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1. Notation
k = dagebraically closed field of characteristicp > 0
X = smooth, irreducible, projective variety over k

K = function field of X
Qi = sheaf of differential forms of degree i on X

. = s-differentia forms on the function field of X', also considered as a constant sheaf on X
C[n] = acomplex C shifted in such away that C[n]* = C**"
F"C = acomplex C truncated (brutally) sothat F*C* = Ofori < nand F*C? = C'fori > n
Qx = the algebraic de Rham complex of X

A Pfaffian equation on X is an invertible subsheaf L — Q% of the sheaf
of differential 1-forms on X. It can thus be thought of as a global section of
QY ® L1 or, by choosinganisomorphism L~ ~ Ox (E) C K, asameromorphic
differential form w on X . We say that the Pfaffian equation has a first integral if
there is a non-empty open subset U C X and a smooth map f: U—P* such that
Ly ~ f*Q, assubsheavesof ; that is, if L ‘comes from” arational map to a
curve. In this case, f, viewed as arational function, is called afirst integral. Note
that asrational differential forms, df A w = 0.

A (reduced and irreducible) subvariety of codimension onei: D — X issaid
to be a hypersurface solution for w, if i*w = 0, asasection of Qp ® L1, Thisis
the same as requiring the composed map

L—Q%—i.0F),

to be zero. Note that if w has afirst integral f, then the closure of the irreducible
components of f = AP are solutions, for any rational function h. The reader is
referred to [4] for adiscussion of relations to classical differential equations.

If D is represented as a Cartier divisor by a collection (f;,U;), then D is a
solution for w if and only if (df;/f;) Aw € T(U;, Q3 ® L~1) for eachii.
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The paper [4] studies Pfaffian equations on compact complex manifolds sat-
isfying certain conditions on its Hodge-to-de Rham spectral sequence. The main
result there is that for Pfaffian equations on such manifolds, there are infinitely
many irreducible hypersurface solutions only in the trivial case when w admits a
first integral. We wish to generalize this to include the case of varieties in posi-
tive characteristic. For compact smooth varietiesin characteristic zero, Jouanolou’s
conditionisautomatically satisfied. However, an hypothesisis necessary over fields
of positive characteristic:

THEOREM 1. Supposeall global one-formson X are closed and w does not have
afirstintegral. Then thereare only finitely many irreducible hyper surface solutions
for w.

The proof of this theorem is largely modeled on the complex case studied
by Jouanolou. However the existence of non-constant d-closed functions, namely
p-powers, keeps the tranglation from being entirely straightforward. It was thus
quite surprising to the author that a pleasant resolution arises from the systematic
use of the Cartier operator. That is, this endows the eventua proof with a nature
particular to characteristic p. Therelation between the solution varieties of aclosed
differential form and of its Cartier descendants seemsto deserve careful study.

This theorem has been used by Vojta (in characteristic zero) [6] to obtain
bounds for heights on algebraic points for curves over function fields. It also
can be used to bound families of curves on surfaces satisfying certain numerical
conditions, as a consequence of Bogomolov’s inequality [1]. Although the class
of surfaces satisfying Bogomolov's inequality in positive characteristic is till
unknown, this paper illustrates that intimately related results can be obtained,
provided certain ‘ordinarity hypotheses' are made. One can conjecture, then, that
the counterexamplesto Bogomolov’ sinequality in positive characteristic arisefrom
afailure of ordinarity.

2. Préliminaries

Wewill need afew facts about the de Rham conomology H, (X)) := H (X, Q)
of X (the boldface denotes hypercohomology) as well as the crystalline cohomo-
logy H!,(X/W) of X with coefficients in the Witt vectors W of k. The latter
can be realized as the hypercohomology of the de Rham-Witt complex W [3].
Thereis amap of complexes

WQx—=QX,
which induces a map from the slope spectral sequence

HY(WQ) = HEH(X),
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to the Hodge-to-de Rham spectral sequence
H(QY) = H] i (X).

Recall thefollowing facts about the slope spectral sequence([3] Corollary 11.3.3
and Proposition 11.3.11)

B0 = BP0 = HO(WQR),

()
E%Y = EX = HY (W Oy).

