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OF ALMOST COMPLETE INTERSECTIONS
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§1. Introduction

Let A be a Noetherian local ring and p a prime ideal in A. Let
R(p)=@p' and G(p) = @ p'/p**
20 20

and call them, respectively, the Rees ring and the form ring of p. The
purpose of this paper is to clarify, provided p is an almost complete
intersection in A (cf. (2.1) for definition), when the rings R(p) and G(p)
are Gorenstein. The main results are contained in the following two
theorems (see also Theorem (3.4)):

TarEOREM (1.1). The following conditions are equivalent.
(1) G(p) is a Gorenstein ring.
(2) A is a Gorenstein ring and Alp is a Cohen-Macaulay ring.

TaeEoREM (1.2). Let r=dim A, and assume that A is a Cohen-
Macaulay ring. Then

(1) R(p) is not a Gorenstein ring, if r = 3.

(2) Suppose that r = 2. Then R(p) is a Gorenstein ring if and only
if G(p) is a Gorenstein ring.

Similar results for r < 1 on the Gorensteinness of R(p) may be found
in Section 4 (cf. Lemma (4.1) and Theorem (4.4)).

The proof of Theorem (1.1) (resp. Theorem (1.2)) shall be given in
Section 3 (resp. Section 4). We will summarize in Section 2 some basic
results on almost complete intersections, which we frequently need to
prove the above theorems.

Throughout this paper, let A be a Noetherian local ring of dim A
= d and m the maximal ideal in A. Let H!(.) denote, for each i, the
i™™ local cohomology functor relative to m.
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§2. Preliminaries

First of all, let us recall the definition of almost complete intersec-
tions.

DEeFINITION (2.1). Let p be a prime ideal of A with dim A, = r.
Then p is said to be an almost complete intersection in A, if p is mini-
mally generated by r + 1 elements and if the local ring A, is regular.

For instance, let d > r = 0 be integers and let R be a regular local
ring of dimension d + 1. Let

r+1
f=ab+ >,a; and P = (@, a -+, 0,.)R,
=

where q;, a,, -+ -, a4, b is a regular system of parameters for ER. We put
A = R[fR and p = P|fR. Then dim A, = r, and the ideal p is an almost
complete intersection in A. Clearly A is a Gorenstein ring of dimension
d and A/p is regular.

ExampLE (2.2). Let E[[X, Y, Z]] and k[[t]] be formal power series rings
over a field 2 and let H be a numerical semigroup generated by 3 ele-
ments, say H = {a, b,c). Let ¢:k[[X, Y, Z]] — k[[t]] be the k-algebra
map defined by

oX)=t*, oY)=¢t and o(Z)=t.

We put p = Ker . Then if the ring k[[¢%, , ©°]] is not Gorenstein, the
prime ideal p is minimally generated by 3 elements and is an almost
complete intersection in E[[X, Y, Z]] (cf. [6]). For instance, let H =
{3,4,5). Then

p=X*-YZ Y- XZ, 7} - X*Y),

which is a typical example of almost complete intersections in E[[X] Y, Z]].

Let e(A) be the multiplicity of A relative to m. Given a finitely
generated A-module M, let v (M) denote the number of elements in a
minimal system of generators for M. We put v(A) = v,(m), the embed-
ding dimension of A.

PropoSITION (2.3). Let A be a regular local ring and p a prime ideal
of A contained in m®. Assume that A[p is a Cohen-Macaulay ring with

UW(A/p) = e(Alp) + dim Ajp — 1.
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Then the following conditions are equivalent.
(1) p is an almost complete intersection in A.

(2) e(Ap) = 3.

Proof. By [14, Theorem 1] we get v (p) = (¢, where e = e(A/p).
Notice that

v(p) — dim A, = v(p) — (d — dim A/p)
=vp)—(e—1
= (vp) —e) + 1,

since d =e + dimA/p — 1 by our assumption. Then p is an almost
complete intersection in A if and only if (§) = e, i.e., e = 3.

Let H C N* be a finitely generated additive submonoid of N* with
rank, H = 2. Let k be a field and k[H] the monoid algebra of H over k.
We denote by t*, for each h e H, the canonical image of A in k[H]. Let
hy, By -+, h, be a minimal system of generators for H. Let R =
kX, X;, - -+, X,] be a polynomial ring and let ¢: R — k[H] denote the
epimorphism of k-algebras defined by (X)) =t for all 1<i<v. We
put A = R, and p = PA, where

M=X,X, - --,X,)R and P=ZKerop.

COROLLARY (2.4). Suppose that the ring k[H] is normal. Then the
following conditions are equivalent.

