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Abstract  The aim of this paper is to investigate and study the possible spectral pair (uas,p, A(M, S))
associated with the iterated function systems {¢4(x) = M~ (z + d)}qep and {¢s(z) = M*x + s}ses
in R™. For a large class of self-affine measures p1ps, p, we obtain an easy check condition for A(M, S) not
to be a spectrum, and answer a question of whether we have such a spectral pair (uar,p, A(M,S)) in
the Eiffel Tower or three-dimensional Sierpinski gasket. Further generalization of the given condition as
well as some elementary properties of compatible pairs and spectral pairs are discussed. Finally, we give
several interesting examples to illustrate the spectral pair conditions considered here.
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1. Introduction

Let p be a probability measure of compact support on R™. We call p a spectral measure
if there exists a set A4 C R™ such that the set of complex exponentials {e(\-z) : A € A}
forms an orthonormal basis for L?(j), where e(\ - x) = e2>™*%, The set A is then called
a spectrum for p; we also say that (u, A) is a spectral pair. A spectral measure often has
more than one spectrum (not translates of each other; see [10, Example 2.9 (a)]). It is
known that

(i) {e(A-x): X € A} is orthonormal in L?(u) if and only if

/l()\l — )\2) =0, YA, e N\ 7’5 Ao; (1.1)

(ii) {e(A-z): X € A} is an orthonormal basis for L?(p) if and only if

DIME-NP =1, VEeR™ (1.2)

A€eA
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We shall study the spectral self-affine measure p associated with iterated function
system (IFS) {¢a(x) = M~(z + d) }aep and its dual IFS {¢)s(z) = M*z + s}ses, where
M € M,(Z) is an expanding integer matrix (i.e. all entries are integers and all the
eigenvalues of M have moduli greater than 1), D and S are finite subsets of Z™ of the
same cardinality, |D| = |S|. Our self-affine measure, which is denoted by pas p, is the
unique probability measure p satisfying the self-affine identity

1 _
N:@ZMO%l (1.3)
deD
and is supported on T := T (M, D), where T'(M, D) is the attractor (or invariant set) of
the IFS {¢4}aep. Such a T (M, D) is the unique non-empty compact set satisfying

T = | ¢a(T) (1.4)

deD

and is given by

T(M,D) := {Zdej - d; ED}. (1.5)
j=1
Corresponding to the dual IFS {t¢s}scs, we use A(M,S) to denote the expansive orbit
of 0 under {¢}, that is

k—1
> M*s;:k>1and s es}. (1.6)
j=0

A(M, S) = {

We shall focus our attention on the following question: under what conditions is A(M, S)
a spectrum for pp, p?

It is known that certain self-affine measures j57,p in R” have an orthonormal basis for
L?(par,p) consisting of complex exponentials. This was first observed by Jorgensen and
Pedersen [5] and studied further by Strichartz [9,10]. More recently, Laba and Wang [7]
have established a large class of spectral Cantor measures associated with IFS, and given
a necessary and sufficient condition on the spectrum of such a measure in dimension 1,
which extends the studies by Jorgensen and Pedersen [5] and Strichartz [10]. The studies
in [5,7,9,10] also leave several open problems which have motivated the present research.

The aim of this paper is to investigate and study the possible spectral pair
(uar,p, A(M, S)) in R™. We first present some elementary properties of a compatible pair.
We then extend the result of [7], and obtain an easy check condition for (uar,p, A(M, S))
not to be a spectral pair. Using this condition, we answer a question considered
in [4,5,9,10] by showing that, in the Eiffel Tower or three-dimensional Sierpinski
gasket, the corresponding (uar,p, A(M,S)) is not a spectral pair. Further generaliza-
tion of the given condition is also discussed. Since the known examples of the spectral
pair (uam,p, A(M,S)) considered in the previous papers require M = diag[r,r, ..., 7], we
construct a spectral pair in which M is not of this form, and show that the spectral pair
is invariant under the Z-similarity of matrix M. We also give several examples in the
final section to illustrate the spectral pair conditions considered here.
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2. Compatible pairs

The concept of compatible pairs, following the terminology of [10], plays an important
role in the study of spectral measure. In this section we present certain of their elementary
properties.

Let B and S be finite subsets of R™ of the same cardinality g. We say (B,S) is a
compatible pair if the ¢ X ¢ matrix

Hp g := [q_l/ze(b - 5)|beB, ses (2.1)

is unitary, i.e. Hp sH}; ¢ = I,. Note that we use ‘x” to denote the conjugated transpose.

It follows from this definition that if (B, .S) is a compatible pair, then so is (S, B), and
vice versa. Furthermore, we can translate either B or S and obtain another compatible
pair. Thus, we may assume without essential loss of generality that 0 belongs to both B
and S. Also note that, if B is given, there may not be any S such that Hp g is unitary.
Take, for example, B = {0,1,3}. We see that no subset S C R can be found such
that (B, S) is a compatible pair. This is because the equation z® +z+1 = 0 has no roots
on the unit circle {z € C: |z| = 1}.

