ON SEMI-SPECIAL PERMUTATIONS I

by K. R. YACOUB
{Received 30th May, 1955)

In an earlier paper [1] on groups which are the products of two finite cyclic groups with
trivial intersection, certain permutations, called ‘‘ semi-special ’, played a certain role. The
permutation = of the numbers 1, 2, ..., » is semi-special ift #n ==, and if, for every y ¢ [n],

mZ=n(x+y) -7y (mod n)
is again a permutation, namely a power (depending on y) of o.

Examples of semi-special permutations are the linear permutations defined by nx=rz
(mod n), where r is prime to n. Ifn is a prime number, then all semi-special permutations on
[n] are linear (see [1], Corollary 4.13). If n is composite, the determination of all semi-special
permutations is much more difficult.

The aim of the present paper is to advance their study far enough to permit their deter-
mination when = is the product of two (equal or distinct) prime factors.

Although the motivation of this investigation is group theoretical, the present paper is
only concerned with arithmetical properties of permutations, and no group theory occurs in it.
In order that it may be self-contained we put together in § 1 those notations and results of [1]
that will be required here.

Throughout this paper, congruences that occur with no modulus stated are to be under-

d-1

stood to be modulo ». An expression like
1+d+...+d=L

1. Notations and preliminary results.

1.1 Lemma: If 7l =1, then #=: (1], Lemma 3.1).

1.2 LemmMa: (n'), i @ power of = for all r and « ({1]), Lemma 3.3).

We denote (n7), by »""%), where =(r, ) is determined modulo %, the order of =

1.3 Lemwma : With the above notation
T u+v)=T(r(r,uw),v) (mMod k), .cocvvviiiiiiiiiii, (1.4)
T{r+s,u)=7(r, 7u) +r(s, u) (Mod k) .coviiniiniiiiiiniinn (1.5)

is to be interpreted as an abbreviation for

([1], Lemma 3.4).
1.6 Lemma : With the same notation
(i) ¢f r(r,u)=7(r,v) (mod k), then

Tr,v—u)=r (Mod k); .rviiiiiiiiii (1.7)
(i) if 7(r, u)=r (mod k), then, for all y and 2,
T(ryuy+2)=7(r,2) MOd k) .cvvvveiiiiiiiiini e, (1.8)

([1], Lemma 3.7).
1.9 TaEOREM : Let = be a permutation (which is not necessarily semi-special). If m,==
Jor some number w, then, for all y and z,
myu =ymu,

Tyute =Tz s Tyy =7

(1], Theorem 4.4).
1 We write permutations as left-hand operators and denote the set of numbers 1, 2, ..., n by (n].
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1.10 CoroLLARY : If = is semi-special on [n] and if w is some divisor of n such that
m, =, then wu =ud, where (ud, n) =u. Moreover, m permutes multiples of uw among themselves
({1], Corollary 4.8).

1.11 LeMMA : Let 7 be a semi-special permutation defined on [n). If u is some divisor of n
such that w,=m, then = defines modulo u a semi-special permutation p by px=mnxr (mod. u)
([1], Lemma 4.9).

1.12 THEOREM : Let w be a permutation (which is not necessarily semi-special) defined on
the range [n). If n,=m for some number u which i3 prime to n, then = i3 a linear permutation.

' Conwversely, if w is a linear permutation, then m, = for every u; therefore a linear permutation
18 semz-special ([1], Theorem 4.10).

1.13 THEOREM : Let n>>2; then to every semi-special permutation defined on [n] there

exists an integer r which divides n, such that
Clgr<n and w,=m.
{(1], THEOREM 4.12).

1.14 CoroLLARY: If p is an odd prime number, the semi-special permutations on [p] are
all linear ([1], Corollary 4.13).

2. Some constructive properties of semi-special permutations.

2.1 TreorEM: To every semi-special permutation defined on a given range [n), there
corresponds a number s which divides n such that the permutation induced modulo s is linear.

Proof : If = is linear, the theorem is obvious with s=n. If # is not linear, then m, #=, by
Theorem 1.12. In this case there exists a proper divisor n, of » such that =, == (Theorem
1.13). Moreover, by Lemma 1.11, the permutation =™ defined on [n,] by

7z =nr (mod n,)
is semi-special. If #() is linear, the theorem is proved with s ==;; otherwise we repeat the
same process. In this way we obtain a sequence of integers ny=n, n;, n,, ... , n;, ... together
with a sequence of permutations 7@ =m, 7@, #@), ... 7@ defined by
7ty =x0z  (mod n,,),

where wﬁ,?H =7, 1<n , <®y,y Ny |0

Observing that the sequence ngy, 7, 7y, ... , %y, ... decreases monotonically, we see that
the process may be repeated until we arrive at a linear permutation =¢; this happens at the
latest when 7, is a prime. The theorem then follows if we take s=n,, and remark that
a®z=mx (mod n,).

The above theorem and Theorem 1.13 together imply the following :

2.2 CoNcLusioN : The totality of semi-special permutations on a given range [n] which are
not linear can be obtained in the following manner:

(i) choose a proper divisor of n and call this r, say;

(ii) determine all the semi-special permutations = for which =, =m and the permutations
induced modulo r are linear;

(iii) make r take all its possible values.

From the above conclusion, we deduce the following

2.3 CoxoLusioN : To every semi-special permutation on [n] which is not linear there
corresponds a number s(1<s<<n) dividing n, such that = == and the permutation induced
modulo 8 is linear.

If s is such a number, then by Theorem 1.9 it follows that 7, = for every multiple ¢’ of s,
but = is not necessarily linear modulo ¢'.
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- 2.4 DrrFINITION : The maximal divisor s of n for which w, = and = is linear modulo s is
called the principal number of =.

If 7 is linear on [x], its principal number is n.

2.5 LEM‘MA If = is @ non-linear semi-special permutation on [n), then it is of the form

mx =t + sf (x)
Jor suitable s, t; and there is at most one = with given values of s, ¢t (mod »n), f(1), f(2), ..., f(s)
(mod n/s).