(1) p is an almost complete intersection in A.

2 v=4.

Proof. Let S = k[H] and N = (t"*|1 < i < v)S. Clearly Sis a Cohen-
Macaulay ring, as it is normal and of dimension 2. Moreover by virtue
of [3], we get that v(S,) = e(Sy) + 1. Hence as v = v(S,), the assertion
follows from (2.3).

Because the structure of 2-dimensional normal semigroups H (CN?)
is completely known (cf., e.g., [1]), one has, by (2.4), numerous examples
of almost complete intersections p of height 2 in the regular local ring
A = k[X, X,, X,, X,],,. For instance,

p =X - XX, XX, — XX, X;— XX)A

where H = (0, 5), (1,2), (3,1), (5,0)>,
p=(X; - XX, XX — XX, Xi:—- X,X)A

where H = {(0, 3), (1,2), (2,1), (3,0)>,
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b= (Xg - X1Xav X% - Xz)(u X1X4 - X§X§)A
where H = ((0, 8), (1, 3), (3,1), (8,0)).

Now let us fix a prime ideal p of a Cohen-Macaulay local ring A
and assume that p is an almost complete intersection. We put r = dim A,.
The next result (2.5) is already known (cf., e.g., [4] and [9]). How-
ever we need it so frequently that we shall give a proof for completeness.

LeEmMA (2.5). There exist elements a, a,, - - -, a,., of A such that

(1D p=(ay,0ay -, 0a.,) and pA, = (a, @, - - -, a,)A,,

@) a,a,---,a, is an A-regular sequence,
and

@ (@, -,a)a,.,=(@,- -, a)a,,.

Proof. Choose elements a,,a,, - - -, a,,, of A so that p=(a,,a,, -, a,.,),
PA, = (a, a - --,a,)A,, and ht(a, a,, ---,a,) = r (cf. [12, p. 427, Corollary
2]). Then a,a,, ---,a, is certainly an A-regular sequence, as A is Cohen-
Macaulay.

Let us prove the assertion (3). Passing to the ring A/(a, a,, - - -, a,),

we may assume that r =0. Let xe A and suppose that a,x +0. We
choose Pe Ass A so that a,x + 0 in A,. Then as a, #0 in A,, we get
P X p = (a,) (recall that A, is a field). Consequently aix = 0 in A, since
g, is a unit and x#0 in A,. Thus ae¥x+0 in A and we get that
0): a, = (0): a? as required.

Let a,, a,, - -, a,,; be elements of A obtained by Lemma (2.5). Then
by the conditions (2) and (3) we get

(@, a)a;=(a, -+, 0,.): a0,

whenever 1 <i<j<r-+ 1. Accordingly we immediately have the fol-
lowing

COROLLARY (2.6) ([9]). The equality

(ala ) a‘[) N pn = (al, Tty a’i)pn_1

holds for any integers 1< i <r+ 1 and n.

COROLLARY (2.7) (cf., e.g., [8, p. 488, Remark]). Let S(p) denote the
symmetric algebra of the A-module p. Then

S(p) = R(p)
as A-algebras.
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We put s = depth A/p. Let N = mR(p) + [R(p)]. (resp. M = mG(p)
+ [G(p)].) be the unique graded maximal ideal of the Rees ring R(p)
(resp. the form ring G(p)) of p. Then as is well-known,

dim [R(p)ly =d +1 and dim [G(p)]ly = d

(cf., e.g., [17]). Moreover we have

ProrosiTioN (2.8) ([4]). (1) depth [G(p)]y = min{d,s + r + 1}.
(2) depth [R(p)]ly = min {d, s + 2} (r = 0),
=min{d + 1, s+ r+ 2} (r > 0).
By virtue of this result we can easily estimate, in terms of s = depth A/p
and r = dim A,, when the rings R(p) and G(p) are Cohen-Macaulay.
We close this section with one more remark. Let B be, for a

moment, an arbitrary Noetherian local ring with maximal ideal n and
E a Cohen-Macaulay B-module of dimension k. We put

ry(E) = dim,, Ext% (B/n, E)
and call it the type of E.

Lemma (2.9) ([7, 1.22]). Let x be an E-regular element of B. Then
ri(E) = ry(E[xE).

We denote ry(B) simply by r(B), in case B itself is Cohen-Macaulay.
When B is not necessarily local, we put

r(B) = sup r(Bp)

PeSpec B

and call it the global type of B (cf. [2]). Notice that the invariant r(B)
measures how the ring B differs from Gorenstein rings: B is a Gorenstein
ring if and only if B is Cohen-Macaulay and r(B) = 1.