For each finite subset A C R™ of the cardinality |A|, we define its symbol by

mA t = —27rlat
i T

acA
Let

(x) := ‘A|Z(5x—a

acA
where §(z — a) denotes a Dirac delta function (point measure) at a. Then

Z/ i€ 45(x — a) = ma(€). (2.2)

a€cA

2 —2riz
Sa() = [ asae) = g
Proposition 2.1. Let B, S C R" be finite sets of the same cardinality. Then the
following statements are equivalent:
(i) (B,S) is a compatible pair;
(ii) (RB,R*~19) is a compatible pair for any non-singular matrix R € M,,(R);
(iil) mp(s1 — s2) =0, for any distinct s1,s2 € S;
(iv) Y,es|mp(E+s)> =1, for all £ € R™;
(v) (6B, S) is a spectral pair.

The proof of Proposition 2.1 can be found, explicitly or implicitly, in [5,7,10].

Proposition 2.2. Let D,S C Z" and M € M,(Z) with |det(M)| > 1 such that
(M~—'D,S) is a compatible pair. Then the following statements hold.

https://doi.org/10.1017/50013091503000324 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000324

200 J.-L. Lt

(i) The elements in D are distinct modulo M (i.e. d; — d; ¢ MZ™ for distinct d;,d; €
D), and the elements in S are distinct modulo M*.

(ii) Suppose that D,S C Z" such that D = D(mod M) and S = S(mod M*). Then
(M~1D,S) is a compatible pair.

(iii) Define Dy =D +MD + -+ M*'D and Sy, = S +M*S +---+ M**=DS. Then
(M~*Dy, Si) is a compatible pair.

Proof. If there exist distinct ¢ and j such that d; —d; € MZ", then d; = d; + Mz
for z;; € Z™. Therefore,

e(M™td; - sp) = e(M~'d; - sp)e(zij - sx) = e(M~'d; - s) (2.3)

holds for k = 1,2,...,q. This shows that the matrix H;-1p g has two identical rows ¢
and j, so it cannot be unitary: a contradiction. Hence, the elements in D are distinct
modulo M. Similarly, Hp;-1p ¢ will have two identical columns if the elements in S are
not distinct modulo M*; again, this is a contradiction. This proves (i).

Let D ={dy,ds,...,d,} = D(mod M) and S = {31,4y,...,3,} = S(mod M*). Then
d; = d; + Mz; and 8§ =s8j+M*Z; for z;,2; € Z", 1 <4, j < q. Since

G(M_ldi . §J) = E(M_ldi . sj)e(M_ldi . M*Zj)e(zl . sj)e(zi . M*,gj)
= E(M_ldi . Sj), (24)

the conclusion (ii) follows immediately from the definition.
Finally, (iii) is a special case of [10, Lemma 2.5]. |

Note that if we let M € M, (Z) with |det(M)| = m > 1 and B = {b1,ba,...,bn} be
a complete residue system (mod M), then {b; + MZ"}", constitutes a partition of Z".
Under the assumptions of Proposition 2.2, we also have |D| = |S| < |det(M)].

The following proposition may be considered as a generalization of the Gaussian com-
patible pair (see [10, Example 2.4 (a)]).

Proposition 2.3. Let M € M,(Z) with |det(M)| = m > 1. Assume that D is a
complete residue system (mod M). If S is a complete residue system (mod M*), then
(M~1D,S) is a compatible pair.

Proof. Let D = {d;,ds,...,dn} and S = {s1,s2,...,S$n}. Then (see [3, Lemma 5.1])
1 ifkeM*Z™,
— Z M~d; - k) ' . (2.5)
0 otherwise.

In view of the fact that s, — s, € M*Z" if and only if p = ¢, it follows from (2.5) that,
for any distinct sp, 54 € S,

1 m
mpr-1p(sp — E;e —54)) =0. (2.6)
‘7:
Therefore, the desired result follows from Proposition 2.1. O
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Note that, in Proposition 2.3, one possible choice of D and S is given by the formula

D:=7Z"NnM[0,1)" and S:=Z"NM*[0,1)".

3. Conditions for spectral pairs

Let M € M, (Z) be expanding, and let D and S be finite subsets of Z™. Jorgensen and
Pedersen [5] proved that if (M ~1D, S) is a compatible pair, then the following conclusions
hold.

(i) {e(A-x): X € A(M,S)} is orthogonal in L?(pu p).

(i) Let Q&) := Xreaqar,s) litn,p (€ + A)|%. Then Q(¢) < 1 for all £ € R™ (the Bessel
inequality).

(iii) (uam.p, A(M,S)) is a spectral pair < Q(§) = 1, for all £ € R™ (the Parseval
identity).

(iv) The function Q(£) has an entire analytic extension to C™ which is of linear expo-
nential growth in the imaginary direction. Furthermore, it satisfies the functional
identity

Q) =) Imp(M &+ 5)PQM T (€ +5), LER™ (3.1)

seS

The right-hand side of (3.1) is known as the Ruelle transfer operator C' defined on func-
tion Q. Equation (3.1) is equivalent to C(Q)(§) = Q(&). From Proposition 2.1 (iv),
C(1) = 1. The method of [5] is based on the identification of a function space which
contains Q(&) — 1, then showing that C' is strictly contractive and, as a consequence, that
Q(&) = 1, when the axioms hold.

Note that, from the self-affine identity (1.3),

(oo}
fins,p (&) = [[ mp(M*7¢).
j=1
The above conclusion (i) implies (1.1), i.e. A(M,S) C A(M,S)—A(M, S) C Z(jip,p)U{0}
(recall that 0 € S is assumed), where Z(fips,p) is the zero set of jiar,p. Strichartz [9]
provided a different way to verify Q(£) = 1 by using an approach that is reminiscent of
the Cohen criterion in wavelet theory. In fact, Strichartz [9] proved the following.