Proof: Let the principal number of = be s. By hypothesis = is non-linear; therefore
s<n. Moreover, = is linear modulo s ; 4.e., mx =tz (mod s), where ¢ is prime to s. Thus we can
write

TESIE (L),  rereeiiiii (2.6)
where f(z) is to be determined modulo n/s.

There is at most one 7 with given values of s, ¢ (mod =}, f(1), f(2), ..., f(8) (mod n/s).

This is obvious ; for, by the definition of s, wy=m, and, by Theorem 1.9, it follows that

TYS=YnS, T(T+YS)STL +HTYS. oevvrririiiininrinrineniinines (2.7)
Then (2.6) and (2.7), taken together, define = uniquely in terms of the given values s, ¢ (mod =),
S, f@2), ..., f(s) (mod n/s). This proves the lemma.

For convenience of notation, we write N =n/s, d=¢+f(s) (mod N); then} ms=sd, and
(2.7) can be written

mys=ysd, T(X+HYS)=AL+YSA. ioviiiiiii (2.8)
With the notation of Lemma 2.5, we prove the following results :

2.9 Lemma: (i) If t=1 (mod s) and if b is the order oft modulo s, then
mibtiy = iz +s{F(x I +d’ T g( )} ........................... (2.10)

where F(z, j)= Z‘ d"“lf (tx), g(x)=ux+F(z,h) (mod N), u being defined modulo N by
tr=1+usi
(ii) If t=1 (mod s), then

wir=x+s Z)e veereiinenine e (2.11)

-1
A
Proof: (i) Let ts£1 (mod s). Then, by using {2.6) and (2.8), we have
nix =7 (nz) =7 (12 + sf (x)) = miz + sdf (x) = 22 + s {f(tz) + df (z)}
By induction we find that
i—1
win =tz +s 3 A1 (i),
=0
and, by using the notation of the lemma,

TESET+SF(Z,5).  covieeii e (2.12)
Thus whx =thy +sF (x, h) =2 (1 +us) +sF (z, h),
i.e., TRE =X+ 8G(L).  veereneren e (2.13)

Moreover, a repeated application of the second formula of (2.8) gives

1 It should be noted that (d, N)=1 (Corollary 1.10).
1 Such a number u always exists, because t"=1 (mod s) and s divides =.
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iz +ys)=nlz +ysdl. ...l T PPPPPT: {2.14)
For j=*h, we have

T +yS) ST FYsdP. i (2.15)
Hence mihy =nh(rhr)=ah(z+sg(z), by (2.13),

=ahz +s9 (x)d?, by (2.15),
i.e., mhr=x +8g(x) (1+dP).
By induction over multiples of %, we obtain
. dih -1
wity =Z +89 (x) m © iererasenesasiiierierssearasanenenns (2.16)

Then, combining together (2.14) and (2.16), we get

ihii _ dir—1
wihtiy = g (nity) =77 x+sg(z)ﬁ_—1
in
=7z + 59 (:1:)‘;—,.—_—11 s,

which, by using (2.12), proves the first part of the lemma.

(ii) If £=1 (mod s), the proof is obvious and will be omitted.

217 Lemma: (i) If t#1 (mod s) and if b ts the order of t modulo s, then the quantities
7(h, 1) and 7(1, y) -1, for all y, are multiples of h. If k is the order of = and if v(h, 1)=06h
(mod k) and (1, 1) =1 +¢h (mod k), then

(L,y=l+¢h(l+0+62+... +6v") (mod k),
F(L+0+02+... +6-)=0 (mod kfh). «.ooovvvieirniiiiiinnnn (2.18)

(ii) If t=1 (mod s) and if (1, 1) =w (mod k), then

{l,y)=w’, w*=1 (mod k).
Proof: (i) Let ¢21 (mod s). Then, by (2.13),
a WDy =gtz +1)—aPl=z+s{gx+1)-g(1)} ;
and, by (2.6),
e =go=n(z+y) —mry=tz+s{f(z+y)-f(¥)};
hence, by (2.10), it follows that (A, 1) =0 (mod k) and (1, y)=1 (mod %). Thus we can write
v(h, 1) =6k, 7(1, 1) =1 +$h (mod k).
Now, by putting y =1 in (2.15), we get
M (x +8)=ntz +sdP =whr +7hs ;
thus wh(x +5) - mhs=nte,
showing that 7 (k, s)=k (mod k). Hence, using lemma 1.6 (ii) with r'=h, u=s, and z=1, we
obtain, from (1.8),

rhy sy +1)=r(hy 1) (@Od ). eovrieeeeerererrereeeseerane, (2.19)
Similarly, since 7 (1, s)=1 (mod k), we have, by (1.8),
T(L,sy+1)=7(1, 1) (mod k). ..cocevviiniiiniiiniiiiiianns (2.20)

Next, by (1.5), we have
7(2h, 1)=7(h, 7*1) +7(h, 1) (mod k)
=r(h, 1 +8g(1)) +7(h, 1) (mod k), by (2.13),
t.e., 7(2h, )=7(h, 1) +7(h, 1)=27(h, 1) (mod k), by (2.19).
By induction, we obtain
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w(ih, 1) =ir(h, 1) (MOA K).  eoveereerieneeerreneesieereeneeseenenreseeennes (2.21)
Moreover, by (1.4) and (1.5), we have
(1, 2)=7(r(1,1), 1)=r(1 +¢h, 1) (mod k)
7(fh, 1) +7(1, 7¢71) (mod k)
£ (ghy 1) 47 (1, 1+sg() ‘%':'—11) (mod %), by (2.16),
=¢r(kh, 1) +7(1,1) (mod k), by (2.21) and (2.20),
=dbh+1+ph=1+¢h(1 +6) (mod k).
By induction, we find that
T(Ly)=1+¢h(1+0+6%+... +6v-1) (mod k).
Then (2.18) follows if we remark that 7(1,s)=1 (mod k).