§3. The Gorensteinness of form rings G(p) and Proof of Theorem

1.1)

Similarly as in the previous section, we suppose that A is a Cohen-
Macaulay local ring. Let p be a prime ideal in A and assume that p
is an almost complete intersection. We put

R = R(p), the Rees ring of p,
G = G(p), the form ring of p,
N = mR + R,, the unique graded maximal ideal of R,
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M = mG + G,, the unique graded maximal ideal of G,
r=dimA,,
s =depth Ajp .
Usually we identify R with the A-subalgebra
AlaT |a e p]

of A[T], where T is an indeterminate over A. Let a, @, ---,a,.; be
elements of A obtained by Lemma (2.5). We put

IT=(a, -,a,): Q. .
To begin with, we need the following
PropositioN (8.1). dim A/l =d — r and
depth A/ =min{s + 1, d — r}.

Proof. Since I = (a, ---,0a,):@a,,, and p = (a, ---,a,, a,,;), we get a
short exact sequence

(%) 0— All—> Ala, @, ---,0) —> Alp—>0

of A-modules. As s = depth A/p and as Af(a,a,, ---,a,) is a Cohen-
Macaulay ring of dimension d — r, the second assertion follows from
the sequence (#).

For the first assertion, notice that the ideal I consists of zero-
divisors in A/(a,, @,, - -+, a,). Therefore we may choose Pe Ass, A/(a,, a,
---,a,) so that P D I, whence dim A/l = dmA/P =d —r. As dim A/l
< dim A/(e, @, ---,a,) =d —r, the required equality dimA/I=d —r
now follows.

COROLLARY (3.2). Assume that r = 0 and that Alp is Cohen-Macaulay.
Then A/l is a Cohen-Macaulay ring of dimension d.
Lemma 8.3). pNI=(a,a,- --a,).

Proof. Passing to the ring A/(a,, a,, --+,@,), we may assume that
r=0. Let xep N I and write x = ¢,y with ye A. Then a;x = aly = 0,
as xeI = (0):a,. Therefore x = a,y = 0, since (0): a, = (0): a* by (2.5) (3)
and we get that p N I = (0).

THEOREM (3.4). Assume that A/p is Cohen-Macaulay. Then G is a
Cohen-Macaulay ring of r(G) = r(A).
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Proof. As s =d —r, we see by (2.8) (1) that the local ring G, is
Cohen-Macaulay whence G is (cf. [11]). Let

f; = a; mod p*

(1 <i<r). Then it follows from (2.6) and [16, Theorem 1.1 and Propo-
sition 2.6] that the forms f, f, - - -, f, constitute a G-regular sequence and

G/(fnfz, o ',fr) = G(p/(an Qgy -+, ar))

as A-algebras. Consequently, as r(G) = r(G,) (cf. [2, Theorem 3.1]), by
(2.9) we may assume, passing to the ring A/(a, a,, - - -, a,), without loss
of generality that r = 0. Notice that in this situation all the A-modules
A/p, A/I, and I are Cohen-Macaulay and of dimension d (cf. (3.2)).

Choose te A so that p = (0):£. (Notice that teIbutte p.) We put
a = a,.

Claim 1. a +t is regular in A.

Proof. We put b, = a + ¢. Then clearly b, is regular on A/p, as
b,egp. Let xe A and assume that bxeI. Then a-b,x = a*x = 0, because
at =0 and I=(0):a. Hence xelI= (0):a* and b, is regular on A/L
Since the ring A is, by (3.3), embedded into the direct sum A/p ® A/,
we get that b, is regular also in A.

By this claim we find that the element b, = @ 4+ ¢ can be extended
to a system, say b, b,, - - -, b, of parameters for A. We put

J= (bZ’ b3: ] bd) .
Claim 2. dim A/(p + ¢tI + J) = 0 and (G) = r(A/(p + tI + J)).

Proof. We get dim A/(p + tI+ J) =0, as p + tI + J O (b?) + J (recall
that te ).

Consider the second equality. Let X be an indeterminate over A
and let ¢: A[X] — R be the epimorphism of A-algebras such that ¢(X)
=aT. Then as I = (0):a = (0): a* we get Ker¢y = X.TA[X] whence

A[X]/(PA[X] + X TA[X]) = G
as A-algebras (recall that R/pR = G). Consequently we have isomorphisms

(#)  Aflp + tI + J) = A[X]((X — 1) + pAIX] + X-TA[X] + JA[X])
= GI(X — t, by, by, - -+, b)G

of A-algebras. Thus, since dim A/(p + tI + J) = 0 as is proved above,
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we find that G/(X — ¢, by, b, - -+, b,)G is an Artinian local ring whence
X —1t byby,---,b, is a system of parameters for the Cohen-Macaulay
local ring G,. In particular

r(Gy) =r(G[(X —t, b, b, -+, )6
by (2.9). Hence the equality
r(G) = r(Al(p + tI + J))
follows from the isomorphisms (%), as r(G) = r(Gy) (cf. [2]).

