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FREE ORTHOLATTICES 
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Introduction. It has been known for some time but does not seem to be 
anywhere in the literature that the variety of all ortholattices is generated by 
its finite members (see (4.2) of this paper). This is well known to imply that 
the word problem for free ortholattices is solvable. On the other hand, it is also 
known that the solution obtained this way is of no practical use. The main pur­
pose of this paper is to present a workable solution. 

Our solution consists in reducing the work problem for free ortholattices to 
the word problem for free lattices as solved by Whitman [6; 7]. Familiarity 
with these papers is assumed throughout. 

Using Whitman's results we construct in Section 1 a free ortholattice on 
a set X and we use this construction in Section 2 to give a solution of the word 
problem. In Section 3 we draw some conclusions from this. Among other things 
we show that the free ortholattice on two generators contains the free ortholat­
tice on countably many generators as a subalgebra. In the last section we dis­
cuss some related results, mostly known (for example, among the lattice 
theoretists at the University of Massachusetts) and we mention some problems. 

J. Schulte-Mônting in his doctoral dissertation, "Die algebraische Bedeutung 
der Schnittelimination mit Anwendungen auf Wort problème", Tubingen 1973, 
has developed another simple algorithm to solve the word problem for free 
ortholattices. It seems that our result (3.5) is also a consequence of his al­
gorithm, but that our result (3.4) can not be obtained from his without further 
non-trivial considerations. 

My thanks go to Gudrun Kalmbach for many discussions and helpful sug­
gestions during the preparation of this paper. 

I am grateful to the referee for suggesting several simplifications of the 
original version of this paper, in particular the simple proof of (3.2). It was also 
pointed out to me by the referee that my proof is the application of a proof that 
is utilized in several papers by G. Grâtzer on reduced products, the idea going 
back to Dilworth (1945). 

1. Construction of the free ortholattice. An ortholattice, abbreviated 
OL, is an algebra L with two binary operations V, A, one unary operation ' 
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and two miliary operations 0, 1, where (L; V , A ) is a latt ice, 0, 1 are the lower 
and upper bound of L, respectively, and ' is an ant i -monotone and idempotent 
complementat ion. We assume the basic facts abou t OLs to be known; see, for 
example, Birkhoff [2, p. 52ff],. 

Let X be a set. Let X' be a set disjoint from and equipotent with X and let 
x -~> x' be a one-one map of X onto X'. Extend this map to a one-one map of 
X \J X' onto itself by put t ing y' = x if y = xf. Then x -~» x' is idempotent , 
t h a t is, x " = x for all x £ X U X ' . Let F ( X U X') be an algebra with two 
binary operations V, A , absolutely freely generated by X U X'. Following 
Whi tman [6], define a quasi-ordering ^ of F(X U X') recursively to be the 
smallest relation satisfying: 

(1) a Sa iiatXUX', 

(2) a V b S c if a ^ c and 6 S c, 

(3) a ^ b A c if ft ^ è and a ^ c, 

(4) a ^ & V c if a ^ & or a ^ c, 

(5) a A b ^ c iî a S c or b S c. 

We adjoin two new elements 0, 1 to F(X U X ' ) to obtain a set F ( X IJ X ' ) = 
F ( I U ^ ' ) U (0, 1} and we extend the quasi-ordering and the operations 
V, A to F(X U X') by put t ing , for all a £ F{X U X'): 

0 S a ^ 1, 

a \ / 0 = O V f t = ftAl = l A f t = ft, 

ft A 0 = 0 A fl = 0, 

a V 1 = 1 V a = 1. 

Since F(X {J X') is absolutely freely generated by I U ^ ' the m a p x ~» x' 
of I U ^ ' into itself extends to a homomorphism (denoted by the same sym­
bol) of F(X U X') into its dual , t ha t is, satisfying 

( a v by = a' A b' and (ft A b)' = a' V 6'. 