This completes the proof of part (i) of the lemma.
(ii) Now let =1 (mod s). In this case (2.6) may be written

FESZHSF(Z)e erriiiiiiiiiie i e (2.22)
Now (2, 1) =7(1, wl)+7(1,1) (mod k), by (1.5),
=7(1, 1+sf(1)) +7(1,1) (mod &), by (2.22),
=r(l, 1)+7(1,1) (mod k), by (2.20) ;}

Il

Il

thus 72, 1)=27(1, 1) =2w (mod k).
By induction, we obtain
Ty, 1) =y (Mod k). .ot (2.23)

Then, by (1.4), we have
7(1,2)=1(x(1,1), 1) =7{w, 1)=w? (mod k), by (2.23).
By induction, 7(1,y)=w¥ (mod k).
Moreover, 7(1, 8) =1 (mod k) and therefore w®=1 (mod k). This proves part (ii) of the lemma.
224 Lemwma: (i) Ift %1 (mod s) and if
a(y)=¢(l+0+62+... +6v1) (mod k/h),
then, with the notation of the previous lemmas,

fle+y)=f@) +1) +d i Il gx)  (mod M), eveeeererrrerrren (2.25)
dr®) —1=0 (Mod N). ..ooevvrerireerrenierrerinieeneenns (2.26)
(ii) If t=1 (mod 8) and if r is the order of d modulo N, ther
flx+y)=f(z) +f(y)+d(w"—1)d f(:z:) (mod N). covvvvrinvinnnn, (2.27)
Proof: (i) Let t 1 (mod s). By the preceding lemma, 7 (1, y) =1 + ka(y) (mod k) and there-

fore
althalg =g ¥y =g 2 =n(z +y) - ny,
which, by using (2.10) and (2.6), gives

d

tx+s{ (=, l)+d I gz)} tx+s{f(z+y) -f(y)h

1 Tt should be noted that the proof of (2.20) depends on the fact that 7 (1, s)=1 (mod k) and therefore
(2.20) is still true when ¢=1 (mod s).
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dhatv) _ 1
thus e +9) - =F @ D +d gl (mod N)
and (2.25) then follows if we remark that F(z, 1)=f(z) (mod N).
Moreover, mthaly =g L Vs =7 (s +y) —my =ms ;

therefore sd!+#=()=sd, which proves (2.26) if we remember that (d, N)=1.
(ii) Next, let t=1 (mod s). Then 7 (1, y) =w¥ (mod k), by Lemma 2.17, and therefore

¥ i |
7LV =gely =g +s—d—_-i—f(x), by (2.11) ;

on the other hand
r O Vg =n(z+y) -y =z +3{f(x+y) -f(¥)}, by (2.22) ;

thus fe+y) -f) =2 @) (mod ).

Moreover,

7 =m0 Vs=n(s +y) —my=mns;

therefore sd*” =sd. This shows that w¥ =1 (mod 7), » being the order of d modulo N. Then we

have
| d«'-1-1 d*'-1-1 dr-1
TR TS i T wl s |
r —
=1 +d(w? - l)d—-—1 (mod N},
d-1
because w¥ -1 is a multiple of », and d"=1 (mod N). Therefore

flE+y)=f(z) +f(y) +d(w -1) .‘flr_‘ll f@) (mod N).

This proves part (ii) of the lemma.

2.28 THEOREM : Let 7 be a non-linear semi-special permutation whose principal number
18 8. Let m be written in the form.
mx =tx +sf (x)
and let d=t +f(s) (mod N), where N =n/s.
(i) If t=1 (mod s), then the order of d modulo N divides the order of t modulo s.
(i) If t=1 (mod s), then d =1 (mod N).
Proof: (i) Let t1 (mod 8) and let & be, as before, the order of ¢ modulo s. We have to
show that d*=1 (mod N), i.e., that (d* -1, N)=N. Let (d*-1, N)=N".
We first show that N'>1. Suppose that N'=1. Then, from (2.26),
dhew) -1
T =0 (mod N)
and therefore, from (2.25),
flE+y)=f(2)+f(y) (mod N);
‘thus = is linear, contrary to the hypothesis of the theorem. Hence N'>1.
We now show that N'=N. Let N'=N'N" and suppose that N'">1. Then, from (2.26)
and (2.25), '

dhav) _ ] "
o1 =0, flz+y)=flz)+f(y) (mod N").
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From the latter it follows that f{z) =zf(1) (mod N''), i.e., that f(x) =zf(1) + N"'F (x) (mod N),
say ; hence = may be written in the form
mr=t'z +s'F (),
where t'=t+sf(1) and s’=sN"’. Moreover, since m,=m, it follows from Theorem 1.9 that
my =m. Hence the principal number of = is &', a multiple of s. This contradicts the hypothesis
of the present theorem. Hence N =1, 1.e., N'=N.
This completes the proof of part (i) of the theorem.
(ii) Let t=1 (mod s). We have to show that (d -1, N})=N. Let (d-1, N)=N".
We first show that N'>1. Suppose that N'=1; then
ar-1
d-1
7 being the order of d modulo &; hence, by (2.27),
fle+y)=f)+fly) (mod N),
showing that = is linear, contrary to hypothesis. Thus N'>1.
By following the method used in part (i), we can show that N'=N. This completes the
proof of part (ii).
2.29 CoroLLaRY : (i) If ¢ 1 (mod s) and if k s the order of t modulo s, then mhs =3, and

=0 (mod N),

-1 = N
d(1+0+62+...+671)=0 <m0d(N,g(1))>’ ........................

fle+y)=f)+f(y) +dg(L)p(1 +0+6%+... + 0=~ )(1 +0+ 62 +... +6v~1) (mod N). ...(2.31)
(ii) If t=1 (mod s), then ms=s, and
fle+y)=fy) +w¥f() (mod N). vivivreriiiiiiiiieiiieeen. (2.32)
(N.B.: The symbols that appear here have the same significance as before.)

