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Abstract

Let the function f be analytic inD = {z : |z] < 1} and given by f(z) =z + )., a,2". For 0 <8 < 1, denote
by C(B) the class of strongly convex functions. We give sharp bounds for the initial coefficients of the
inverse function of f € C(8), showing that these estimates are the same as those for functions in C(8), thus
extending a classical result for convex functions. We also give invariance results for the second Hankel
determinant H, = |aay — a%l, the first three coefficients of log(f(z)/z) and Fekete—Szego theorems.
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1. Introduction and definitions

Let S be the class of analytic normalised univalent functions f defined on the unit disc
D ={z: |z < 1} and given by

f=z+) a" (1.1)
n=2

Let 0 <8 < 1. We say that f € S is respectively strongly starlike and strongly convex
of order 8 in D if and only if

2f'(2)
J@

zf ”(Z)) B
f'@ 27
We denote these classes by S*(8) and C(8), respectively, noting that 8 = 1 corresponds
to the well-known classes of starlike and convex functions. It is clear that f € C(B) if
and only if zf” € §*(B) and that both S*(8) and C(B) are subsets of S.

An early paper of Brannan et al. [3] established sharp upper bounds for |a;| and |as|
for f € §*(B), and more recently Ali and Singh [2] found sharp upper bounds for |ay].
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Since f € C(B) if and only if zf” € S*(f), these results provide immediate sharp upper
bounds for these coefficients when f € C(B8).

For any univalent function f, there exists an inverse function f~!' defined on some
disc |w| < ro(f), with Taylor expansion

FHw) = w+Arw” + Az’ + Ay + -+ . (1.3)

A classical theorem of Lowner [7] established sharp bounds for the inverse coefficients
A, for all n > 2 when f € S, which solves this problem for functions in S*(1).

For §*(B8) and 0 < 8 < 1, the problem of finding bounds for the inverse coefficients
seems far from simple, the only sharp results to date being those found by Ali [1] for A,,
when n = 2,3 and 4. The difficulty arises since the analysis necessarily involves raising
the Taylor series of a function of positive real part to a power. Ali [1] used a technical
and well-known property of functions of positive real part, giving useful inequalities
for the initial coefficients of the Taylor expansion for functions of positive real part.
However, finding similar useful inequalities for subsequent coeflicients is much more
complicated. Thus, obtaining sharp bounds for the coefficients of functions in S*(8)
for n > 5 (and C(B)) becomes more difficult.

For the convex functions C(1), Libera and Zlotkiewicz [6] showed that the sharp
classical inequality |a,| < 1 remains valid for the inverse coefficients A, for2 <n < 7.
The primary purpose of this paper is to establish sharp inequalities for |A,| forn = 2,3
and 4 when f € C(B), showing that these sharp upper bounds are also the same as those
for the coeflicients a, of functions in C(B).

We will also give similar invariance results for the second Hankel determinant H;(2)
of functions in C(B). For g > 1 and n > 1, the gth Hankel determinant H,(n) of f is
defined by

ap  Apgl -« . Apig-1

apyl Apy2 ... an+q
Hq(”) =

Apig—1 Aniq - - - Ans2g-2

Much attention has been given to finding upper bounds for Hankel determinants whose
elements are the coeflicients of univalent or multivalent functions (see [4, 5, 8, 9]). The
correct order of growth for H,(n) when f € § is as yet unknown [9], whereas exact
bounds have been obtained in the case ¢ = 2 and n = 2 for a variety of subclasses of S,
most of these stemming from the method used in [5]. In this paper, we will establish
sharp bounds for H(2) = |axay — a%l for f € C(B) and show that the same result holds
for the second Hankel determinant |[A,A4 — A%I of the inverse coefficients.
The logarithmic coefficients y, of a function f given by (1.1) are defined in D by

log@ = ZZynz”. (1.4)
n=1
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The coefficients 7y, play a central role in the theory of univalent functions. Milin
conjectured that for f € Sand n > 2,

n m 1

> 2k - 7) <o,

m=1 k=1
and it is not difficult to see that this implies the Bieberbach conjecture. It was this
inequality that De Branges established in order to prove the conjecture. Few exact
upper bounds for |y,| have been established, with more attention being given to results
in an average sense [2]. Differentiating (1.4) and equating coefficients shows that
2y| = ap and so for f € S the sharp inequality |y;| < 1 follows at once. For starlike
functions the sharp estimate nly,| < 1 for n > 2 is again an immediate consequence of
differentiating (1.4).