Theorem 3.1. Let M € M, (Z) be expanding, D and S be finite subsets of Z™ such
that (M~1D,S) is a compatible pair. Suppose that the zero set Z(my;-1p(t)) is disjoint
from the set T(M*,S). Then (unm,p, A(M,S)) is a spectral pair.

Furthermore, Strichartz [10] extended the construction of a spectral pair to a larger
class of measures and spectra. Laba and Wang [7] studied spectral Cantor measures
in R. They found that a compatible pair automatically yields a spectral measure [7,
Theorem 1.2], and give the following necessary and sufficient condition for A(N, S) to be
a spectrum [7, Theorem 1.3].
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Theorem 3.2. Let N € Z with |[N| > 1 and D C Z with 0 € D and ged(D) = 1. Let
S C Z with 0 € S such that (N~ D, S) is a compatible pair. Then (uy. p, A(N,S)) is not
a spectral pair if and only if there exist s € S and non-zero integers 7;, 0 < j <m —1,
such that nj1 = N~ (n; + s5) for all 0 < j < m — 1 (with 9y, := 19 and s}, := 55).

The study in [7] also leaves several questions unanswered. For example, does Theo-
rem 3.2 or something similar hold in higher dimensions? In the following, we modify the
techniques in [7] to extend and simplify the condition of Theorem 3.2.

Theorem 3.3. Let D, S C Z™ be finite subsets of the same cardinality. Suppose that
M € M, (Z) is expanding and that (M~'D,S) is a compatible pair. If there exists a
non-zero § € S = S(mod M*) such that

(M*—1)"tsez", (3.2)

then for any D = D(mod M), (ks pr A(M, S)) is not a spectral pair. In particular,
A(M,S) is not a spectrum for fipr,p.

Proof. Let n = (M* —I)"13 € Z". Then n = M*~!(n + 3) and
-1
M*'p=n+) M95 VIeN (3.3)
7=0

From Propositions 2.1 (iv) and 2.2 (i), for any D = D(mod M),

Y Imp(M TN E )P =1, VEER™ (3.4)
ses
In view of the fact that mp(M*~1(n+8)) = mp(n) =1, taking £ = 1 in (3.4), we have,
for § € S,
1 ifs=
0 if

VARV APY

N

mp(M* ™ (n + 8)) = {

Wy W

’ (3.5)

For any A\ = 89 + M*8; +--- + M**3, € A(M, S), it follows from (3.5) that

mp(M M+ X)) = mp(M* 7 (n + 80) + 81+ M*85 + - + M**7V3;)
=mp(M*" (n + 3))

If 3¢ # 8, then, from (3.6),

(o}

i o1+ A) = [T mp(M* I (n+ 1) =0. (37)

Jj=1
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In the case when 8§y = 3§, i.e. A=§+ M*$; +---+ M**3,, we consider the second
factor of fi,, (7 + A), and use (3.3) and (3.5) to conclude that

mp(M*72(n + A)) = mp(M*7%(
_ mﬁ(M*_l(

S+ M*81) + 80+ M 33+ -+ Mg

’ (3.8)

If 51 # 3, then, from (3.8), fi,,; 5(n +A) =0. When 5; = 3, i.e.
AN=5+ M54+ M55+ + M**3,

by the same argument, we consider the third factor of fi,, 5(n+ A), and use (3.3)
and (3.5) to obtain fiy, 5(n+A) =0 if 82 # 5. After k steps, we see that if one of 5;
in {50,51,...,8,} is not equal to 3, then fi,, 5(n+ A) = 0.

Suppose that A = §+ M*5+ M*25+ -+ + M**5. We consider the (k + 2)th factor of
fipr,p(n+ A) and conclude that

k
mp D4 2) = mp (3742 (54 3 00735 )

j=0
=mp(M*~ (1 +0))

1 if 0=35,
=T (3.9)
0 if 0 # 3,

which gives the desired result that /i), 5(n+ A) = 0 for any A € A(M, S). Since

Qi) = > |y pl+ N =0,

AeA(M,S)

we know from the Parseval identity that (p,, 5, A(M, S)) is not a spectral pair. In the

special case when D = D, we also find that A(M,S) is not a spectrum for pps,p. This
completes the proof of Theorem 3.3. O

From Theorem 3.3, we can further prove the following more general result.

Theorem 3.4. Let D,S C Z"™ be finite subsets of the same cardinality. Suppose
that M € M, (Z) is expanding and (M~'D,S) is a compatible pair. If there exist
50,81, ..,8p—1 € 8 = S(mod M*) for some p > 1 such that

(M*P —I)" 50 + M*3) 4 --- + M*?P~ V5, 1} € 2™\ {0}, (3.10)

then, for any D = D(mod M), (teps p» A(M, S)) is not a spectral pair.
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Proof. Let Dp:=D+MD+---+ MP~'D and S, :=8+ M*S+---+ M*@P-1g.
Then, from Proposition 2.2 (ii) and (iii), (M ~?D,,S,) is a compatible pair. Also, the
condition (3.10) is equivalent to