Proof: () If t#1 (mod s), then, by Theorem 2.28, d*=1 (mod N); moreover, ns=sd,
mys=ysd and therefore nPs=sd*=s. Furthermore, since d*=1 (mod N), (2.16) may be

written _
TRE =2 +8IG(L).  ovreieieiiiii i (2.33)
Thus 7l =1 +sig(l) =1, if ¢ =(N—Z;Tm; hence, by Lemma 1.1, it follows that »**1 =1 for
this value of ¢, and the order of = is therefore k=ﬁ-)—). Then (2.30) follows directly
from (2.18).
Again, since d*=1 (mod N), then
dhew) —1 o a N
W:—I_Ea(y)5¢(l+0+o +...+0Y ) (mOdm)- ............ (234)‘
Next 7z +1) - 7hl =iz,
which, by using (2.13) and (2.33), implies that . ,
glz+1)—g(1)=08g(x) (mod N). .coceviirrviinrrinirirannnnes (2.35)
This obviously gives
gx)=g(L)(1 +0+6+...+6Y) (mod N). .vvrvrrrnnnrnnns (2.36)

".I‘hen (2.31) follows from (2.25), if we use (2.34) and (2.36).
(ii) If =1 (mod 8), then d=1 (mod ¥), by the theorem, and therefore =s=s. Moreover,
as d=1 (mod N), then r =1, r being the order of d modulo N ; (2.32) then follows from (2.27).
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3. Existence criteria of non-linear semi-special permutations. In this para-
graph, we obtain necessary and sufficient conditions for the existence of non-linear semi-special
permutations.

3.1 THEOREM : (i) If there is a non-linear semi-special permutation = on [n] with principal
number s and if = induces modulo s the identity permutation, then m can be written in the form
7 =% +8A(l +w +w?+... +0® )T
where A 13 a number prime to N, N =n/s, and where
w*-1=0 (mod N), w-1£0 (mod N). ..ccocevrriniiiininnannen. (3.3)
(ii) Conversely, if X is prime to N, and if w satisfies (3.3), then (3.2) defines a non-linear
sems-special permutation of the desired type.
Proof: Assume the existence of #. By hypothesis = can be written in the form

TE=Z+Sf(X),  cvrriiniii (3.4)
where, by Corollary 2.29, ns=s.

Let w denote = (1, 1) modulo %, the order of = ; then, by (2.32),

f+y)=f(y) +w¥f(z) (mod N).
For y=1, we have

f+1)=f(1) +of () (mod N),
which by repeated application shows that

f@)=f(H1l+w+w?+... +w®?) (mod N).

Then (3.4) can be written

mr=z+Sf(1)(l+w+w?+... +0®1), i (3.5)

where f(1) is prime to N, since otherwise the principal number of = would be greater than s.
Moreover, since ws =s,

fHl+w+w?+... +0*)=0 (mod N),
where f(1) is prime to N, and therefore
lbw+wl+...4+0*1=0 (mod N). .covvevriiiiiiiiiiniieannnn, (3.6)

We now prove the second of the conditions (3.3). Suppose that w=1 (mod N); then
by (3.5),
mx =z +8f(1)(z +INV)
for some integer ¢, and therefore
mr={1+sf(1)}x=rz,

(§)-r(3)-n=0

Hence w(%') =n. But n(n)=rn=0, and therefore 7n=n, Hence w(g) =7n; since m is a

permutation it follows that n/8=mn, t.e., that §=1, t.e., that r is prime to n. Thus if
w=]1l (mod N), mzx=rz with r prime to =, ¢.e., = is linear. But = is non-linear, so
w# 1 (mod N). This establishes the second of the conditions (3.3) ; the first follows from (3.6).
For the converse, we start by showing that = is in fact a permutation. For if
+aA(l+o+o?+...+o¥ )=+ (l +o+w?+... +w 1),
then 2’ =z (mod s). Writing 2’ =z +sX, (3.7) becomes

say. Let (r,n)=5; then

+ Such permutations were first discovered by Douglas [2]. He calls them exponential substitutions.
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X+AMl4w+e?+.. .+ T N =A(l+w+0?+... +0®1) (mod N),
i.e., X +do*(l+w+e?+... +0X1)=0 (mod N).
But ltwte?+. +o ¥ l=(lto+ed+... + 0 ) (1 + 0 + w2 +... + 0 X-Ds)
=0 (mod N), in virtue of (3.3);
thus X =0 (mod N), and 2’ =x. This implies that = is a permutation.
Next, we proceed to show that = is semi-special. In virtue of (3.3), we can show that
TS=8, T(LHYS)STLHYS. cievieiiiiiriieieieiieenienen, (3.8)
Then, by direct caleulation, we find that
iz =n(mr)=m{r+8A{l + o +w?+... +w* )
=2 +28A(l + @ +w? +... +w*1), by (3.8).
By induction, we obtain
= +ysA(l+tw+w? +... + 0%, e (3.9)
Moreover, mE=En(@+y) —my=r+s0’A{l to+wd+... +w®Y);
hence by (3.9) it is evident that =, 2 =#*"z. Thusm,is, for every y, a power of 7, and therefore
o is semi-special. Furthermore, the second of the conditions (3.3) ensures that = is non-linear.
To show this, suppose that « is linear. Then mx =7z, where r is an integer prime to ». Hence,
by (3.2),
re=z+A(l+w+... +0*?1), forall z,
i.e., (r-lz=sA(l+w+... +w*1), forall z,
showing that s divides r ~1. Let r —~1=Ls; then
Le=A(1+w+... +0*1} (mod N).
Putting =1, 2 in succession, we obtain
L=Xand 2L=A(l +w) (mod N);
therefore A{w ~1)=0 (mod N) and hence w=1 (mod N). Thus if = is linear, w ~1=0
(mod N) and hence if w —1 20 (mod N), = is non-linear. Moreover, the principal number of =
is s ; this is obvious because 2 is prime to N. Lastly it is clear that 7 induces modulo s the
identity permutation. Hence = is the desired permutation. This completes the proof of the
theorem.
3.10 TaEOREM : If there is a non-linear semi-special permutation w on [n)], with principal
number 8, if m induces modulo s a linear permutation other than the identity and if nl =t, then t is
prime to n and 7 can be written in the form

TE =L+ SP(Z), cevenvnniiiiiiiiiiin (3.11)
—1
with $(1)=0, Y(@)=R 2 (-i)0-, (mod N), 232, where R is prime to N, N =n/s, and
i=1