Givenaninvertible sheaf L on X, we can associateto it afirst Chernclassc; (L)
in the crystalline conomology of X by using the map of complexes

Ox[-1-WQy,

given by the logarithmic derivative f — df/f (f = (£,0,0,...) € WOx). That
is, this map of complexesinduces the Chern class map

e HY(O%)—H? (X).
The map of complexesfactors through
O%[-1—=FWQy c Wy,
and (x) implies, in fact, that
HY(F'WQy) C H2(X),

so that the Chern class can be seen aslying in the first group.

Thereisalso aquotient map F1W Q' [1]-W QY sending c1 (L) to the Chern—
Hodgeclassch(L) € EL! ¢ HY(WQY). Itsimage ch' (L) inside H1(QY ) isthe
usual Chern—Hodge class, which may be interpreted as the class of the Q7. -torsor
given by the connectionson L. In particular, L admits aconnectioniff ch’(L) = 0.
Recall that if L isassociated to the Cartier divisor ( f;, U;) with transition functions
gi;, thenaconnectionisequivalent to thedataof regular 1-forms A; on U; satisfying
A; — Ay = (dfi/ fi;) — (df;/f;) = dgij/g:j. We shall refer to such a collection
also as connection forms for the Cartier divisor, as well as for the invertible sheaf
it defines. The relation between ch’(L) and connections on L follows from a
straightforward computation using Cech cocylesfor the de Rham complex, and the
same computation for W Q' yields the fact that if ch(L) = 0, then we can find
local sections A; of WQY, which satisfy A; — A; = dg;;/§ij, and which therefore
reduceto connection formsfor L. Since W2 forms adifferential graded algebra,
we get d(dgi;/di;) = 0, sowe seethat dA; = dA;. Therefore, the collection (dA4;)
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defines a global section R of W%, which reduces to the usual curvature form R
of the connection (A;). Asaspecial case of (x)

E2° = F20 = HO(W Q%) C H2(X),

and in the situation just described when ch(L) = 0, another Cech computation
show us that ¢1(L) = R with respect to this inclusion. In particular, if ¢(L) =
0(= ch(L) = 0), then we can find a collection A; so that R = 0. Thisimplies the
following

LEMMA 1. Suppose ¢1(L) = 0in crystalline cohomology. Then L admits a con-
nection with vanishing curvature.

Our preceding remarksamount to thefact that it admits something stronger, namely,
an ‘integrable de Rham—Witt connection.’

Thislemmaapplies, for example, in the casewhere L isagebraically equivalent
to zero. Note that the de Rham—Witt complex is used to circumvent the possible
non-degeneration of the Hodge-to-de Rham spectral sequence.

Since any two connections differ by a global one-form we see that under the
hypothesis that all global one-forms are closed, any connection for a line bundle
with vanishing first Chern class will have zero curvature.

Recall that the Cartier operator C' ([5], 7.2) fitsinto an exact sequence

R/ IRE S 9 LI}

where ZQ', refers to the sheaf of closed differential i-forms. Together with this
exact sequence (which includes atheorem of Cartier), it is characterized by

C(fFHdf)=df,  C(ffa) =fC(e), C(1) =1,
and
Clanp) =Cla) NC(B),

for any function f and closed forms «: and S.
Taking the stalk at the generic point gives an exact sequence of rational differ-
ential forms

0t b 708 S Q0.

Now when all global formson X are closed, if (A;) defines a connection form
for aCartier divisor D = (f;) with vanishingfirst Chern class, then as noted above,
the A; are closed so we may apply C' to them. The fact that C'(df;/fi) = dfi/fi
impliesthat C'(A;) alsodefinesaconnectionformfor D, and hence, isagain closed.
Thusall iterations C*(A;) are defined, and are all closed.
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We will use the map of exact sequences

0 O K* K*]O% 0

0

0 Q% ok QL /0%
where the vertical arrows are induced by the logarithmic derivatives.
LEMMA 2. Logarithmic differentiation induces an injection

K* 0k
(K0 0k

Proof. Let f bearational function suchthat df/ f isregular. We will show that
f islocally aunit times a p-power.