(M —1)"'5 € 2"\ {0},

where § = 5o+ M*51 +--- + M*(p_l)ép,l € Sp. Applying Theorem 3.3 to MP, ﬁp and
Sy instead of M, D and S, we find that (4, DP,A(MP,S,,)) is not a spectral pair. In
view of the fact that

fns , = arp  and  A(MP,S,) = A(M, S), (3.11)

we thus deduce that (p,, p, A(M, S)) is not a spectral pair. O

It should be pointed out that (M*P — I )’1S'p containing a non-zero integer point for
some p € N is equivalent to the condition (3.10). For any = € (M*? — )15, we know
that there exist 59, 31,...,8,-1 € S such that

x=M"P(x+ 5+ M3 +--+ MP Vg )
= fa,_10fs,_,0 -0 fs 0 fs (),

i.e. z is a fixed point of finite composition f;,_, o f§p72 o---0fs 0 Igo of members ofA the
IFS {fs(x) = M*"'(x + 8)},.q- Hence, (M*? —I)~1S, C T(M*,S). Since T(M*,S) is
compact, in order to find out whether or not (3.10) holds we need only to check a finite
number of integers in T(M*, S) having the form (3.10).

At the end of this section, we consider the following two special cases: the dimensions

n =1 and the case |D| = |S| = |det(M)].

Case 1 (n = 1). From the sufficient condition of Theorem 3.2,

Ny =10 + sg,
N2772 = Nmn -|-]\7$s1F =g +88 +NST,
(3.12)
N™p =m0 + 5%+ Nst 4+ N™ gt
Since 1, = 10, the above condition (3.12) is equivalent to

o= (N™ — 1)—1{3(*] +Nsj+---+ Nm—282%2 I Nm_18;71}7

mo=(N™—1)"Yst + Nsj+ -+ N 2g% | + N lgt),
(3.13)

M1 = (N™ = 1)7 s, 4 + Nsg+ -+ N2, g+ N ls), o},

where s € S and 7; are non-zero integers, 0 < j < m — 1. Observe that any one of
the conditions in (3.13) is just (3.10) if we let the dimensions n =1, M = N, p=m
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and S = S in (3.10). Applying the same argument to any one of the non-zero integers 7,
in (3.13) gives finp(n; +A) =0 for all A € A(N,S), where 0 < j < m — 1. Hence,
from Theorems 3.2 and 3.4, we obtain the following necessary and sufficient condition
for A(N,S) to be a spectrum.

Theorem 3.5. Let N € Z with |[N| > 1 and D C Z with 0 € D and ged(D) = 1. Let
S C Z with 0 € S such that (N~'D,S) is a compatible pair. Then (uy,p, A(N,S)) is
not a spectral pair if and only if there exist s§,s],...,s5,_1 €S, m > 1, such that

(N™ —1)"Ysgy+ Nsj+---+N™ s 1} € Z\ {0} (3.14)

Note that, under the assumptions of Theorem 3.5, the above discussion shows that the
condition (3.14) is equivalent to n; € Z \ {0} for all 0 < j < m — 1, where 7; is defined
by (3.13). As a consequence of Theorem 3.5, we also get the following.

Corollary 3.6. Let N € Z with [N| > 2 and D C Z with 0 € D and ged(D) = 1.
Suppose that S C Z with 0 € S such that (N='D,S) is a compatible pair. If S C
[2 —|N|,|N| —2], then (un,p, A(N,S)) is a spectral pair.

Proof. For any sg,s7,...,s5,_1 € S, m > 1, it follows from [s}| < [N| — 2 that
—(INI™ —=1) < s§+ Nsj+---+ N™lsr | < (IN[™ = 1), (3.15)

which means that (N — 1)71{s§ + Nsi +--- + N™ 1s* |} cannot be a non-zero inte-
ger. Hence, the desired conclusion follows from Theorem 3.5. ]

Case 2 (|D| = |S| = |det(M)]|). For M € M,(Z) with |det(M)| > 1 and for
the finite subsets D, S C Z"™ with |D| = |S| = |det(M)|, it follows from Propositions 2.2
and 2.3 that (M ~!D, S) is a compatible pair if and only if D is a complete residue system
(mod M) and S is a complete residue system (mod M*). In the case when M € M, (Z)
is expanding and D is a complete residue system (mod M), we can show the following.

Theorem 3.7. Let M € M,(Z) be expanding and D be a complete residue sys-
tem (mod M). Then pp p is a spectral measure.

Proof. From a result in [12, Theorem 3.4], there exists a full-rank lattice I' C
Z"™ such that T(M, D) tiles R® by I'-translation. Equivalently, from a result in [2],
{e(A-x): X € I'*} is an orthogonal basis for L?(T(M, D)) in the sense of Lebesgue mea-
sure py,, where I'* is the dual lattice of I'. This also says that T (M, D) is a spectral set
with one of its spectra I'*. Therefore, we have the Parseval identity

> Rraupy(E =79 = (uu(T(M, D)))?, V€ e€R", (3.16)
ey

where X7(n,p) is the Fourier transform of the characteristic function x7(a py. It can
be shown from (1.3) and (1.4) that X7(ar,p)(§) = pr(T(M, D))jirr,p(§). So we deduce
from (3.16) that

S lip(E )P =1, VEeR (3.17)
~N*eI™
Hence, I is a spectrum for pps p and pps,p is a spectral measure. O
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Therefore, under the condition that (M ~1D,S) is a compatible pair and |D| = |S]
|det(M)|, we know that par,p is a spectral measure. Is A(M,S) a spectrum for pps p?
In the following we provide a necessary and sufficient condition for (uar,p, A(M,S)) to
be a spectral pair.