Claim 3. There exist exact sequences

(1) 0—> Ij(by, by, - - -, b)—> Af(p + ¢ + J) 1>
Allp+I+J)—>0
(2) 0 —> I/(by, by, - - -, b)I —> Al(by, by, - - -, b)) —=>

Alp +I1+J)—>0
of A-modules, where f and g are canonical epimorphisms.
Proof. (1) Tt suffices to show that
@+ I+ Dp + L+ J) = I(by, by, - -, b)I

as A-modules. Notice that (p +I+J)(p+tI+J) = I/I N (p + J) + ¢I).

First of all, we shall prove that IN (p + J) = JI. LetxeIN (p + J)
and write x = ax, + > %, b,x, with x,¢ A (1 <i<d). Then as at = ax
= 0, we get

ax,-(a + 1) + é b,-(ax;) = 0.

Consequently ax; eJ because b, =a + ¢, b, ---,b, is an A-regular se-
quence, whence we find that x = ax, + > %, bx;e JNL As JNI=dJI
(vecall that by, b, - - -, b, is an A[I-regular sequence), this guarantees that

INp+dJ)=dJdI

as claimed.
Now recall that tI = (a + #)I and we have

IN@+IN)+tI=JdI+ (a+ I = (b, b, ---,b)I.
Thus (p + I+ JS)/(p + tI + J) = I)(b,, b,, - - -, b,)] as A-modules.
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() Becausep +I+J=I+(a+tby---,b) and by=a+ ¢, by, ---, b,
is an A/I-regular sequence (cf. (3.2)), the required exact sequence (2)
immediately follows from the short exact sequence

0—>I—>A—>A[T—0.

Now let us finish the proof of Theorem (3.4). We have only to prove
that

r(A/(p + tI + J)) = r(A/(bu b2, ) bd)) ’

because r(G) = r(A/(p + tI + J)) by Claim 2 and r(A) = r(A/(b, b,, - - -, b))}
by (2.9). To do this, it suffices to show that

fAO): mlysuaen) = (0)
and
8([(0): M]avs,55-.e00) = (0)
in the exact sequences obtained by Claim 3 (recall that
r(Al(p + I + J)) = dim,n [(0): mLypeiren
and
r(A[(b, by, - - -, by) = dim . [(0): Mm14s61.50,0m 00

by definition).

Let xe¢ A and assume that mx Cp ¢t +<J. Thenastxep + I+ J,
we may write #x — y)ep -+ J with yeclI. Notice that (¢ + &)(x — y)ep
4+ o, as aep. Then we get x — yep + J, because b, = a + ¢ is regular
on A/(p +J). Thus xep + I+ J, ie.,

fxmodp +tI+J)=0 in A/(p+I1+J).

Let x € A and assume that mx C (b, b,, - - -, b;). Then tx = (¢ 4 )y + 2
for some yc A and zeJ. Because t(x —y)ep + J, we get xep + 1+ J
as is mentioned above. Thus

g(med(bh bZ,"'ybd)):O in A/(p+I+J)’
which completes the proof of Theorem (3.4).

COROLLARY (3.5). Assume that A is a Gorenstein ring. Then the fol-
lowing three conditions are equivalent.
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(1) G is a Gorenstein ring.
@) G is a Cohen-Macaulay ring.
B) A/p is a Cohen-Macaulay ring.

Proof. (3)= (1) See (3.4).

(1) = (2) This is obvious.

(2) = (3 By the same reason as in Proof of Theorem (3.4), we may
assume that r = 0. Then as G is Cohen-Macaulay, we get s>d — 1
by (2.8) whence A/I is, by (3.1), a Cohen-Macaulay ring of dimension d.
Notice that (0): I = p, since I is contained in A/p as an ideal (cf. (3.3)).
Then we find by [10, Proposition 3.1] that the ring A/p is Cohen-Macaulay,
because A is Gorenstein by our standard assumption.

Proof of Theorem (1.1).

(2) = (1) This follows from (3.4).