Since the map is idempotent on X \J X' it is idempotent on all of F(X \J Xf). 
I t is furthermore ant i -monotone, t h a t is, satisfying: 

if ft ^ 6, then V S ft'. 

If we pu t 0' = 1 and 1' = 0 it becomes a map with the same properties of 
F(X U X') into itself. 

Now let FOL(X) be an OL freely generated by X. Since F(X (J X') is 
absolutely freely generated by X U X' with respect to the operat ions V, A , 
the ident i ty map of X \J X' extends to a ( V , A )-homomorphism a of 
F(X U X') into FOL(X), which may be extended to F(X U T ) by pu t t ing 

a (0 ) = 0 and a ( l ) = 1. 
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I t is now easy to see by induction tha t a also preserves the operation ' and is 
monotone. This means tha t a is a homomorphism of the full type of OLs of 
F(X\JX') onto FOL(X). 

As the next step to construct a free OL we define an element a G F(X U X') 
to be reduced recursively as follows: 

(i) every element x G X U X' is reduced, 
(ii) a V b is reduced if and only if a and b are reduced and a', V $ a V b, 

(iii) a A 6 is reduced if and only if a and b are reduced and a\ b' ^ a A &. 

Let i ? (X U X ' ) be the set of reduced elements of F{X U X') and define 
i ? (X U X') = i ? (X U X') U {0, 1}. Note tha t an element a G F ( X U X') 
is reduced if and only if a' is reduced, so tha t R(X U -X"') is closed under '. T h e 
crucial observation now is the following: 

(1.1) If a is reduced then a' $ a. 

Proof (by induction). If a Ç X U X' the claim is obvious. Assume a = 
b V c and a' ^ a, t ha t is, V A c' ^ b V c. I t would follow from conditions 
( l ) - ( 5 ) t ha t b' ^ b V c or cf ^ b V c, contradicting the reducedness of a. If, 
finally, a = b A c then af ^ a would imply V V c' ^ & A c, hence &' ^ 6, 
contradict ing the inductive hypothesis. 

(1.1) has the following consequence: 

(1.2) If a, b £ F(X U X') and if b is reduced, then a $ b or a' $ b. 

Proof, a ^ b and a' ^ b would imply V ^ a ^ fr, contradicting (1.1). 

Define now a relation $ o n ^ ( X U ^ ' ) by 

a $ 6 if and only if a ^ & and b ^ a. 

I t is clear t ha t $ is an equivalence relation on R(X \J X') and tha t the quotient 
R(X \J X')/$ with the relation ^ defined by 

a/<£ ^ b/$ if and only if a ^ &, 

is a partially ordered set with smallest element 0/<ï> and largest element 1 /$ . 
Fur thermore , for any a, b £ R(X \J Xf) we have: If a V b is reduced then 
(a V &) /$ is the least upper bound of a/<£ and 6 / $ in R(X)/$. If, on the other 
hand, for elements a, b £ i ^ ( I U ^ ' ) . fl V b is not reduced, then af ^ a V b 
or b' ^ a V b and for any c £ R(X \J X'), a, b ^ c would imply a, a! S c or 
b, V ^ c, contradicting (1.2). Thus 1 /$ is the least upper bound of a/<£ and 
&/<ï> in this case. For meets the situation is dual. Since for any a £ R(X \J X'), 
a \/ a' and a A a' are obviously not reduced, it follows in particular t ha t 
a! I $ is a complement of a / $ in R(X U X')/$ and tha t the map a/<£ —> a'/<ï> 
is an orthocomplementat ion in the lattice R(X \J X')/$. T h u s R(X \J X')/$ 
becomes an OL. 
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Define now a map 0: F(X U X') -* R(X U X') recursively by 0(a) = a 

i f ae iu ru io , i}. 

Î
0(a) V 0(5) if 0(a) V 0(5) is reduced, or 0(a) = 0, or 
0(5) = 0 
1 otherwise 

!

13(a) A 0(5) if 0(a) A 0(5) is reduced, or 0(a) = 1, or 
0(6) = 1 
0 otherwise. 