We first introduce the following generalization of p-adic integers (see [11]). Let
M € M, (Z) be an expanding integer matrix and let S C Z™ be a complete residue system
(mod M*) with 0 € S. Then, for each xg € Z", there is a unique canonical representation
of ¢y in the form Z?io M*is;, where s; € S, which will be abbreviated as sgs;sg - - -
and called the M*-adic address of xg € Z™. It follows from Z"™ = S + M*Z" that the
ith entry s;, ¢ = 0,1,..., in the M*-adic address of z( is the unique element of S such
that s; = x;(mod M*), where z;11 = M*~(x; — s;) (recursive algorithm). The M*-adic
address sgs182 - -+ of xg is called finite if s; = 0 for all 4 sufficiently large. It can be shown
that the M*-adic address of every point zo € Z™ is finite if and only if A(M, S) = 2Z". Ifa
point zg € Z™ has an M*-adic address with repeating string s;;1 - - - 844, We say that xg
has a repeating address. Although a point xg € Z™ may not have a finite M *-adic address,

~

it can be proved that the M*-adic address of any point in Z™ is repeating [11, Lemma 2].

Lemma 3.8. Let M € M,(Z) be an expanding integer matrix and let S C Z™ be a
complete residue system (mod M*) with 0 € S. Then (I — M*")~1S,. contains no non-
zero Integer point for r = 1,2, ... if and only if A(M,S) = Z"™.

Proof. Suppose first that (I — M*")~1S, contains no non-zero integer point for r =
1,2,.... We need to show that A(M,S) = Z™ or, equivalently, the M*-adic address of
every point zy € Z" is finite. If the M*-adic address of some point y € Z™ is not finite,
then y € Z™" has a repeating address where the repetition is not zero. We assume that

Yy = 505182...5(]—1 Sq5q+1"'5q+7’—1 qu(]-‘rl”'sq-‘rf’—l“'
for some ¢ > 1 and r > 1. Then
"
Y— Yo = M qxa

where

Yo = S0S152 "+ Sg—1 and = = SqSq+1 " Sq+r—1SqSq+1 " Sqgdr—1""" -

Sox = M*"9(y — yog) € Z™ consists of that portion of y that repeats from the beginning.
Also (I — M*")x = E:;é M*'s,+; € Sy, and therefore (I — M*")~1S, contains a non-
zero point x € Z" which does not have finite address: a contradiction. Hence, A(M, S) =
7.

On the other hand, if A(M,S) =Z", then (I — M*")~1S, contains no non-zero inte-
ger point for r = 1,2,.... For if (I — M*")~1S, contains a non-zero point = € Z"
for some 7, then (I — M*")z = SI_) M*'s; with s; € S. The point # € Z" whose infi-
nite address consists of the repeated digits sg, s1,...,S,_1 satisfies the same equation:
(I —M")E= Z:;(} M*s;. Hence, x = ¥ has a repeating (non-finite) address; again this
is a contradiction. This proves Lemma 3.8. O
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Theorem 3.9. Let M € M, (Z) be expanding and let D, S C Z™ be finite subsets
with |D| = |S| = |det(M)] and 0 € DN S. Suppose that (M D, S) is a compatible pair.
Then (i, p, A(M, S)) is a spectral pair if and only if

AM,S)=2" and ur(T'(M,D))=1.

Proof. Suppose that (ppr,p, A(M,S)) is a spectral pair. It follows from Theorem 3.4
that (I — M*P)~1S, contains no non-zero integer point for p = 1,2, .... By Lemma 3.8,
we have A(M, S) = Z™. This in turn leads to

Yo lapE=NP =Y | -NP =1, VEeR" (3.18)

Aezr AEA(M,S)

which yields
> Rraepy (€ = NI? = (uL(T(M, D)))?, V¢ € R™ (3.19)
Aezn
Hence, {e(\-x) : A € Z"} is an orthogonal basis for L?(T (M, D)). Equivalently, T (M, D)
tiles R™ by Z"-translations or ur,(T'(M, D)) = 1.

On the other hand, it follows from pur,(T'(M, D)) =1 that (3.19) holds, which gives
(3.18) by A(M,S) = Z" and X, p)y (&) = finr,p(§). This shows that py p is a spectral
measure with spectrum Z". Therefore, we have the desired spectral pair (par,p, A(M, S)).

(|

Note that, in Theorem 3.9, either one of the two conditions A(M,S) =Z" and
pr(T' (M, D)) = 1 cannot guarantee that (uar,p, A(M, S)) is a spectral pair. For example,

vl o6 () ()
{0)-0)(8))

(M~'D,S) is a compatible pair. Since T(M*, S) is the fractal red cross, T(M*, S)NZ? =
{(0,0)T} [1, p. 58-59], we have A(M, S) = Z2. Furthermore, since the characteristic poly-
nomial of M is irreducible over Q, it follows from [12, Lemma 3.1 and Theorem 5.3]
that p,(T(M,D)) = 2. Hence, (um,p,A(M,S)) is not a spectral pair. Examples 4.5
and 4.7 in the next section illustrate the other case, in which up(T(M,D)) =1 but
A(M,S) # 7", and thus A(M, S) is not a spectrum for p p.