1) = (2) By (3.5 it is enough to show that A is Gorenstein. We
put

R = R[T-].
Then as is well-known,
G = R|T'R’

as graded A-algebras. Let N = mR + T-'R’' + [R’],. Then N’ is a
unique graded maximal ideal in R’ and the local ring R}./T-'R}, = Gy
is, by our assumption (1), Gorenstein. Therefore so is R}, as T-! is R’-
regular. Hence we get by [2, Theorem 3.1] that R’ is globally Gorenstein.
Consequently the ring A[T, T-'] = R'[T] is still Gorenstein and so we
conclude that A itself is a Gorenstein ring (notice that A[T, T-'] is a
faithfully flat extension of A).

ExampLE (3.6). Let A = k[[X, Y, Z]] be a formal power series ring
over a field 2 and put
p=X*—-YZ Y- XZ Z°* — X*Y)

in A. Then as A/p is a Cohen-Macaulay ring (cf. (2.2)), we get by (3.5)
that the ring G(p) is Gorenstein.

Similarly let A = k[[X, Y, Z, W]] be a formal power series ring and
put

p=(Z*— YW, XW -~ Y*Z, Y* — XZ)
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in A. Then p is a prime ideal of A with height 2 and is an almost
complete intersection in A (cf. Section 2). Moreover the ring G(p) is
Gorenstein, as A/p is Cohen-Macaulay also in this case.

§4. The Gorensteinness of Rees rings R(p) and Proof of Theorem
(1.2)

We shall maintain the assumption and notation in the preface of
Section 3.
First of all, we note the following

Lemma (4.1). The ring R is not Cohen-Macaulay, if r = 0.

Proof. The local ring R, is not Cohen-Macaulay, as depth R, < d
by (2.8) (2) (recall that dim Ry, = d + 1, cf.,, e.g., [17]).

ProprosiTioN (4.2). Suppose that r = 3. Then the ring R is not
Gerenstein.

Proof. The ring R, = R(pA,) cannot be Gorenstein, since A, is a
regular local ring of dim A, = r = 3 (cf,, e.g., [6, Theorem (1.2)]).

Let K be an A-module. Then K is called the canonical module of
A, if

A @ K = Hom, (Hi(A), E(A|m))

as A-modules, where A (resp. E,(A/m)) denotes the completion of A
(resp. the injective hull of A/m). The canonical module of A is, if it
exists, uniquely determined up to isomorphisms, which we denote by K.
Various properties of canonical modules are discussed by [7]. Here let
us summarize some of them, which we shall need later.

ProrosiTioN (4.3). (1) The ring A possesses the canonical module
if and only if A is a homomorphic image of a Gorenstein ring.
(2) Suppose that A possesses the canonical module K,. Then

V(K =T1(A).

(8) Let K be an A-module. Then the following two conditions are
equivalent:
(a) K=K,
() (i) K is a Cohen-Macaulay A-module of dimension d,
(ii) [@:K],= (0), and (i) dim,,[(0): m],gw = 1.
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(4) Suppose that A contains the canonical module K, as a proper
ideal. Then A/K, is a Gorenstein ring of dimension d — 1.

Proof. (1) The if part is due to [7, 5.19]. See [13] for the only if
part.

(2) See [7, Satz 6.10].
) (a)=>(b) See [7, Satz 6.1 and Lemma 6.6].

(b) = (a) We may assume that A is complete. First of all,
recall that

(%) K = Hom, (Hom, (K, K,), K,)

as A-modules since the A-module K is Cohen-Macaulay and of dimension
d (cf. [7, Satz 6.1]). Notice that

Hom, (K, K,) = Hom, (H}(K), E(Alm))

(cf. [7, Satz 5.2]) and we find, by the condition (iii), that the A-module
Hom, (K, K,) is cyclic. Accordingly it follows from the condition (ii) that

Hom, (K, K,) = A

because (0): Hom, (K, K,) = (0): K (cf. (4)), whence we get by the iso-
morphism (4) that K = K, as claimed.
(4) See [7, Korollar 6.13].

THEOREM (4.4). Assume that r = 1. Then the following two condi-
tions are equivalent.

(1) R is a Gorenstein ring.
2 K, =(a):a,.
(Here a,, a, are elements of A obtained by (2.5).)

In order to prove Theorem (4.4) we need one more lemma. Let A[X]
be a polynomial ring over A and let P = mA[X] 4+ XA[X], the unique
graded maximal ideal of A[X]. We denote by H:(-), for each i, the local
cohomology functor relative to P. Given a graded A[X]-module L, we
consider Hi(L) to be a graded A[X]-module whose homogeneous com-
ponent of degree n shall be denoted by [Hi(L)], (neZ).