1+0+602+...+01=0 (mod N). ceevvvivenrerieinienninenneen, (3.12)
Moreover, if h is the order of t modulo s, and u is defined modulo N by t* =1 +us, then
=1
k=u+ () (mod N)isprime to N j ooovuvveniiinivinnannnes (3.13)
=0
h—1
u(@-1)= 2 226 - (0 + 1) (t")} (mod N); cevvvnvrivinnnnnnnns (3.14)
i=0
h—1 _ )
Z =11+ 0402 +... +012(0F —0r)=0 (mod N), r=1,2, ..., 8 ccvceee. (3.15)
=0 ' ,

https://doi.org/10.1017/52040618500033396 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033396

ON SEMI-SPECIAL PERMUTATIONS I 27
Conversely, if t is prime to n and R and x are both prime to N, and if 6, t and R satisfy
(3.12), (3.14) and (3.15), then (3.11) defines a non-linear semi-special permutation of the desired
type.
The proof of this theorem is somewhat long and it will be effected by means of a number
of lemmas.
First, assume the existence of . By hypothesis, = can be written in the form

TL =T +8f(T), wovvenniniin (3.16)
where ¢ is some number prime to 8. Let k be the order of = ; then, by Lemma 2.17,
7(h,1)=0h (mod k), +(1,1)=1+¢h (mod k).
Moreover, by (2.13),
TREZL +8G(L), cvrreiiniiiiiii e (3.17)

A1
where glz)=uxr+ 2 d+i-If(tlx), d=t+f(s) (mod N).
. =0

Furthermore, by (2.31),
fle+y)=f(@)+f(y) +dg(L)p(L +0+6%+... +6*= 1) (1 +6+62+...+6¥1) (mod N). ...(3.18)
For y=1, 2 we have respectively
fle+Y)=f(2) +f(1)+dg(1)p(1 +0+6% +... +6*1) (mod N),
fE+2)=fz)+f(2)+dg(1)¢ (1 +0+6%+... +6* 1) (1 +6) (mod N);
from which we deduce that
fle+2)~flz+1)=f(2) - (1) + 0{f (s +1) ~f(&) -f(}} (mod N).
Replacing = by  — 1, then putting
A@)=fz+1)-f(z), ¢=f(2)-f(1)-6f(1) (mod N),
we find that 4 (z)=c+64(x-1) (mod N), which, by repeated application, gives
d@)=c(1+0+6%+... +6%) +6=-14(1) (mod N).
Then, by putting R =£(2) - 2f(1) (mod N) and accordingly
c=R-(6-1)f(1), 4Q)=R+f(1) (mod N),

we have Ax)=R(1+6+6*+...+6°1) +f(1) (mod N),

ie., flz+1)-f@)=fQ)+ B +0+62+ ... +62-1) (mod N). ....ccvoenen. (3.19)

Defining ¢ (z) by ¢ {z) =f(x) ~2f(1) (mod N), (3.19) can be written
Yr+1)-P@)=R1+0+0+...+6=)) (mod N). ..ocoevvvennnnne. (3.20)

Writing (3.20) for =1, 2, ...,y -1, then adding together and remembering that (1)=0
(mod N), we obtain

-1
$(@)=R'Z (y-i)f- (mod N), for y=2.
=1

Now, using the function ¢ (z), (3.16) can be written
mx=(t+sf(1))x + s ().
Since ¢ is prime to s, then so is ¢ + 8f(1) ; moreover ¢ and ¢ + sf(1) have the same order A modulo

8. Hence, without loss of generality, we can replace ¢ + sf(1) by ¢, and = can be simply written
as

TESET+SP(E). cervieniininiiiici e eeerens (3.21)

Now the principal number of = being s, B must be prime to N. This confirms (3.11), where ¢
will be shown prime to = (Corollary 3.26).

https://doi.org/10.1017/52040618500033396 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033396

28 K. R. YACOUB

Next, by putting x =y =1 in (3.18), we get f(2) - 2f(1) =dg (1)¢ (mod N), i:e., R=dg(1)d
(mod N). But since R is prime to N, then d, g(1) and ¢ must be all prime to N.
To confirm (3.12}, we have, by (2.30),
N
S(L 40+ +... +61)=0 (mod m)> ,
where ¢ and g (1) were shown to be prime to N, and therefore
140482 +...4+6-1=0 (mod N).
This shows that (3.12) is necessary.
It remains to show that (3.13-3.15) are necessary. For this purpose we prove the two
following lemmas.
3.22 LemMa : The function i (x) satisfies the following relations:
Plx+y) —P@)—d(y)=R1+0+6%+... +6=) (1 +0+62+... +8v') (mod N), ...(3.23)
Ylre) —rP@)=R(1+0+82+... +671)2(r -1+ (r -2)8% +... +80—2)22) (mod N), r=2, ...(3.24)
Moreover,-if 8 satisfies (3.12), then
Yus)=0, Yz +ys)=¢d(xr) mMod N). .ovrvreiiinriniiniinnnnn, (3.25)
Proof: Since §(1)=0 (mod N), (3.20) may be written
Ple+1l)-g(@) -y (1) =R{1L+0+62+... +61) (mod N).
This relation shows that (3.23) is true for all 2 and for y=1. We complete the proof by induc-
tion over y. Assume that (3.23) is true for a certain value of y. Then
$le+y+1)-¢(@) -dly+1)
=z +y+1)-dle+1) -y} +{le+1) (@} -y +1) -4 ()} (mod N),
which, by assumption for the first bracket and by using (3.20) for the last two brackets, implies
Yl +y+1)-d(x) -¢y+1)
=R(1+0+62+...+67)(1+0+ P +... .+ )+ R(1+0+62+... + 05 ) - R(L +0 +6% +... +0v-1)
=R(1+0+6+...+6=1)(1+60+6+...6¥) (mod N);
the proof of (3.23) then follows by induction.
Next, for (3.24), we get, on putting z =y in (3.23),
Y(2z) -2(x)=R(1+6+62+... +6=1)2 (mod N).
This shows that (3.24) is true for all z, and for r =2. The proof may be completed by induction
over r, and we omit it.
Lastly, if 8 satisfies (3.12), then §*=1 (mod N} and

-1
(s)=R T (s-i)fi-1= -R 2 i (mod N)
i=1 i=1
d

= - R— 2 I
= Rd0(0+0 +...+6% (mod N)

= _R%(l +0+62+...+6+1)=0 (mod N), by (3.12).

