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Planar functions and related topics in finite fields

ROBERT S. COULTER

In this thesis we consider the problem of classifying planar functions over a finite
field. We develop a method for constructing planar functions from known planar func-
tions. This method produces planar functions which describe isomorphic planes. This
result provides a natural way to define equivalence of planar functions in an algebraic
and geometric sense. A class of polynomials which plays a significant role in the study
of planar functions is the Dembowski-Ostrom polynomials. We show that DO polyno-
mials are precisely those polynomials whose difference polynomials are affine. Before
the work done in this thesis, the DO polynomials provided the only examples of planar
functions over a finite field. We determine necessary and sufficient conditions for two
particular types of DO polynomials to be planar. We then introduce a new class of pla-
nar functions. These functions describe a new class of Lenz-Barlotti type II projective
planes, including the first such planes of non-square order.

We provide a group theoretic argument proving the well known result that a planar
function cannot exist over an even ordered group. The argument leads us to define a
class of polynomials which we call semi-planar. We define a functionally dependent
incidence structure and show that the structure is a semi bi-plane if the function used
is semi-planar. The DO monomial X2°+! is semi-planar on F,, ¢ = 2¢, if and only
if (a,e) =1. We show that, when e is odd, a semi-planar DO monomial describes an
association scheme with two associate classes. Such an association scheme is equivalent
to a strongly regular graph. In this case we obtain Menon designs.

Weil sums are exponential sums of the form Y x(f(z)) where x is any additive
z€F,

character of F, and f € Fy[X]. We consider Weil sums with f(X) = aXP"+1 4 bX
where p is the characteristic of F;. By generalising results of Carlitz we obtain explicit
evaluations of these Weil sums for all cases in odd characteristic. We obtain similar
results in characteristic two, up to the determination of a sign. These evaluations
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are then used to determine the number of solutions (z,y) € F, x F, of the equation

azP**! + bz = y?' — y where ¢t is any integer dividing (a,e).
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