LEmmA (4.5). Let E be a finitely generated A-module and i an integer.
Then

(1) [HEY(A[X]®, E)], = (0) for all n = 0.
2 [Hi(A[X]®,E). = Hi(E) as A-modules for all n < 0.
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Proof. For a given graded A[X]-module L, we denote by L(—1) the
graded A[X]-module whose underlying module coincides with that of L
and whose graduation is given by [L(—1)], = L,_, (ncZ). With this
notation, first of all, consider the exact sequence

0——>(A[X]@E)(_DLA[X]@E—J_»O

of graded A[X]-modules. Apply functors Hi(-) to this sequence and we
get a long exact sequence

(#) s —> Hi(E) > HF(AIX] @ EX—1)
> HAXIQ B) —> -

of local cohomology modules.
Now assume that [HZY(A[X]®, E)]. # (0) for some integer n. We
choose such n as large as possible. Then as

X-[Hz'(A[X] ® E)X—D],.. = (0),
we get by the sequence (#) that

(0) # [HE(A[X] ® EX=Dlasi © 3 Hu(E))+) 5
whence [Hi(E)],., # (0). Thereby we get n + 1 = 0, because [H.(E)], =
(0) for all g 0. Thus
[Hz'(A[X] ® E)], = (0)
for all integers n = 0 and i.
Let us prove the assertion (2). Let n < 0 and i be integers. Consider
the homogeneous component of degree n (resp. degree 0) in the sequence

() and, because HI(E) = [HI(E)), (resp. [H}(A[X] ®, E)], = (0) by the
assertion (1)) for all j, we get an isomorphism

[H(AX]® E)l-y = [HF(AIX]Q B
(resp. H,(E) = [HF(AX] ® E)]-)
of A-modules. Hence
[HF(AIX] ® E)). = Hu(E)

for all integers n < 0 and i.
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Proof of Theorem (4.4).

Let A[X, Y] be a polynomial ring over A and let ¢: A[X, Y] — R be
the epimorphism of graded A-algebras defined by o(X) = a,7 and ¢(Y)
= a,T. Then by virtue of (2.7) we find that

Ker¢ = (b, X + b,Y|b,, b,e A such that a,b, + a,b, = 0)
in A[X, Y]. Hence
(2) A[X]/X - TA[X] = R/(a,T)

as graded A-algebras, where I = (a): a,. o

(1) = (2) First of all, notice that s >=d — 2 by (2.8) (2), as R is
Cohen-Macaulay and as r = 1. Then we get by (3.1) that A/l is a Cohen-
Macaulay ring of dimension d — 1. Hence the A-module I is Cohen-

Macaulay and of dimension d.
- Now apply functors H:i(-) (here P = mA[X] 4+ XA[X]) to the exact
sequence

0—> (JAX])(—1) — A[X] —> A[X]/X IA[X]—> 0
of graded A[X]-modules. Then we obtain an exact sequence
() 00— HL(AIX]/X TA[X]) —> HETAIXI(—1) —> HEHALX]D)
of local cohomology modules. Recall that
[HE(A[XD) = (0) and [HE'IA[XD], =(©0) (nz=0)
by (4.5) (1). Then we get, by the above sequence (b) and (4.5) (2), that

() [HH(ALX])/X-TA[XD], = (0) (n>0) and
[HE(ALX]/X-TA[X]], = H(D) .

On the other hand, recalling that R/(a,T) is a Gorenstein ring as R is
Gorenstein by our assumption (1) and as ¢,T is a regular element of R,
we find by the isomorphism (a) that the ring A[X]/X -TA[X] is also
Gorenstein. Hence

dimA[X]/P [(0): P ]HdP(A[X]/X-IA[X]) =1
and consequently, by the assertion (c), we get that
dimyn [(0): mlgeqy = 1.

Since [ is a Cohen-Macaulay A-module of dimension d and . since
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[(0): I1, = (0) (recall that I contains a non-zerodivisor @, of A), we con-
clude by (4.3) (3) that I = K, as required.
(2) > (1) We have by the assumption (2) that

Kz, = X-IA[X];,

since JA[X] = X -TA[X] as A[X]-modules and K, = A[X], ®, K, (cf. [T,
Korollar 5.21]). Hence, by (4.3) (4), the local ring A[X],/X -IA[X], is
Gorenstein and thereby we get, by the isomorphism (a), that so is the
ring R,/(a,T)Ry. Because a,T is R-regular, R, is Gorenstein and thus
we have by [2, Theorem 3.1] that R is globally a Gorenstein ring. This
completes the proof of Theorem (4.4).

COROLLARY (4.6). Assume that r = 1 and that A is Gorenstein. Then
R is not a Gorenstein ring.