By putting z =s, r =y in (3.24) and using (3.12), we deduce that

¢ (ys)=y(s)=0 (mod N);
moreoyver, by putting y =s in (3.23) and using (3.12), we get

| e +9)=p(@) + () =p(@) (mod V)
and inductively Y(x+ys)=y(x) (mod N).
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This completes the proof of the lemma.
3.26 Cororuary : If wl =t, then t is prime to n.

Proof: By (3.21), ns=st + s (s) =st, by (3.25) ; hence ¢ is prime.to N, by Corollary 1.10.
But ¢ is known to be prime to s ; therefore ¢ is prime to %.
3.27 LEemma : With the same notation, if 8 satisfies (3.12) and if the relation

a=1
g1 +0+6*+... +* V) =ux+ X t»Y(tz) (mod N)
i=0

is satisfied for x=1, 2, ..., s, then it is satisfied for all x.
Proof: Let 1<<z<(s; then by hypothesis

A—1
g1 +60+6*+... += ) =ux+ X t+-L)(t%z) (mod N), ............ (3.28)
=0

which, for z =s, gives, on using (3.12) and (3.25),
us=0 (MOd N). .oeviiiiiiiiiiiiiieri i eeeaeees (3.29)
Now, let X =z +ys; then
gYA+0+6+. . +05 ) =g()(1+0+6%+... +01) +g(1) 05(1 + 0+ 6%+ ... +6v+1)

(1)(L+8+62+... +6%1) (mod N), by (3.12),

=g
q
a—1 ‘
suz+ & PN (tix) (mod N), by (3.28).
i=0
On the other hand,
h—1

uX + 2,‘ P (X)) =u(r +ys) + 2 th=i-1y, (t'x + t'ys) (mod N)
1=0

=ux + 2 t"-"“x,b(t‘x) (mod N),
i=0
by (3.29) and (3.25) ; thus

h—1
gYQ+0+82 4 ... +081) =X + T -~ (tiX) (mod N),

i=0
which proves the lemma.

We now proceed to show the necessity of (3. 14) and (3.15). Following the procedure of
Lemma 2.9 and using the second formula of (3.25), we obtain

mhr = + 39 (x),
A=1

where g(x)=uxr+ 2 t»Y(t'z) (mod N).
=0

Moreover, by (2.36),
glx)=g(1)(1+0+62+... +6%1) (mod N);

hence, by comparing the two expressions for g (z), we have
=1
g)Q+6+6+... +6* V) =ux + T th-L(tix) (mod N), for all @. .........(3.30)
=0

Moreover, by Lemma 3.27, we have shown, in virtue of (3.12), that the validity of (3.30) for
z=1, 2, ..., simplies its validity for all z. Hence it is sufficient to consider the values 1, 2, ..., 8
of z. Forx=1, 9, y +1 we have in succession

g(1)=u +"E: =1 (1) (MOA N), vt er et (3.31)
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h—
G +0+8 4 ... +0 Y =uy+ 5 -3(y) (@A N), evverrrererrens (3.32)
i=0

g1 +0+60 4. +0) =u(y+1) +f.2: -1ty +1)) (mod N),

where y=1, 2, ..., s.
From these relations, if we eliminate u, we obtain

g D)= T -1y +1) - 46) - g} (mod ),

h_l 3 Y e
s, g1)(8¥—1)=R T +=-1(1 +6+6% +... +85-1)%(1 + 0 + 82 4 ... +80-1¢) (mod N),
1=0

by (3.23). Writing this relation for y =1, 2, ..., s and then eliminating g (1) from each pair of
consecutive relations and remarking that R is prime to N, we get
h-1

2 =11 + 60 + 6% +... + 68120 -gr)=0 (mod N), r=1,2,...,s-1.

=0
This confirms (3.15). [Note that (3.15), with r =g, is obvious in virtue of (3.12).] Next, to
confirm (3.14), eliminate g(1) from (3.31) and (3.32) with y =2, obtaining

w(0-1)='Z P12 - (0 + ()} (mod N);
=0

this confirms (3.14).
Moreover, since g (1) is prime to IV, then so is « ; this confirms (3.13).
We have thus shown the necessity of all the conditions.
For the converse, we show that if (i) ¢ is prime to =, (ii) R and « are prime to N and
(iii) (3.12-3.15) are satisfied, then (3.11) defines a non-linear semi-special permutation of the
type required.
We show first that  is in fact a permutation. For if
' +sp(x) =t +5 (), i (3.33)
then tz’ =tz (mod s) and therefore 2’ =z (mod s), because ¢ is prime to s. If 2’ =z +sX, then
(3.33) becomes )
tX +J(x+sX)=¢(z) (mod N).
But in virtue of (3.12), it was shown (Lemma 3.22, (3.25)) that
Pz +sX)=y(z) (mod N);
thus tX =0 (mod N). Since ¢ is prime to N, this implies that X =0 (mod N); hence 2’ =z.
This shows that = is & permutation.
Next we show that 7 is semi-special. By direct calculation and by using the relation
Yz +ys)=¢(z) (mod N), we obtain

-1
mE =1z +8 yE -l (t'z)  (mod N).
=0
Therefore TREZZ 4 8F(Z), ceverneereeenniiiieeee e ieareen e reeaeaens (3.34)
h—1
where g(z) =ux + Z t*L)(tx) (mod N), w being defined modulo N by t*=1 +us.

i=0
We now show that, in virtue of (3.14) and (3.15),
gx)-g(1)(X+0+6%+...+6*)=0 (mod N).
Denoting the left hand side of this relation by r(x), we have
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r(z)= —uf(B-1)+ (82— 1) +... + (651 = 1)}