We will establish sharp coefficient estimates for |y,| whenn = 1,2 and 3 for f € C(5)
and show again that these results remain the same for the inverse coefficients. We end
the paper with similar invariance results for Fekete—Szego theorems for functions in
Cp).

We shall use the following lemmas from [1, 2, 6].

LemMma 1.1. Suppose that p € P, the class of functions satisfying Re p(z) > 0 for z € D,
with coefficients given by

P(Z) =1+ i ann-

n=1

Then, for some complex-valued x, with |x| < 1, |{] < 1,

2p2 = pi +x(4 = p)),

4ps3=pi +2(4 = pHprx = pid = pHa’ + 204 = pH(1 = )¢
Also, |pn| <2 forn > 1.
Lemma 1.2. If p € P, then

2 O<pu<2,
2u—1| elsewhere.

p2 - ’E‘p% < max{2, 2Ju - 1]} = {

Also,
|p2 = 3P| <2 - 3lpil.
Lemva 1.3. Let p e P. If0< B<1and B2B-1) < D < B, then
)pg —-2Bp1ps> + Dpﬂ <2.
Lemma 1.4, If pePand 0 < B< 1, then
|p3 —2Bpip> + Bpﬂ <2.
Lemma 1.5. If p € P, then

2 O<u<l
_ 3 _ — spu=sl,
|ps = (u+ Dpipz + upi| < max{2, 22p — 11} {2|2,U—1| olserhore
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2. Coefficients

We begin by stating the sharp results of Brannan et al. [3] and Ali and Singh [2] for
the coefficients of functions in S*(8). Since f € C(B) if and only if zf" € S*(B), these
results also give the corresponding sharp inequalities for C(83).

THEOREM 2.1. Suppose that f € S*(B) is given by (1.1). Then

2 2
0<,851, ﬁ 0<B< 4=,

laxl <28, las| < 3 agl {3 17
W L<psi oy JE<p<i

3 9 17 =-"="

THeOREM 2.2. Suppose that f € C(B) is given by (1.1). Then

[2
é O<les é 0<BS T
<, lasl <93 3 Jagl < % - 17
B —<B<1. Z1+178% Z <<

3 g By =h=l

3. Inverse coefficients

We now show that the inequalities for f € C(5) in Theorem 2.2 remain valid for the
inverse coefficients A,, Az and Ay4.

THueOREM 3.1. Suppose that f € C(B) with inverse coefficients given by (1.3). Then

[2
A O<,8§1, £ 0<B< 4=,
Mal<p IAsl<i3 3 |A4|s6ﬁ =
B 3Bl Ea+118d J=<p<l.

3 18( + 17B%) 17_/3_

All the inequalities are sharp.

Proor. Since f € C(B), it follows from (1.2) that there exists p € P such that

zf"(2) _

I+ = pf
J'@)
and so, equating coefficients,
o B2
2 2 E
as = 15 (=Bp7 + 387 pi + 2Bp). (3.1)

as = THB(4 = 158 + 178%)p} + 6(=2 + 5B)p1pa + 12p3).
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Since f(f~'(w)) = w, comparing coefficients in (1.3) gives

Ay =-—a
A3 = 2022 —das
A4 = —5a23 + 5(126!3 — a4,

which on substituting from (3.1) produces

A2 = _ﬁ%$
Az = 1581 +3B)p; = 2p2), (3.2)

Ay = —75B((4 + 158 + 1787} — 6(2 + 5B)p1p2 + 12p3).

Since |p;| < 2, the first inequality in Theorem 3.1 follows at once.
For |A3|, we use Lemma 1.2 as follows. Write

B d+38) ,
Azl ==|ps —
|A3] |2 > P
and let u = 1 + 3B in Lemma 1.2. Then
1+38 5 (2 0<pB<i,
oy h S{6/3 L<psl,

which gives the inequality for |A3].
For |A4|, write

|A|_£(4+15B+17B2) 3_(2+5,6) N
4l = 12 2 P ) p1p2 + p3

We apply Lemma 1.3 with 2B = 3(2 + 5p) and D = (4 + 158 + 175%), which gives

2 [8 2 2
|A4|§’g provided O<B§min{§,w/4ﬁ,w/ﬁ}=w/ﬁ.