Proof. Suppose that R is Gorenstein. Then we have, by (4.3) (2)
and (4.4), that

vla):a) =1.
Let I = (a,)):a, = (b) with be A.
Claim. begp.

Proof. If bep, then we get I = (a) as p N I = (a,) by (3.3). Hence
a, a, is an A-regular sequence and so we have r = dim A, = 2 — this is
impossible.

We write @, = bx and a@,b = a,y with x,yec A. Then xep = (a, a,),
since be p by the above claim. Express x = ¢,z + a,w with z, we A.
Then as a, is A-regular and as

a, = bx
=aqa,-bz + a,b-w
=a,-bz + a,-yw,
we get 1 = bz + yw whence y is a unit of A. Hence a,¢c(a,), as a,b =
a,y by our choice and therefore p = (a,) — this contradicts our standard

assumption that p is minimally generated by 2 elements. Thus R is not
a Gorenstein ring.

ExampLE (4.7). Let E[[s, ¢, u]] be a formal power series ring over a
field k. We put
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A = E[[s% t, §%, st, su, tu]]
in E[[s, ¢, u]] and
p = (s’u, tu)A .

Then

(1) A is a Cohen-Macaulay local domain of dim A = 3;

(2) p is a prime ideal of height 1 and is an almost complete inter-
section in A;

(8) the ring R(p) is Gorenstein;

(4) the ring G(p) is Cohen-Macaulay but not Gorenstein.

Proof. (1) As B = k[[s% ¢, s st]] is a Buchsbaum local domain of
dimension 2 and as s% ¢ is a system of parameters for B, we know by
[15] that A is a Cohen-Macaulay ring of dimension 3.

(2) As B = A/p, the ideal p is prime and dim A, = 1. Clearly p is
an almost complete intersection in A (recall that pA, = (s'u)A,).

(38) Notice that the elements a, = s*v and q, = tu fulfill the condi-
tions (1), (2), and (3) in Lemma (2.5). Let I = (s*w):fu in A. Then as
depth Alp =1, we get by (3.1) that A/l is a Cohen-Macaulay ring of
dimension 2. Hence the A-module I is Cohen-Macaulay. Therefore in
order to prove that the ring R(p) is Gorenstein, it suffices, by (4.3) (3)
and (4.4), to show that

dimA/m [(0): m]Hg‘(I) = 1 .
Let r,(I) = dim,,,, Ext} (A/m,I). Then we get, by [7, Satz 5.2 and
Satz 6.10], that

dim ., [(0): m]H*,‘,,(I) = v, (Hom, (H}(I), E (A[m)))
= v, (Hom, (I, K,))
=r,).

Hence we have only to show that r,(I) = 1. Notice that s* t — s’u, tu
is a system of parameters for A and that

I = (s’u, s* sHA .
Then as
r ) = dim,,, [(0): m]l/(sﬁ,t-szu,tu)z

by (2.9), it is now routine to check that r,(I) = 1, which we leave to the
reader.
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(4) The assertion that G(p) is not Gorenstein follows from (1.1),
because A/p (=B) is not a Cohen-Macaulay ring in this example (see
also (4.6)). Of course G(p) is Cohen-Macaulay by (2.8) (1).

The rest of this section is devoted to a proof of Theorem (1.2).
Notice that the assertion (1) in Theorem (1.2) is already given by (4.2).
To prove the assertion (2) we need a few preliminaries.

In what follows, we assume that r = 2 and put

A=Ala, A, p=pla,A, and R = R(p).

Let ¢: R — R be the epimorphism of Rees rings induced by the canonical
map A—A. Let A[X,Y,Z] be a polynomial ring over A and let
J: A[X, Y, Z] — R denote the homomorphism of A-algebras defined by

WX) =aT, WY)=aT, and (Z)=aT.
Then we have the following

Lemma (4.8). (1) Ker o = (a,, a,T).
@) Kery = (b,X+ b,Y + b,Z|b,, b,, b, € A such that a,b, + a,b, + a;b,
= 0).

Proof. (1) This follows from the equality a,A N p* = a,p™! (n > 0),
cf. (2.6).
(2) See (2.7).

COROLLARY (4.9). There exists an exact sequence
0—> G(—1)—> R/a,R—> R—>0
of graded R-modules.
Proof. Notice that

(@, a,T)/a,R = (a,T)/(a,T) N a,R
= (a,T)/a,T-pR
= (R/pR)(—-1)

as graded R-modules. Then since G = R/pR, we get by (4.8) (1) the
required exact sequence at once.
We put

Q = (a,T, a,T — a,, a,T — a))R

and
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q = (a,b, + a,b,|b,, b, e A such that a,b, + a;b, + a,b, =0
for some b, e A) .