4. Remarks and examples

We first consider the Z-similarity of the expanding integer matrices. Two matrices
M, M, € M, (Z) are Z-similar, denoted by M ~ Mj, if there exists a unimodular matrix
P € M,(Z) (i.e. P is invertible and P~! € M,,(Z)) such that P~'MP = M;. The Z-
similarity is an equivalent relationship; its equivalence classes are called Z-similar classes.
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Let D,S C Z™ be finite subsets of the same cardinality. Let M, My € M,,(Z) be two
expanding matrices such that M ~ M; as above. Define D; := P~!'D, S; := P*S. Then
from Proposition 2.1 (i), (M; ' D1, S1) is a compatible pair if and only if (M~'D, S) is
a compatible pair. Also, from (1.5) and (1.6), we have

T(My,D;) = P~'T(M, D), A(Mq, S1) = P*A(M, S) (4.1)
and
finry. 0, () = [ mp, (My77) = [[ mp(M*~7(P*71€)) = finr.p(P*71). (4.2)
j=1 j=1
Therefore,
Yo o EFNEF= Y R (PTIE+ M) (4.3)
AeA(M;,51) AeA(M,S)

It follows from (1.2) or the Parseval identity that (ua p, A(M, S)) is a spectral pair if
and only if (s, p,, A(M7,S1)) is a spectral pair. In this sense, we have the following.

Proposition 4.1. Spectral pairs and compatible pairs are invariant under the Z-
similarity.

Note that, in the above discussion, it is not necessary that the elements of matrices and
sets are integer. The usual similarity over R and sets in R™ will yield the same result. For
example, given the expanding matrix M € M,,(R) and finite set D C R™ (not necessarily
an integer matrix and integer set), the self-affine measure uysp also has the following
property.

Proposition 4.2. Let M € M, (R) be expanding, D C R™ be a finite set and A C R™
be a discrete set. Suppose that P € M, (R) is non-singular with PM = MP. Then
(ar,p, A) is a spectral pair if and only if (par, p-1p, P*A) is a spectral pair.

In fact, Proposition 4.2 follows from the same discussion as above by taking M; = M
simply.

The Z-similar classification of expanding integer matrices was first studied by Lagarias
and Wang [8]. They showed that there are only six Z-similar classes of 2 x 2 integer
matrices with |det(M)| = 2. That is, the following proposition holds.

Proposition 4.3. Let M € Ms(Z) be expanding. If det(M) = —2, then

0 2
wefr] "

If det(M) = 2, then M is Z-similar to one of the following matrices:

[_01 g], i[_ll j, i[_ol j (45)
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The complete classifications for M € My(Z) with |det(M)| = 3,4,5 are given in [6].
Most of the expanding integer matrices in our example come from these Z-similar classes
such as (4.5).

Example 4.4. The Eiffel Tower (or three-dimensional Sierpinski gasket):

2 0 0 0 1 0 0
M=10 2 0f, D= O0}l,10},11],10 ,
0 0 2 0 0 1
0 0
S = 0 1
1
(M—'D,S) is a compatlble pair and (M* — = I. Obviously, each non-zero element
§ € S satisfies (M* — )15 € Z3. Therefore, Theorem 3.3 shows that (uar,p, A(M,S)) is

not a spectral pair (a question that cannot be answered in [4,5,9,10]).
For the general cases,

r 0 0 0 1 0 0
M=|0 r 0o, D=fo],lo],]3r|.]0]¢:
00 r 0 0 0 ir
(4.6)
0 1 1 0
S = of,|1],]01],]1 , TEZ, |r| =2
0/ \o 1 1

(M~1D,S) is a compatible pair. It is known that if » = —2 or |r| > 4 and even, the
corresponding (uar,p, A(M, S)) is a spectral pair, while if |r| > 2 and odd, for example,
r =3, then {e(\-z) : X € A(M,S)} is not orthonormal in L?(ups p). The case r = 2 was
an open question for a long time. The discussion here provides an answer. Since D C Z3
for r € Z and even, one cannot expect that a compatible pair (M ~!D, S) automatically
yields an orthonormal system {e(A-z) : A € A(M,S)} in L?(upr,p) without the condition
D cz".

Example 4.5.

=[] 2= {00 s={0)-())

Observe that

5’:{<8>7<Zl>}55(modM*) — ki E€Z, ky€2Z+1.

2

R 0\ (ks

D = o)\ 4k ED(mOdM) — k3€2Z+1, kg €Z.
4
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It follows from Theorem 3.3 that, for each ki € Z and ko € 27 + 1, the orthonormal
system {e(A-z): X € A(M,S)} is not complete in L?(u,, ) for any ks € 2Z + 1 and
k4 € Z. However, since M2 = 2K k € Z, T(M, D) = [0,1] x [0,1] and

it p(Er.2) = efw(£1+£2)ism(7r£1) sin(my) / o2 g @7)

’ &1 ) T(M,D)
pa,p is simply the restriction of the Lebesgue measure g, to T'(M, D) (this is a general
conclusion if pg,(T'(M, D)) = 1; see the proofs of Theorems 3.7 and 3.9). It is known that
{e(A-x) : X\ € Z?} is an orthonormal basis for L%([0,1]2). So pas,p is a spectral measure;
one of the spectra for ups p is Z2. This shows that even if (uns p, A(M, S)) is not a
spectral pair, we cannot assert that pas p is not a spectral measure. The only assertion
is that A(M, 5’) is not a spectrum for pps p if k1 € Z and ke € 2Z 4 1 (note that, in this
case, A(M, S) is a subset of Z2).