It is easy to prove by induction that a (0(a)) = a (a) holds for all 
a (E F(X U X). Furthermore, it follows immediately from the definition of 0 
and the above comments concerning joins and meets in R(X \J X')/$ that the 
map 0: F(X U X') -* R(X U X')/$ defined by 0(a) = 0 ( a ) / $ is a homo-
morphism. As a consequence of this the kernel of 0 is contained in the kernel 
of a and hence there exists a homomorphism y: R(X U X')/$ —> FOL(X) 
satisfying y o 0 = a. Since R'(X \J X')/$ is an OZ and since FOL(X) is free, 
it follows that y is an isomorphism and we obtain: 

(1.3) The OL R{X U X')/$ is freely generated by {x/$\x £ X\. 

2. The word problem for free ortholattices. We use the result (1.3) to 
give a solution of the word problem for free OLs. 

Let again X be an arbitrary set and let W(X) be an algebra of the type of 
OLs, which is absolutely freely generated by X. Let K : W(X) —> FOL(X) be 
the homomorphism extending the identity map of X. The word problem for 
free OLs then is to find an algorithm to decide whether K(CL) = K(5) holds for 
any pair of elements a, 5 G W(X). In order not to confuse the notation we let# 

be the unary operation in W(X). 
Define X' = {x# \x £ X} and define in X U X' a unary operation x -~> x' by 

x' = x# if x Ç J and x' = 3/ if y Ç X and y = x. Then the subalgebra of W(X) 
with respect to the operations V, A generated by X U X' is absolutely freely 
generated by X U X' and hence may be taken as the algebra F(X U ^ ' ) of 
the last section. Since W(X) is absolutely freely generated by X the identity 
map of X extends to a homomorphism (with respect to all operations in W(X)) 
Ô : W(X) -> F(X U X'). Since a(b_(x)) = x = K(X) holds for all x G X it 
follows that a o ô = K. Since 7 o 0 = a was proved earlier it follows that 
y o 0 o <5 = K. We thus obtain: 

(2.1) For elements a, b £ W{X) : 

*(a) ^ K(&) if and only if 0(6(a)) ^ 0(5(5)). 

Note that for a G IV(X), <5(a) was obtained in a constructive fashion via the 
homomorphism conditions 
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8(x) = x if x 6 X U {0, 1}, 

8(a V 6) = 5(a) V ô(6), 

ô(a A b) = 5(a) A 0(6), 

ô(a#) = 5(a) ' . 

The conditions ( l ) - ( 5 ) of the last section give a constructive procedure to 
decide whether a ^ b holds in F(X \J X') and thus whether an element of 
F(X U Xf) is reduced. This means tha t for any a £ F(X U X'), 13(a) can also 
be found in a constructive fashion. Finally, it can again be decided construc­
tively whether a ^ b holds for elements a,b £ R(X \J Xf). T h u s (2.1) gives a 
solution of the word problem for free OLs. 

3. Suba lgebras of free o r t h o l a t t i c e s . Let F(X U X') have the same 
meaning as in Section 1. Define a set F Ç F ( X U I ' ) to be independent if and 
only if F H Y' — 0 and the set F U F ' is free in the sense of Whi tman 
[7, Definition 3.1]. In our special case this means tha t for every finite non­
empty subset S of Y and for every element y £ Y the conditions 

(y$ V ( 5 - {y}) V V S ' and 
^ \y$A(S-{y})AAS> 

hold. (Strictly speaking the right hand sides of these relations are not well-
defined since the operations in F(X [J X') are not associative. But it follows 
from Whi tman [6] t h a t the validity of the relations is independent of any 
bracketing.) 