+ 2 g (i) — g () (L PO+t 6=-1)} (mod N)

1=0

= {1+ +8)+...+(1+0+62+... +652)} Eltn—f—l{.p(mf) — (@ + 1) ()}

te=0
A—1
+ 2 () - () (1 + 0+ 62 + ... +651)}  (mod N),
i=0
by substituting for « (8 - 1) from (3.14),
h=~1
= —{1+(1+0)+...+(1+0+62+... +6=2)}) T th—i-1{f(26F) — 24 (t5)}
=0
h—
+ T () -t} (mod ),
i=0
which, by (3.24), implies

a—1
r@)= —R{I+1+0)+... + (1 +0+0%+... +652} T tr=-Y(1 40+ 6% +... +6+-1)2
i=0
r—1
+R Z 11+ 0402+ +0% 12z~ 1+ (z—2)8¢ +... +0@-22)  (mod N)
i=0
A-1 ;
=R Z 211 +0+02+... +0%1)2{(x - 2) (8 — ) + (x - 3) (62 - 62) + ...
=0
+ (@D _ge-2)}  (mod N)
=0 (mod N),
by (3.15), which can be shown true for all » by means of (3.12). Thus
gx)=g(1)(1+0+6+...+0%1) (mod N) .cooveervrienrienrinnnns (3.35)
and, by (3.12), one can show that
glz+ys)=g(x) (mod N). ..ccoiviiiiiniiiiiiiniiniiinnns (3.36)

Hence, by (3.34), we have
n2hy = ah(why) =Mz + s¢ (x))
=z +8g(x) +s9(z +s9(x))

=z +2sg(x), by (3.36);
and inductively
mhr =z +1sg ().

Furthermore, mhly = (nihe) = (x +isg ()
st(z +isg(x)) + s (x +isg (z)), by (3.11),
=tz +s{yY (x) +itg (x)} ;
thus g =t + (@) +itg (1) (L0 +62 + .05 oo, (3.37)

Next, by direct calculation,

ma=m(+y) -my=tz+s{f(@+y) - @)}
which, by (3.23), gives at once
T =t +8{p () +R(L+0+0+... + 6> (1+0+2+... +0v )} ..niiis (3.38)
Comparing (3.37) and (3.38), we see that =, =#*@ 5+ where
ily) = Rp(1+6+6%+...+6v') (mod N), ptg(l)=1 (mod N);}
thus = is semi-special.

1 Such p exists because both ¢ and g(1) are prime to N.
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Furthermore, it is obvious that the principal number of 7 is s, and that 7 induces modulo
s a linear permutation other than the identity permutation.

Finally, we show that 7 is non-linear. For if = is linear, then =z =t'z, where t’ is prime to
n, and therefore

te=tx+sp(z), forallz;
thus (¢ —tyx=sp(x), forallx. .....ccooviiiiiiiiiiiiiiininnn, (3.39)
For z=1, this implies that ¢ —¢=s§(1)=0, because (1)=0 (mod N); hence, by (3.39),
Y (x) =0 (mod N), for all z. But, by (3.20), we have
Ple+l)-y¢x)=R(1+0+62+...+6=1) (mod N);

therefore RQ1+0+6+...+6*1)=0 (mod N), forall z.
But this cannot be satisfied since R is prime to N ; hence = is not linear.

This completes the proof of the theorem.

3.40 CororvLarY : If N divides s and if (8 -1, N)=N and (¢t -1, N)=1, then = can be
written in the form

mr=tx+spx(z — 1),

where ¢ is prime o s, and p is prime to N and is chosen so that u — uht* is prime to N, k being
the order of t modulo s and w being defined modulo N by th=1 +us.

Proof: By hypothesis, §=1 (mod N); this obviously satisfies (3.15). Also (3.12) is
satisfied, because N divides s. Furthermore,

b(&)=R T (@-i)=}Re(e—-1) (mod N).

i=1
But as ¢t is prime to NV (being prime to n) and as (¢ —1, N) =1, N must be odd ; moreover, since
R is prime to IV, there exists a number pu, prime to N, such that 2u =R (mod N}, and we have

Yr)=pr(z-1) (mod N). .rvrririiiireeeineieeeneens (3.41)

Next, t*» —1 =0 (mod N), because % is the order of ¢t modulo s, and s is a multiple of N. More-
A

over, {t-1, N)=1 by hypothesis and therefore tt 11

=0 (mod N); this shows that 8=1

(mod N) satisfies (3.14). Then, by (3.11) and (3.41),

7z =1x +spx(z - 1),
h—1
where k =u + & t*-i-Y(t!) =u — pht*-! (mod N) is prime to N.
i=0

This completes the proof of the corollary.
3.42 CoroLLARY : [If (8 -1, N)=1, then (3.14) becomes

h—1 . i
u{f-1) _——_R{ Z (g —1) (6% - 60) + (0 - 1)%"-%} (mod N), ..eevvvnnn. (3.43)
i=0
and © can be defined by
mx=({f—sR(O-1))x+sR(6%—1), .crvrreriiiiiriiiiiiieiis (3.44)

where t is prime to n, and R is prime to N and is chosen so that
-1 .
U +R{ Z g — 1)~ (6 - l)t"-lh}
i=0

18 prime to N, h being the order of t modulo s and u being defined modulo N by t*=1 +us.
Proof: By hypothesis, there exists a number A prime to N such that A(§ -~ 1)=1 (mod N).
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For this A,
A -1)=1+0+6*+...+6"! (mod N).
But Pli+1)-¢(i)=R{(1+0+62+... +8Y) (mod N), by (3.20) ;
therefore Yt+1)~¢(E)=RA(# -1) (mod N).
By writing this relation for ¢ =1, 2, ..., z and then adding together, we obtain