Example 4.6.

w= 1 o= {0) Gy o=10)-0))

Observe that the condition (3.10) of Theorem 3.4 is not satisfied if $ = S. We shall show
that (ua p, A(M, S)) is a spectral pair by applying Theorem 3.1 or Theorem 3.9.

In fact, it follows from M? = —2I that T(M*,S) = [—3, 2] x [-2,1]. The zero set
Z(mp-1p) of mp(M*~1t) = e™2/2 cos(Ints) is {(t1,2k +1) : t; € R, k € Z}, which is
disjoint from the set T'(M*,S). Hence, (uam,p,A(M,S)) is a spectral pair by Theo-
rem 3.1. On the other hand, since T(M*,S) contains no non-zero integer point, we
have A(M,S) = Z™ by Lemma 3.8. One can check A(M,S) =7Z" and ur,(T(M,D)) =1
directly to obtain the spectral pair (s, p, A(M,S)) by Theorem 3.9.

Note that this is the first example of the spectral pair (par,p, A(M,S)) in which M is
not a diagonal matrix. Of course, Z-similar classes of matrix M give such spectral pairs.
Also see the spectral pair produced by (4.13), below. Furthermore, compared with Exam-
ple 4.5, (M, D) is a unit square [~ 2, 1] x [~ 1, 2], ua,p is the restriction of the Lebesgue
measure to T(M, D) but A(M,S) = Z% In both examples, (M~1D,S) is a Gaussian
compatible pair.

In the case when

. 0 2k — 3ky + 1 0 3k,
S:{<0>7< 2k+11 )} or {(O)’(S(Zlﬂﬂ-l))}’ k,ki € Z,

we have S = S(mod M*). Tt follows from Theorem 3.4 that, for any D = D(mod M),
A(M, S) is not a spectrum for s p- In particular, (uar,p, A(M, S)) is not a spectral
pair compared with the above established fact that (uarp, A(M,S)) is a spectral pair
but S = S(mod M*).

Example 4.7. (a) Twin dragon:
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Since (M* — I)~! € My(Z), for any S = S(mod M*), i.e.

SO -
S—{<O>,<k2>}, ko — k1 €2Z + 1,

it follows from Theorem 3.3 that the orthonormal system {e(\-z) : A € A(M, S)} is not
complete in L*(p,, p) for any D = D(mod M).

(b) Terdragon:

w3 {0008 {6660

Since (M* — I)~1 € My(Z), for any S = S(mod M*), i.e.

A 0 1+ k1 + ko 2+ ks+ky .
S = kieZ, 1< 5 <4,

it follows from Theorem 3.3 that, for any D = D(mod M), (ks pr A(M,S)) is not a
spectral pair.

(c) Shark-jawed parallelogram [1, p. 45]:

b OO0 -

Since (M* — I)~' € My(Z), for any S = S(mod M*), i.e.

s (0 2k +1 2ks + 1 2ks
SN0 N2k k) N2k ks 1) T\ 2k Fhs+1) (7

where k; € Z, 1 < j < 6, it follows from Theorem 3.3 that the orthonormal system
{e(A-z): X € A(M, S)} is not complete in L?(y,, p) for any D = D(mod M).

Examples (a)-(c) have the same property that (M* — I)~! € My(Z). This prevents
us getting an orthonormal basis in L?*(up,p) from the compatible pair. However, it
follows from Theorem 3.7 that in Example 4.7 there does exist an orthonormal basis in
L?(par.p), i-e. pias,p is a spectral measure and one of the spectra is Z2. One can compare
this case with Example 4.5. On the other hand, since det(M* — I) = %1, it follows from
Lemma 3.8 that there is no set S C Z? that is a complete residue system (mod M*) such
that A(M, S) = Z2.

It should be pointed out that, in (c), if we take

N X
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then the corresponding result still holds. In fact, in this interesting case, we have

fne,p(€) = [T 4(1 +e2m6/2)

:e‘ﬁﬂﬂtgfﬂ, (4.9)

where ¢ = (£1,&)T € R?, and a familiar infinite product formula for cos(z/27) (the
Euler—Vieta formula) is used as in (4.7). The zero set of fiar,p(€) is

Z(am,p) ={(&,&)T € R? 1 & € Z\ {0}, & € RY.

Incidentally, we have the known identity

>

YEZL

— A1 2|
A'{<ﬁ(>\1)>€R .AleZ}, (4.11)

where 3 : Z — R is an arbitrary single-valued function.
It follows from (4.9)—(4.11) that

S o= NP =Y

AeA AEZ

<<v+t>>' _1, weR (4.10)

m(y+t)

Now define A by

2

sin(7 (&1 — M) |” _ Ve € R (4.12)

(€1 — A1)

Hence, pa,p is a spectral measure and one of the spectra is given by (4.11). In the
case (4.8), both A(M,S) and Z? are not spectra for uys,p, but the points {(A,0)T €
R? : A\ € Z} on the z-axis form a spectrum for pys p, compared with the Lebesgue-
measure case, in which each spectrum for a spectral set cannot be contained in any
proper affine subspace of R™ (see [2, Remark (3), p. 109]).