It suffices to show thisin the local ring R of a point. But since R is a unique
factorization domain, we may write f = ury*---7,* where v is a unit and the
m;'saredistinct primes. Sodf/f = du/u + ¥;n;(dr;/7;). Sincedf/f and du/u
are regular, we see by localizing at each prime in turn that all the n;'s must be
multiples of p. i

Thus, we get an injection

K* 0l
'\ ——— I{=£).
(@we) = (%)
Denote by Div the group of Weil divisors on X. It is a free abelian group

generated by the irreducible Weil divisors and we have Div/p Div~Div® F, =
the F,, vector space generated by the irreducible Weil divisors.

LEMMA 3. Divip Div — I'(K*/(K*)®) 0*).
Proof. We need only prove the corresponding statement for Cartier divisors,
that is, that

K* K* K*
g (O_> /1”F <O_> - r ((K*)(P)O*> ’
viathe canonical map.

Let D be a Cartier divisor which is (for a fine enough covering) localy rep-
resented by p-powers: D = [(f},U;)]. Since (fi/f;)P = f/f] is a unit on
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the overlaps, so is f;/f;. Thus, (f;,U;) defines a Cartier divisor D' such that
pD' = D. O

Composing the two lemmas above, we get an injection

Div Ot
—— I =£).
p Div ~ (Qﬁ( )
PROPOSITION 1. The inclusion above induces an injection

. Div 0l
Y:Divez k= (ﬁ) ®F, k=T ﬁ
Proof. Let Dy, ..., D, beWeil divisors. We will show by induction on r that
anon-trivial k-linear relation between the «(D;) implies a non-trivial F,-linear
relation between the D;. Thiswill show that if D1, ... D, arelinearly independent
mod p, then, for any non-trivial set of coefficients ay, ..., a, in k, ¢ (X;a;D;) =
Y,a;9(D;) # 0. The caser = 1 istheinjection above. Assume now that

> aih(Dy) =0,
i—1

where none of the ¢)(D;) are zero. (Otherwise, we are done, by induction.) Since
(D7) # 0, Dy hasan irreducible component E with multiplicity prime to p. Let
U be an affine open set which intersects £ and on which each D; has a defining
equation f;. Our assumption implies that ¥_,a;(df;/f;) is regular on U. Now,
choose a curve C' in U which intersects E tranversally at a simple point 2o € E—
(other components of D;) and is not contained in the support of any D;. Such a
C exists by Bertini’s Theorem. So each f; restricts to a rational function f2 on C
and if we put m; = Res,,(df?/f2), then $5a;m; = 0. Also, my # 0in F,, by our
choiceof C, E, and zp. Thus, we get

> agp(miD; — miD1) = m1 Y a;h(D;) = 0.
1

=2
Hence, by the induction hypothesisthere exist n; € F, not al zero, such that

Zni(mlDi — miDl) =0. (mod p).
2

But then, since some n;my # O, this gives a non-trivial F,-linear relation among
the D;. O

Assume, henceforward, that all global one-formson X are closed.
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Now denote by Div° the subgroup of Div whose associated invertible sheaves
have vanishing Chern classesin crystalline cohomology and let D° := Im(Div® ®
k—Div ® k). The inclusion constructed above

Ql
Dive kT (—f) ,
QX

when composed with the boundary map § in the exact sequence

1
0—T(Q%) =T QL) =T (g—{(> S HYOL),
X

gives nothing but the Chern—Hodge classch’ ® 1. Thus, it is zero on D°. We use
this fact to lift the map aboveto an inclusion

0 (Q%)

Givenadivisor D € Div®, arational differential form whose classis (D) can
be explicitly described as follows: Choose a Cartier representative ( f;, U;) for D.
We may then find a collection of 1-forms (A;) defining a connection for D. Then

g 8050,

T i f fi U

ontheoverlapsof the U;’s. Thus, theselocal forms glueto givearational oneform,
a. Inthiscase, sinceci (D) = 0, v is closed, as discussed above, so we may apply
the Cartier operator to it. But localy, C(«) isjust df;/ fi — C'(A;) whichisagain
closed, sincethe C'(A4;) define a connection for the same divisor.