For \/% <pB <2, we apply Lemma 1.4 with 2B = (2 + 5B), together with the
inequality |p;| < 2, to obtain

178> -2
Lmlp)

1
Agl < — -2B +Bp3| +
A4l < 12/3’(|P3 p1p2 + Bpi| B

1 21782 -2)\ _ B
e A

Finally, for % <B<1,weapply Lemma 1.5 withu + 1 = %(2 + 5p), so that

1 @4-158+17 2)
a1 < 58{1ps = G+ Dpip + ap] + S )

1+ 178%).

12
1 24-158+178\ B 5
< E,8(2(5;3— 1)+ : )_ S+ 17B)
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Clearly, |A;| is sharp when p; = 2. The first inequality for |A3| is sharp when
p1 =0 and p, =2, and the second inequality is sharp when p; =2 and p, =2
Choosing p; = p» = 0 and p3 = 2 shows that the first inequality for |A4| is sharp, and

=2(1+58)/(2+ 5B), p» =2 and p3 = 0 shows that the second inequality is sharp.

This completes the proof of Theorem 3.1. O

4. Hankel determinants

We next find sharp bounds for the second Hankel determinant of functions in C(g).
THeorEM 4.1. Let f € C(B). Then
,82

9
2 <3 514 )1 + 178)

1
723 + ) 3

The inequalities are sharp.

Proor. From the equations (3.1),
H)(2) = |azay — a3

e 32+ @ -3ppe + EEE 1 L]

We now use Lemma 1.1 to express p, and p3 in terms of p; and, without loss of
generality, normalise p; so that p; = p, where 0 < p < 2. From the triangle inequality,

H(2) < 5581 = B)p* + 568 P> (4 = pA)lyl + 5B p*(4 = p)DI?
+ B @ = PP + 55B°p — pP)(1 = [yPP) = g(yD).
Elementary calculus shows that ¢’(Jy|) >0 when 0 <|y|<1 and 0 < p <2. Thus,
o(Iy) < ¢(1), and simplifying gives
Hy(2) < 5B°(32+4(3B — )p* = B3 + B)p).

Again elementary calculus now shows that this expression has a maximum value of
%,82 when 0 < 8 < 1, and a maximum value of

<1
B +p)(1 + 178)
723 + f)

when % <B<1. Choosing p; = p3 =0 and p, =2 in (4.1) shows that the first
inequality is sharp. To show that the second inequality is sharp, choose p; =2, p3 =0
and

1
P2= o5y ﬁ)(ﬁ(S B3 —-2)+ \/,3(3 +B)(2 + 968 — 5482 — 3333 +,B4))

noting that |p;| < 2 for 0 < 8 < 1. This completes the proof of Theorem 4.1. O

We now show that the same result holds for the Hankel determinant of the inverse
coefficients.
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Tueorem 4.2. Let f € C(B) and the coefficients of f~'(w) be given by (3.2). Then
ﬂZ

2
H) == <0 o)

1
723 +p) 3

The inequalities are sharp.

Proor. The method used in Theorem 4.1 gives the same expression to maximise and
so the result follows at once. The first inequality is sharp when p; = 0 and p, = 2. The
second inequality is sharp when p; = 2, p3 = 0 and again

pr= (B +HBE-2)+ BB +HQ+966- 54233 4 59) O

25(3 B)

5. Logarithmic coefficients

We now find sharp estimates for the initial coefficients of log(f(z)/z) for f € C(B),
and for the inverse coefficients of log(f(z)/z).