Example 4.8. We consider the problem in [10, Example 2.9 (b)]. In dimension 1,
let M = 4 and D = {0,2}. From a result in [5, Corollary 5.9], we see that pps p is a
spectral measure. Choose S = {0,5} and S = {0,3}. Then (M~'D,S) and (M~'D, S)
are compatible pairs. Strichartz [10, Example 2.9 (b)] showed that A(M,.S) is a spectrum
for par p. However, if one tries to replace 5 by 3 in the choice of S, then Strichartz’s
theorem does not apply. This leaves the question of whether or not A(M, S ) is a spectrum
for pas,p in [10]. In fact, from Theorem 3.3 above, one can easily show that the answer
to this question is negative.

Note that from Proposition 4.2 and (4.1), we know that A(M,S) is not a spectrum
for ppsp if and only if 2A(M,S) (where 2A(M,S) = A(M,2S)) is not a spectrum
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for arlp. So, by letting Ny = M = 4, Dy = §D = {0,1}, S; = 25 = {0,6}, the
condition (3.14) is satisfied for the compatible pair (N; ' Dy, S;) with m =1 and sj = 6,
while the sufficient condition of Theorem 3.2 is satisfied with m =1, no = 2 and sjj = 6.
We also get the negative answer to the question from Theorem 3.5 or Theorem 3.2.

4.1. Concluding remarks

We now present several concluding remarks on the problems that existent in the process
of dealing with spectral self-affine measures.

The combination of Proposition 2.3 and Corollary 3.6 yields a large number of new
spectral pairs in dimension 1. Of course, most of these spectral pairs cannot be obtained
by Theorem 3.1 in a simple manner. This is because the condition of Theorem 3.1 can
be very difficult to check. Example 3.1 in [7] addresses the condition of Theorem 3.1 by
Strichartz. We note that this example is not exact. In fact, in the case when N = 5,
D ={0,£2,4+11} and S = {0, +1, +2}, it follows from Proposition 2.3 and Corollary 3.6
that A(N,S) is a spectrum for py, p. Since

m E —1 1+2COS@+2COS@
P\5) 5 5 5 )

the first non-negative zero of mD(%t) is located in the interval [0.60,0.62]. Hence, the
zero set Z(ms-1p) of mp(£t) is disjoint from the set T(N, S) = [—3, 3]. By Theorem 3.1,
we also find that (un p, A(N,S)) is a spectral pair. To illustrate the superiority of our
result, the minor change in this example will do. Consider N = 5, D = {0,£7,+11}
and S = {0, %1, £2}. It follows from Proposition 2.3 and Corollary 3.6 that A(N, S) is a

spectrum for pn,p. Since

Y (14 9008 T g s 227
m = = - COS COS —
P\5) 5 5 5 )
1 1 7
mp(0) >0, mD(22) = 5(1—2+2605171r> <0,

we see that mp(£¢) has a zero in [0, 3], which is contained in T(N, S) = [—4, 1]. Theo-

rem 3.1 fails to yield the desired conclusion.

Theorems 3.3 and 3.4 only give sufficient conditions for a set not to be a spectrum,
due to technical reasons (see the open problems in [7]). We do not know whether the
hypotheses in Theorems 3.3 or 3.4 are necessary. Compared with Theorem 3.5, some
condition which is similar to ged(D) = 1 should be added to Theorems 3.3 and 3.4 in
order to obtain the necessity. But, compared with Theorem 3.9, this condition seems
to be superfluous. This is due to the fact that, in the case when |D| = |det(M)]|, the
higher-dimensional generalization of the condition ged(D) =1 is Z[M, D] = Z™, and the
condition pur,(T(M, D)) =1 implies that Z[M, D] = Z™, where Z[M, D] is the smallest
M-invariant sublattice of Z" containing the difference set D — D. In the case when
|D| < |det(M)|, the lattice Z[M, D] in the spectral pair (ua,p, A(M,S)) may have
different properties: either full rank or non-full rank. For instance, let M, D and S be
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given by (4.6), where r = —2 or |r| > 4 and even. Then the corresponding Z[M, D] is a
full-rank lattice. On the other hand, if we consider

e O0) O

then (unr,p, A(M,S)) is a spectral pair but Z[M, D] is not a full-rank lattice. To see this,
we first note that if M, D and S are given by (4.13), then (M ~1D,S) is a compatible
pair and

M =

fvp(§) = eﬂgli/?’smégfl)a £=(&,6)" e R (4.14)

So the A given by (4.11) is one of the spectra for pas,p. We then see that

« ((—2)s1 51,
AM,S) =4 %2]; (Y ) es k>1y, (4.15)

= 52,5

and

k—1
{Z(—z)jsl,j cs15 € {0,1}, k> 1} = 7. (4.16)
§=0
This shows that A(M,S) has the form (4.11), where (A1) : Z — {0,—1,-2,...} is a
certain single-valued function. Hence, (ua,p, A(M, S)) is a spectral pair and Z[M, D] =
{(k,0)T : k € Z} is not a full-rank lattice in R2.

In the Eiffel Tower or three-dimensional Sierpinski gasket, we have shown that the
condition (M* —I)~1 € M, (Z) or det(M* —I) = %1 led us to the conclusion that the
orthogonal system {e(A-z) : X € A(M, S)} is not complete in L?(ups,p). Thus, we cannot
obtain the orthogonal basis from the compatible pair in this case. Even so, pas,p may be
a spectral measure.
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