LEmma (4.10). (1) q D (d}, ai — a,a, a,ay).
(2) Alq = R|Q as A-algebras.
B) dimA/g=d— 2.

Proof. (1) Notice that a,(—a,) + a.,a, =0, a.a; + ay(—a,) =0, and
a(—ay) + a,a, = 0.
(2) We have an isomorphism

AX, Y, ZI(X, Y — a,, Z — a) + Ker ) = R/Q

of A-algebras. Notice that, by (4.8) (2), A/q is isomorphic to the ring
on the left hand side.

(8) We get dim A/qg < d — 2 by the assertion (1), since a?, ai — a,a,
is an A-regular sequence. Recall that dim R, = d + 1 and that the ideal
Q@ is generated by 3 elements in N. Then we have

dim R/Q = dim R,/QRy = d — 2,

whence dim A/qg = dim R/@ = d — 2 (recall that A/q = R/Q by the asser-
tion (2)).
Now we are ready to prove Theorem (1.2).

Proof of Theorem (1.2) (2).

Assume that R is Gorenstein. Then we have s > d — 3 by (2.8) (2).
Hence by (2.8) (2) (resp. (2.8) (1)), the ring R (resp. G) is a Cohen-
Macaulay ring of dimension d. Therefore applying functors Hji(:) to
the exact sequence obtained by (4.9), we get a short exact sequence

(%) 0 — [Hi(®N—1) —> Hi(R/a,R) —> H}(R) —> 0

of local cohomology modules. Recall that dimpgy [(0): Nlx¢ z/ary = 1, as
the ring R/a,R is Gorenstein. Then we have by the sequence (#) that

dimg,, [(0): M]H‘}fl(a) =1,

whence G is a Gorenstein ring. ‘

Conversely suppose that the ring G is Gorenstein. Then by (1.1) A
is Gorenstein and A/p is Cohen-Macaulay. Hence R is, by (2.8), Cohen-
Macaulay. Since o,7T, a,T — a,, a,T — a, is a subsystem of parameters for
the local ring R, and since A/q = R/(a,T, a,T — a,, a,T — a,) (cf. (4.10),
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(2) and (3)), in order to prove that the ring R is Gorenstein it suffices
to show that so is the ring A/q.

Let J = (@}, a3 — a,a;)A. Then as A is Gorenstein and as a’, @} — a,a,
is an A-regular sequence, the ring A/J is again a Gorenstein ring of
dimension d — 2. Recall that ¢ D J and that A/q (=R/®) is a Cohen-
Macaulay ring of dimension d — 2. Then we find by [10, Proposition
(3.1) (¢)] that

r(Alg) = v((J: @) .

Lemma (4.11). J:q = J + (ay).

Proof. Let b, b,, b, be elements of A such that a,b, + a,b, + a,b, = 0.
Then as a = a,¢, mod J, we find that
a,-(a,b, + a.b) = a,-(a,b, + a.b;)
al‘(“albx)
0

I

IM

modJ. Hence a,q C J.

Conversely let xeJ:q. First of all, we shall show that xe(a, a,).

In fact, as a,a,€q (cf. (4.10) (1)), we may write

a,a,x = aiy + (@ — a,a,)z
with y,ze A. Hence ze(a), as a,al — a,0;, is an A-regular sequence.
Let z=auv with ve A. Then we get, as a,x = q,y + (a} — a,a,)v, that
a(x — av) € (a;,). Hence xe¢(a, a,) as required.

Now let us write x = a,f + a,g with f,ge A. Then a,fc J: q, because
a,ed: q as is proved earlier. Let ¢ be an element of A such that p =
(a, a,):t. We express ab, - a,b, + a;t =0 with b, b,¢ A. Then ab, +
at € g by definition, whence a,f-(a,b, + a,p) e J. We write

a.f-(a,b, + at) = ah + (¢ — a,a,)k
with h, ke A. Notice that ke (a,), because a,, ai — a,a, is an A-regular
sequence. Let k= o,k with ¥’ ¢ A. Then
f‘(albz + a5t) = ah + (a3 — a,a)k
clearly and so we find that
a(ft — a,k) e (al) .
Therefore fte (a;, @,) as a,a, is an A-regular sequence, whence fep =

(a;, a,): t. Because p = (a, a,, a;), we get that

X = af + a,ge(al, a,, a,a,) = J + (a,) .
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Thus J:q = J + (a,) as claimed.
By this lemma (4.11) we find that r(A4/g) = 1 and hence the ring R
is Gorenstein. This completes the proof of Theorem (1.2) (2).
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