berlin, 1997).

M. NEDELJKOV, S. PILIPOVIC AND D. SCARPALEZOS, The linear theory of Colombeau
generalized functions (Longman Scientific and Technical, Harlow, 1998).

M. OBERGUGGENBERGER, Hyperbolic systems with discontinuous coefficients: generalized
solutions and a transmission problem in acoustics, J. Math. Analysis Applic. 142 (1989),
452-467.

M. OBERGUGGENBERGER, Multiplication of distributions and applications to partial differ-
ential equations, Pitman Research Notes in Mathematics, Volume 259 (Longman, Harlow,
1992).

M. OBERGUGGENBERGER, Case study of a nonlinear, nonconservative, non-strictly hyper-
bolic system, Nonlin. Analysis 19 (1992), 53-79.

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

46.

47.

48.

49.

Fourier integral operator methods for hyperbolic equations 463

M. OBERGUGGENBERGER, Hyperbolic systems with discontinuous coefficients: generalized
wavefront sets, in New developments in pseudo-differential operators (ed. L. Rodino and
M. W. Wong), Operator Theory: Advances and Applications, Volume 189, pp. 117-136
(Birkhé&user, 2008).

F. PourAuD AND M. RASCLE, Measure solutions to the linear multi-dimensional trans-
port equation with non-smooth coefficients, Commun. PDEs 22 (1997), 337-358.

M. RUZHANSKY, On local and global regularity of Fourier integral operators, in New
developments in pseudo-differential operators (ed. L. Rodino and M. W. Wong), Operator
Theory: Advances and Applications, Volume 189, pp. 185-200 (Birkh&user, 2009).

M. E. TAYLOR, Pseudodifferential operators and nonlinear PDEs (Birkh&user, 1991).

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

https://doi.org/10.1017/50013091513000424 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000424

