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ABSTRACT Many synthesis arrays currently in use have at least a

few redundant baselines which can be used to derive model-independent
telescope corrections. We discuss the relative merits of redundancy-based
versus standard selfcalibration methods with respect to sensitivity to noise
and interference. We then derive an approach to optimally combine the two
methods for partially redundant arrays

USING REDUNDANCY

Redundant baseline calibration uses the fact that for some types of synthesis
arrays, especially one-dimensional arrays with many equally spaced telescopes
(like e.g., the Cambridge, Penticton and Westerbork arrays), the same baseline
vector occurs more than once. Because the true visibilities on equal baselines are
equal the measured visibilities contain information on the complex telescope gains
(instrumental and atmospheric effects). For each redundant interferometer we
have the following equation: V,-‘]?b’ = V,:("“;) Gi - G} + nij, withk = 1,..., Nreq
indicating the redundant baselines. There are N;, unknown complex telescope
gains (G ) plus Nyea unknown true visibilities (Vi™<); V;2b is the observed visibility
and n;; is a noise term. The absolute flux scale and posmon are lost because the
product of G;’s and V;’s does not constrain these. Therefore a model of the sky-
brightness is needed to align all solutions for different hour angles to the same flux
scale and position frame.

Redundancy has been used for the Westerbork Synthesis Radio Telescope
(WSRT) since about 1980 (Noordam and de Bruyn 1982). The WSRT is alinear
East-West array consisting of 10 fixed, equally spaced telescopes and 4 movable
telescopes. In the optimal configuration of the WSRT there are 91 interferometers
of which 66 have redundancy, there are 14 telescopes gains and 13 unknown true
visibilities; the corresponding system of equations is overdetermined and can be
solved using e.g., a least squares method.

Advantages of redundancy

The main advantage of the redundancy solution is that it is model-independent,
therefore it has no difficulty with very complex or high dynamic range fields. It
also is a one-iteration solution, which means it is relatively fast. In the alignment
step only two parameters (gain and phase slope) have to be solved using a sky-
brightness model, whereas standard selfcal solves N complex parameters.
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Drawbacks of redundancy
In principle redundancy is the perfect method for maximally redundant arrays.

But such arrays make rather inefficient use of the available telescopes in terms

of U-V-coverage. Most arrays (like the WSRT) are only partially redundant. This
means there often are telescopes which occur in only a few redundant interfero-
meters. For these telescopes the gain solutions become relatively noisy and sensi-
tive tointerference. The noisy telescope gains result in a noise increase in the cor-
rected visibilities. For the WSRT the movable telescopes can have problematic so-
lutions, the noise increase in the corrected visibilities can reach 20-40%. Figure la
shows the rms gains of the 14 telescopes for the optimal configuration (9A=72m),
a common near-optimal one (9A#72m) and the worst case with only 28 redundant
baselines (interferometers are traded for extra bandwidth).
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Figure 1. a) The S/N-scaled rms of b) The 28 red. solution using the
the redundancy gain solutions for combined redundancy /selfcal
3 WSRT configurations (see text) approach compared with each
and for the selfcal solution separately.
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Figure 2. A redundancy gain solution matrix for the WSRT with values
represented by symbol type and size. Telescope gains and redundant
visibilities are separated by a broken line.
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EDUNDANCY SOLUTION METHOD

As an example of the solution method we take the case of a 5 telescope linear
array of equally spaced telescopes. We will restrict ourselves to the gain solution
(taking the logarithm of the equations, with g = log(|G|) and v = log({V])) and
will use equal weights for all equations (in reality the weights will vary with signal
tonoise ratio). In this case we have the following equations for the 9 redundant
interferometers, the last equation constrains the overall gain. We can write these
equations in matrix form as shown on the right hand side.

([ 91+g2+vi™ =iy’ t 1.0 0 0 1 0 0 via
gr+gstuie=ultt 1 0 1 0 0 0 1 0 I vis
g1+gatuite=uilt 1 0 0 1 0 0 0 1 92 v
gat+gs+uiTc=ugd’ 0 1 1t 0 0 1 0 O g3 vas
) gatgatuioe=ugtt e|® t 0o 1t o e 10 ga | _ | vas
gatgs+uite=ulte 01 0 0 1 0 0 1 g5 | | vas
gat+gatoire=vist 0 0 1 1 0 1 0 © vy va4
gs+gstuirie=ul’ 000 1 0 1 0 1 O© va vas
gatgsuire=vst 00 0 1 1 1 0 © vs Y45
g1+92+93+94+95=0 111 1 1 0 0 O 0
The least squares solution to this matrix equation is given by
viz
9 0.37 027 0.17 —0.20 —0.20 -0.17 ~0.20 —0.07 0.03 0.20 v1s
92 0.12 -0.15 -0.17 0.22 030 0.17 -0.12 -0.15 —-0.22 0.20 Vi
gs ~0.30 010 0.00 030 —0.20 000 030 0.10 —-0.30 0.20 vas
g« | _ | -022 —015 017 ~012 030 -017 0.22 -0.15 0.12 020 vay
o | = 0.08 —0.07 -0.17 —-0.20 -0.20 0.17 -0.20 0.27 0.37 0.20 vas
v 0.35 005 000 0.15 —0.10 0.00 0.15 005 035 —0.40 vs4
v3 010 030 0.00 —0.10 040 0.00 —0.10 0.30 0.10 —0.40 vss
vs ~0.15 0.05 050 015 -010 050 015 0.05 —0.15 —0.40 Vas