LEMMA 5. If D € Div®, then, given any rational representative o for (D), we
may apply the Cartier operator repeatedly to get closed one-forms C* ().

This lemma follows from the preceding discussion and the fact that any two
representativesin I'(Q ) for ¢(D) will differ by aglobal one-form.

If o and 3 arerational 1-formsand a, b € k, then C(aa + bB3) = a*/PC(a) +
bY/PC(B), so the property mentioned in the lemmais closed under k-linear combi-
nation, in an obvious sense.

COROLLARY 1. For any z € DY, and any representative o for +(x), all the
C*(«) are defined and closed.
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3. Proof of theorem

Denoteby N thegroup of divisorsgenerated by theirreduciblesolutionsof w. Thus,
N isafreeabelian subgroup of Div and the number of irreducible solutionsisequal
to the rank of IV or, equivalently, the dimensionof N ® F. Let No € N N Div® be
the subgroup of IV consisting of divisors algebraically egquivalent to zero.

Note now that IV being generated by irreducibledivisors, isasaturated subgroup
of Div, allowing

N ®F, CDiveF,.
Also, the exact sequence
N
No®Fp,—N®F, = — ®F,—0,
No
together with the finite generation of N/No C N.S(X) (the Neron—Severi group
of X) tellsusthat it sufficesto prove that
M = [Im(No ® F,—Dive F,)| ® k c D°,

isfinite-dimensional. We constructed above an injection, still denoted by the same
letter

L(Q)

T/):M%F(Qﬁ()'

Composing «» with wedge product by w, we get amap

(e L 1)

M- —
M= AT

Theimageliesinthe given subspace becauseelementsof M arelinear combinations
of solutionsfor w.

Let z bein the kernel of ~ and let o be arational form representing (). Then
there existsaglobal 1-form v suchthat a Aw = yAw, or (¢ — v) Aw = 0. That
is, z € Ker hiff 1p(x) has arepresentative which is proportional to w asarational
1-form.

We now distinguish two distinct cases:

(1) Thereexistsan x € M and arepresentative « for 4)(x) suchthat a Aw =0
and some iteration C* () has afirst integral.

In this case, note that « itself does not have afirst integral by assumption, since
it is proportional to w. Write C*(«) = f dg for rational functions £, g. Then

Ckil(a) = fpgpfldg + dzp_1,
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for some rational function x;_1
— 2 _ 2_ _
CF %) = f? g P Dgr tdg + xij dzp_1 + dzj_2,
and, continuing down the powers
a= fpkgpk_l dg + xili_ll—l dzp_1+---+ :Eg_l dz1 + dzo.

Now, supposei: V — X isasubvariety such that i*w = 0, and hence i*a = 0.
Then, by the naturality of the Cartier operator, C" (i*«) = i*C™(«) = O for al n.
So

i*(fdg) =0 = i"dzy 1=0 =---= 4"dzgog=0.

That, isall thedifferential form summandsin the formulaabovefor o must vanish.
However, since o does not have afirst integral, at least two of the summands are
generically linearly independent. Therefore, thereisaZariski closedsubset 7 C X
such that al V' as above not lying in Z has codimension at least two. This proves
the theorem in this case.

(2) Forany z € M, if « isarepresentative for ¢)(x) suchthat o A w = 0, then
none of the C* () havefirst integrals.

For this case, suppose = and y are contained in the kernel of A, and let o
and 3 (respectively) be rational 1-forms representing «(x) and +(y) such that
aAw=0, BAw=0.

Then o = f 3 for some rational function f. But since o and 3 are both closed,
thisgivesusdfAp = 0. Thusdf = 0 since 5 does not have afirst integral, and
hence, f = f7, for somefunction f1. Soa = 78 = C(a) = f1C(B). But C(B)
and C(«) are aso closed, and also do not have first integrals. Thus f1 is aso a
p-power. Continuing in this way, we seethat f must be ainfinite p-power. So f is
aconstant and «, § are k-linearly dependent. By injectivity of v, thisimplies that
z and y are linearly dependent.

That is, in this second case, dim(Ker k) < 1. So we are done again, because

Q3 ® L1
wAD(QL) 7

isfinite-dimensional. O
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