Let Y be an independent set of reduced elements. Let F(Y U Y') be the 
( V , A)-subalgebra of F(X U• X') generated by Y U F ' . By Whi tman 
[7, theorem 5], F(Y \J Yf) is absolutely freely generated by Y U Yf. We m a y 
thus apply t he constructions of Section 1 replacing X by F and F(X U X') by 
F(Y U Y'). We use for the new notions obtained the symbols for the corre­
sponding old notions and a t tach an index 0. T h u s ^ 0 , Ro(Y U F')> 
RQ(Y U Y') and <3>0 are well defined. I t is now an easy exercise to prove t h a t 
^ o is nothing bu t the restrictions of S t o F(Y U Yf). Since the elements of 
F U Yr are reduced (in the old sense) it follows tha t the reduced elements of 
F( Y U Y') in the new and in the old sense are the same, i.e. tha t RQ( Y U Y') = 
R(X U X') r\ F(Y U Y') holds. This in turn implies t ha t 3>0 is the restriction 
$ to F(Y U F ' ) . Using (1.3) and the first isomorphism theorem we obtain: 

(3.1) If Y is an independent subset of reduced elements of F(X U X') then 
Ro(Y U F ' ) / $ o w aw OL freely generated by [y/$o\y £ F} awa7 is isomorphic 
(via the extension of the map yf$o ~* y/$) with the sub-OL of R(X U X')/$ 
generated by {y/$\y G Y}. 
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(3.2) Assume x, y Ç X, x 7^ y. Then the elements 

a = (x A {xf V y)) V (y A (x V / ) ) , 

6 = (x A (x' V / ) ) V ( / A (x V y ) ) , 

c = (x' A (x V y)) V (y A (x' V / ) ) 

are reduced and form an independent set. 

Proof. I t is easy to check t ha t the elements are reduced. Since the quasi-
ordering of F(X U X') is preserved under every homomorphism of F(X (J Xr) 
into a lattice it is enough to exhibit a homomorphism of F{X U Xr) into some 
lattice L such t h a t the relations (*) hold for the images of the elements in­
volved. Such a lattice is the following. 

If the elements x, x', y, y' are mapped as indicated one obtains b ^ a V a' V 
V V c V c' and c $ a V ar V & V b' V c''. T h e remaining relations are ob­
tained by permut ing x, x\ y, y' sui tably. 

T h e s ta tements (3.1) and (3.2) give: 

(3.3) The free OL on two generators contains a free OL on three generators as a 
subalgebra. 

Using W h i t m a n [7, Lemma 3.2], one obtains from this: 

(3.4) The free OL on two generators contains a free OL on countably many 
generators as a subalgebra. 

T h e next result is concerned with sublatt ices (not sub-OLs) of free OLs. 

(3.5) The sublattice of FOL(X) generated by X is freely generated by X. 

Proof. Since the ( V , A )-subalgebra YX of F(X \J X') generated by X is 
absolutely freely generated by X it is by W h i t m a n [6] and the results of Section 
1 enough to show t h a t every element in YX is reduced. This is by definition 
t rue for elements of X and if it is t rue for elements a, b G YX then a V b G YX 
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and a', V G TX', thus by Whitman [7, Lemma 3.2], a\ V $ a V b, that is, 
a V b is reduced. The dual argument holds for a A b. 

Combining (3.4) and (3.5) we obtain furthermore : 

(3.6) A free OL on two generators contains a free lattice on countably many 
generators as a sublattice. 

4. Related results and open problems. We mention here some results 
related to the word problem for free algebras in varieties of OLs. 

(4.1) Let L be an OL,S a subset of L which is closed under orthocomplementation 
and C a MacNeille completion of the partially ordered set S U {0, 1}. Then C 
admits an orthocomplementation which extends the orthocomplementation in S. 

Proof. We consider the standard representation of C by the set of all normal 
(also, closed) ideals of 5 U {0, 1}, that is, all those subsets A of 5 U {0, 1} 
which are equal to the set of all lower bounds of the set of all upper bounds of A 
in 5 U {0, 1}. For such an ideal A define A1- by A1- = {x £ S \J {0, 1}| x ^ a' 
for all a £ A}. It is easy to see that the map A —> A1- is an orthocomplementa­
tion in C with the desired property. 