For the WSRT, in a non-optimal configuration, the corresponding matrix is
displayed graphically in figure 2. For this configuration (9A#72 m) there are

12 unknown visibilities and 53 redundant interferometers yielding a 26 x 54
solution matrix. The biggest symbols on a given row indicate the interferometers
dominating the solution for the corresponding gain or visibility. The more regular
the symbol sizes on a given row, the more accurate the corresponding parameter
will be estimated. Note the very regular structure for the fixed telescopes (rows 1-
10). In contrast the movable telescopes on rows 11-14 show a few very large values
indicating a solution which hinges on only a few interferometers. These solutions
will therefore be much more susceptible to noise and interference.

WHY NOT USE PLAIN SELFCAL?

If redundancy can cause problems for partially redundant arrays, why not use
selfcal? Selfcal has the advantages that all data can be used in the solution,
that the solutions have good S/N and that they are relatively insensitive to
interference.

However, selfcal has its drawbacks: it is model dependent and therefore
convergence is slow for complex fields and it can be dangerous, especially for small
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arrays. For standard selfcal with one solution per integration time a fraction

~ 2/Niq of the datais replaced by model visibilities, due to covariance between
data and corrections. This resultsin artificial noise decrease, appearance of
model errors in the map and partial removal of structures not in the model. Most
important however, is the fact that not all available information is used if we use
standard selfcal for partially redundant arrays.

COMBINED REDUNDANCY/SELFCAL

For partially redundant arrays we wish to use the redundant information without
the drawbacks of possibly increased noise and ‘wild’ solutions due to interference.
The currently available method makes use of the DWARF reduction package for
WSRT data. It allows one to improve the ‘noisy’ telescope gain solutions (those
for the 4 movables) using a final, less constrained selfcal which solves for these
telescope gains once a good model of the field has been obtained. This technique is
currently used as the standard method, it reduces the noise increase by ~ 50%.

A second method combines the redundancy equations with selfcal equations
for the non-redundant baselines. Simulationsindicate that the drawbacks of
redundancy disappear: the noise propagation and the sensitivity tointerference
become comparable to selfcal; on the other hand the solutions are less model
dependent than with selfcal. The relative weights of the selfcal and redundancy
equations can be adjusted according to the model completeness, giving the selfcal
equations lower weight while the model is still incomplete. The effect of this
method on the rms of the gain solutions is shown in figure 1b, where the worst case
of figure 1a has now been solved using the combined method, using equal weights
for both sets of equations.

CONCLUSIONS

We conclude that redundancy should be used when available but one should

be aware of possible problems with interference and low S/N data. The use of
selfcal for small arrays can be dangerous, partially transforming the datainto the
model. The combined redundancy /selfcal method looks promising for partially
redundant arrays: it combines the best of both methods with the possibility to
optimize the balance between the redundancy and selfcal components according
to model completeness.
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Tim Cornwell: The real test of your conclusions is whether you would
recommend redundancy for a new array. If so, how much redundancy is
necessary? A comment: I would rephrase your statement ‘selfcal is dangerous
for small N’ to ‘imaging is dangerous for small N°. We are interested in the
properties of the final image not the intermediate gain solutions.

Mark Wieringa: Yes, but there always is a tradeoff between u-v coverage and
the amount of redundancy. I have not looked into this question in any detail,
but I think the amount of redundancy needed depends on the expected errors
that have to be corrected.

Peter Dewdney: In the situation in which you are using a combined
redundancy/self-cal solution, is the role of the ‘redundancy part’ to improve
the final solution or to find the solution faster? In other words, is the final
image the same using the method of self-cal and redundancy as using the
method of self-cal alone?

Mark Wieringa: My initial response is yes. They will be the same and using
redundancy just speeds up the calibration considerably. But this is very much
dependent on the complexity of the field, the u-v coverage and the magnitude
of the errors: pure selfcal may fail to converge to an accurate solution when the
errors are too large and the coverage too sparse.

John Baldwin: To emphasize Tim Cornweli’s point, the important question
is: given a number of telescopes how should one site them to use the maximum
astronomical information. Do you agree that we still have no answer?

Mark Wieringa: Yes, I agree, the answer will depend on the complexity of
the field and the magnitude of the telescope errors. When large they may
prevent an accurate selfcal solution. Making use of redundancy will often solve
this.

Ron Ekers: There are two separate issues being confused: i) the advantages
of having redundant spacings and ii) the best algorithm to use if you have
redundant spacings.

Ron Ekers: Does a fully redundant one-dimensional array used for earth
rotation synthesis still have a unique 2D solution? Note that there is no
redundancy in the “time direction”.

Mark Wieringa: (No written response was provided)
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