YE+1)-yp(1)=RA(0+6+...+0°-x) (mod N).
But (1) =0 (mod N) and therefore
Pz +1)=RA(1+6+6%+...+6*—(x+1)) (mod N),
=RX (6> -1)~RA(z+1) (mod N);

thus Y (x)=RX2(0*~1) - RAax (mod N).
Since R and A are prime to N, we can replace EA2 by E. Hence
Yr)=R(E=-1)-R@-1x (mod N), ..cooovvrinniiiiiinnnns (3.45)

and, by (3.11), 7 can be written in the form
nr=(t—sR(0-1))x+sR(0=-1),
where ¢ is prime to », and R prime to N. Moreover

B=1
k=u+ X i) (mod W)

=0
A1 .
su+R<{ Z Ai-1(08 —1) (6 - l)t"—lh} (mod N)
i=0
is prime to N.
Finally, (3.43) follows at once if in (3.14) we substitute for ¢ (¢*) and i (2¢°) from (3.45).
This completes the proof of the corollary.
3.46 CoxcuustoN: Theorems 3.1 and 3.10 supply necessary and sufficient conditions for
the existence of non-linear semi-special permutations.
Examples of such permutations will be given in the following section.

4. Examples of non-linear semi-special permutations. We conclude by con-
structing the non-linear semi-special permutations when = is the product of two (equal or
distinct) prime factors. We consider the following three cases where p, ¢ are distinct prime
numbers. ‘

I. n=2p. The proper divisors of n are 2, p. There are two cases to be considered.

(i) s=2, N=p. In this case = induces modulo 2 the identity permutation. By Theorem
3.1, there exists a number w such that

w?-1=0 (mod p), w-120 (mod p),
and therefore such that w= -1 (mod p). Hence, by (3.2), = is defined by
m(2z) =22, 722z +1)=22+1+2X (mod 2p),
where A is prime to p.

(i) s=p, N =2. We show that this is impossible.

If 7 induces modulo p the identity permutation, then, by (3.3), there is a number w such
that w?-1=0 (mod 2), w ~15£0 (mod 2). These congruences cannot be satisfied simul-
taneously.

c G.M.A.
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If 7 induces modulo p a linear permutation other than the identity one, then, by Theorem

3.10, there exists a number 6 satisfying
1+0+62+...+671=0 (mod 2),

which is impossible.

Hence there is no semi-special permutation on [2p] with principal number p.

Thus we have shown the following

4.1 TrEOREM : The non-linear semi-special permutations on [2p), where p is an odd prime
number, are defined by

m(22) =2, 72z +1)=2x+1+2X (mod 2p),

where A 18 prime to p.

II. n=p%. There is just one case to be considered, namely, s =p, N=p. It isevident
(Theorem 3.1, (3.3)) that

w?-1=0 (mod p), w-1#£0 (mod p)

cannot be satisfied simultaneously. Hence, if n =p?, there is no semi-special permutation
with principal number p which induces modulo p the identity permutation.

Next, if # induces modulo p a linear permutation other than the identity, then, by Theorem
3.10, there must be a number & such that

1+60+6+...+6°1=0 (mod p);
this implies that § =1 (mod p). Hence the conditions of Corollary 3.40 will be satisfied and
therefore = may be defined by
mr=tr+ppx(r—-1) (mod p?),

where ¢ and p are both prime to p and are chosen so that « — uht?-! is prime to p, u being de-
fined modulo p by t*=1 +up (mod p?), and h is the order of ¢ modulo p. Thus we have shown
the following

4.2 THEOREM : The non-linear semi-special permutations on [p?] can be written in the
Jorm

nx =t +puz(z -1) (mod p?),

where t and p are chosen arbitrarily prime to p in such a way that u — pht*-! is also prime to p, h
being the order of t modulo p, and w is defined modulo p by t*=1 +up (mod p?).

III. n=pg. The proper divisors of n are p and g and so we have two cases to consider.
(i) s=p, N=¢. If 7 induces modulo p the identity permutation, then, by Theorem 3.1,
there exists a number w such that
w?-1=0 (mod ¢), w-1#£0 (mod g).
These congruences cannot be simultaneously satisfied unless p divides ¢ - 1, in which case w
may be any number prime to ¢ whose order modulo ¢ is p, and = is defined by

mr=x+PA(l tw+w?+.. +w™1) (mod pg),

where A may be any number prime to ¢. Since w —1 and A are prime to ¢, there exists a num-
ber prime to g such that p(w —1)=2 (mod ¢), and = is defined by

nr=z+pu{w®-1) (mod pg).
Next, if 7 induces modulo p a linear permutation other than the identity one, then, by
Theorem 3.10, there exists a number 8 such that

1+0+62+...+671=0 (modgq);
thus 7 -1 =0 (mod ¢), and 61 (mod ¢g). These can only be satisfied if p divides ¢ -1, and
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then 8 may be any number prime to ¢ whose order modulo ¢ is p. Moreover, (-1, ¢)=1.
Hence, by Corolary 3.42, = may be defined by

rx=(t-pR(0-1))x+pR(6=-1) (mod pg),
where ¢ is prime to pq and R prime to ¢, and where ¢, R, 8 are chosen so that

h—1 .
w+R { 2 10t —1) - (0 - l)t"-lh} is prime t0 g, ..vvvereeereriunnn. (4.3)
=0
w(@-1)=R { z th=i-1(9 —1) (6 —6) + (6 - 1)%»-%} (mod q), ..overennn. (4.4)
1=0
h—1 . )
Z i 1 40462 +... +0%12(07 —0)=0 (modgq), r=1,2,...,p-1. ... (4.5)
1=0

(il s=q, N =p. In this case the procedure is exactly the same as in (i), and we omit it.

Assuming, without loss of generality, that p<(q, we have shown the following

4.6 THEOREM : (i) If p is not a divisor of ¢ — 1, the semi-special permutations on [pq] are
all Linear.

(ii) If p divides ¢ — 1, and w and 0 are any numbers prime to g having p as their order modulo
q, then the non-linear semi-special permutations on [pq] may be defined by

mr=x +pp(w®—1) (mod pg)

and mr=(t-pR(6-1))x+pR(#*-1) (mod pg),
where t is prime lo pq, and p and R are prime to q, and where t, R, 8 are chosen so that (4.3—4.5)
are satisfied.
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