If the set 5 in (4.1) is finite then C is finite. It follows from this by a standard 
argument that every equation for OLs which is not valid in all OLs is not valid 
in some finite OL, hence: 

(4.2) The variety of all OLs is generated by its finite members. 

This implies that the set of all equations which are not valid in all OLs is 
recursively enumerable and again shows the decidability of the word problem 
for free OLs; but the algorithm obtained this way is of no practical use. 

More difficult problems seem to be whether the variety of all orthomodular 
lattices is generated by its finite members and whether the word problem for 
free algebras in this variety is solvable. Both problems seem to be open. It is, 
however, easy to see that the method of (4.1) fails in this case. The OL is a 
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sub-partially ordered set of every or thomodular lattice containing a four-ele­
ment chain. Bu t the lattice is equal to its MacNeille completion and is not 
or thomodular . 

T h e result (3.5) can be extended to or thomodular lattices as was first noted 
by G. Kalmbach. 

(4.3) The sublattice generated by X of an orthomodular lattice freely generated by 
X is freely generated by X. 

This is an immediate consequence of the fact, proved by G. Kalmbach [5], 
t h a t every lattice, in part icular a latt ice freely generated by a set X, can be 
embedded as a sublatt ice into an or thomodular latt ice. T h e or thomodular 
analogue of (3.4) is wrong since the free or thomodular lattice on two generators 
is finite. We suspect t ha t the free or thomodular latt ice on three generators con­
tains the free or thomodular latt ice on countably many generators as a sub-
algebra, b u t we could not prove this. 

T h e third var ie ty of OLs which is of interest in our context is the var ie ty of 
all modular OLs. I do not know whether the word problem for free algebras in 
this class is solvable. The class is, however, not generated by its finite members . 
T o see this, define for elements x, y of an OL: 

c(x, y) = (x V y) A (x V y') A (*' V y) A (x' V / ) . 

One then has: 

(4.4) The equation c(x, c(y, z)) = 0 holds in all finite modular OLs but is not 
valid in the modular OL of all subspaces of a three-dimensional vector space over 
the real numbers. 

Proof. Every finite, subdirectly irreducible, modular and complemented 
lattice in which every maximal chain has exactly four elements is a finite 
projective plane. An orthocomplementat ion in such a latt ice would be a 
polarity wi thout absolute point, which does not exist by Baer [1, Theorem 5]. 
Using this it follows from Bruns-Kalmbach [4, (3.2)], t h a t the only finite, 
subdirectly irreducible, modular OLs are the OLs MOn, consisting of 2n 
(n ^ 0) pairwise incomparable elements and the bounds. By Bruns-Kalmbach 
[3, Lemma 2], every such latt ice satisfies the equation c(x, c(y, z)) = 0, which, 
as is easily seen, fails in the lattice of subspaces of a three-dimensional vector 
space over the real numbers . 

REFERENCES 

1. R. Baer, Polarities infinite projective planes, Bull. Amer. Math. Soc. 52 (1946), 77-93. 
2. G. Birkhoff, Lattice theory, Amer. Math. Soc. Coll. Publ. XXV (Amer. Math. Soc, Provi­

dence, 1967). 
3. G. Bruns and G. Kalmbach, Varieties of orthomodular lattices, Can. J. Math. 23 (1971), 

802-810. 
4. Varieties of orthomodular lattices II, Can. J. Math. 24 (1972), 328-337. 

https://doi.org/10.4153/CJM-1976-095-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-095-6


FREE ORTHOLATTICES 985 

5. G. Kalmbach, Orthomodular lattices do not satisfy any special lattice equation, to appear, 
Archiv d. Math. 

6. P. M. Whitman, Free lattices, Ann. of Math. J$ (1941), 325-330. 
7. Free lattices II, Ann. of Math. 48 (1942), 104-115. 

McMaster University, 
Hamilton, Ontario 

https://doi.org/10.4153/CJM-1976-095-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-095-6