TueoreM 5.1. Let f € C(B) and the coefficients of log (f(2)/z) be given by (1.4). Then

2 2

B § 0<ﬁ$§, E 0<ﬁg\/j,

P 12 5
|’}’1|32, lyal < 2 2 lysl < 5 3

T Z<p< = 2 Z<B<l.

n 3—ﬂ_1, 36(1+5ﬁ) \/;—,3—1

Proor. Differentiating (1.4) and comparing coefficients gives

I I ) I 13
Y1=3a, Y2=3(a3-3a3), v3=3(as—amas+ 3a;)

and, using (3.1),

_Bp
Y1 = 4
Y2 = wBépy + (3B - 2)pY), (5.1)

3 = 55B(12p3 + 638 = 2)p1p2 + (4 = 9B+ 5B)p)).

The first inequality is trivial. For |y;|, by Lemma 1.2 with u = %(2 -3p),

2 - 33 0<B<3,
P2 <{3ﬁ 2<p<l.

For 3, write

y3 = é%(ps —2Bpip2 + Dp}),
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where B = i(2 —-3B) and D = %(4 — 98 + 58°). The first inequality now follows at
once from Lemma 1.3, noting that the conditions of the lemma are satisfied when

0<pB< \/g . For the interval \/g < B <1, again write
ps = 2Bpipy + Dp} = ps — 2Bpips + Dp} + (D - B)pj.

Since D > B provided \/g < B <1, the second inequality follows using Lemma 1.4.

Choosing p; =2 and p; = p3 = 01in (5.1) shows that the inequality for |y,| is sharp.
The first inequality for |y;| is sharp when p; =0 and p, = 2, and the second when
p1 = p2 =2. For |ys|, choose p; = po =0 and p3 =2 in the first inequality, and
p1 = p2 = p3 = 2 in the second. This completes the proof of Theorem 5.1. O

We now show that the same result is true for the logarithmic coefficients of the
inverse functions. Since the final expression to maximise differs from that in Theorem
5.1, we include the proof.

THeOREM 5.2. Let f € C(B) and write

fHw) -
1 =2 .
0g — Zc w

Then
2
[_3 0<p<—, E 0<B< \/Z
B 6 3 12 5
|Cl|5§> lea| < 2 2 les| < J 3
. Z<B<l = (1 + 53 \/j< <1
n S—ﬁ_ , 36( +5B%) S—ﬂ—

Proor. Proceeding as in Theorem 5.1,
o1 =134, =1A5-1A)), =344 - Ay + 1A)Y),

which on substitution gives

_ Bpi
1= —T,
2 = —%BA4p> — 2+ 3B)p}), (5.2)

3 = —5:B(12p3 — 6(2 + 3B)p1p2 + (4 + 9B + 567)p)).
Again |cy| < %ﬁ is trivial. Lemma 1.2 with u = (2 + 35)/2 gives

2436 ,

P2 — TP1

which gives the inequality for |c;|. Finally, for c3, write

1
lea| = Eﬁ

2

1
S5B12ps = 62+ 3B)pips + (4+ 98+ 5p) = 2 (es = 2Bpips + D)),
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where B = %(2 +3p8) and D = 1—12(4 + 98 + 582). Since the conditions of Lemma 1.3
are satisfied when 0 < 8 < \/g , the first inequality follows. Now write

p3 = 2Bpip2 + Dp; = ps — 2Bpips + Bp} + (D - B)p;.

Since D > B on \/g < B < 1, the second inequality follows from Lemma 1.4 on noting
that |p| < 2.

Choosing p; = 2 and p; = p3 = 0in (5.2) shows that the inequality for |c;| is sharp.
The first inequality for |c;| is sharp when p; = 0 and p, = 2, and the second when
p1 = p2 =2. For |c3], choose p; = p, =0 and p3 =2 in the first inequality, and
p1 = p2 = p3 = 2 in the second. This completes the proof of Theorem 5.2. O

6. Fekete—Szego theorems

We end by stating Fekete—Szego theorems for the coefficients of f € C(5) and for
the inverse function f~!, noting that again they give the same result. We omit the
simple proofs.

Tueorem 6.1. If f € C(B) is given by (1.1), then, for any complex number v,

B

C B )

)ag - va§| < max{
The inequalities are sharp when either p; = 0 and p, = 2, or p1 = p, = 2.

Tueorem 6.2. If f € C(B) and f~" is given by (1.4), then, for any complex number v,

B

|A3 - vA§| < max{g,

A1 -,
The inequalities are sharp when either py =0 and p, =2, or p1 = p» = 2.
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