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Abstract. Inspired by Gowers’ seminal paper (W. T. Gowers, Comb. Probab.
Comput. 17(3) (2008), 363-387, we will investigate quasi-randomness for profinite
groups. We will obtain bounds for the minimal degree of non-trivial representations
of SLi(Z/(p"Z)) and Spy,(Z/(p"Z)). Our method also delivers a lower bound for
the minimal degree of a faithful representation of these groups. Using the suitable
machinery from functional analysis, we establish exponential lower and upper bounds
for the supremal measure of a product-free measurable subset of the profinite groups
SLi(Z,) and Sp,,(Z,). We also obtain analogous bounds for a special subgroup of the
automorphism group of a regular tree.

2010 Mathematics Subject Classification. 20P05, 20F, 20C33

1. Introduction. A subset 4 of a group G is called product-free, if the equation
xy = z has no solution with x, y, z € A. Babai and Sos [1] asked if every finite group
G has a product-free subset of size at least ¢|G| for a universal constant ¢ > 0. This
question was answered negatively by Gowers in his paper on quasi-random groups [6]
where he proved that for sufficiently large prime p, the group G = PSLy(F,) has no
product-free subset of size ¢n®/?, where n is the order of G. A feature of this group
that plays an essential role in the proof is that the minimal degree of a non-trivial
representation of G is O(p). This property of G, called quasi-randomness by Gowers,
is due to Frobenius and has been generalized by Landazuri and Seitz [13] to other
families of finite simple groups of Lie type.

Apart from its intrinsic interest, this theorem has found several important
applications. To name a few, Nikolov and Pyber [15], used Gowers’ theorem to obtain
an improved version of a recent theorem of Helfgott [8] and Shalev [20] on product
decompositions of finite simple groups. Gowers’ method has also been used in studying
the image of the word maps on finite simple groups [19, 18].

The focus of this paper will be quasi-randomness for compact groups and, more
specifically, profinite groups. We will be interested in the family G(Z/(p"Z)) where G
is either the special linear or symplectic group. Our goal is to establish a lower bound
on the minimal degree of all non-trivial representations and also the minimal degree

https://doi.org/10.1017/5S0017089514000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000251

182 MOHAMMAD BARDESTANI AND KEIVAN MALLAHI-KARAI

of the faithful representations of these groups. We will then introduce the functional
analytic ingredients needed to carry over Gowers’ argument from finite to compact
groups. These together establish that the supremal measure of a product-free set in these
groups has an exponential rate of decay (as a function of rank) with explicit lower and
upper bounds for the exponential rate. In the same vain, we prove an analogous result
for a group of the automorphisms of the k-regular trees. Interestingly, in this case,
the bounds are of the form O(k¢) for a constant c¢. Let us first set the notations and
definitions.

DEFINITION 1. For a group G, the smallest degree among all non-trivial complex
representations of G will be denoted by m(G). In other words,

m(G) := 1/1)1;11151 , (1)

where the minimum is taken over all non-trivial representations of G, and d,, denotes for
degree of the representation p. We say that G is k-quasi-random if m(G) > k. Similarly,
we will denote

me(G) ;= min d,,
7(G) ker p={1} "

where the minimum is taken over the set of all faithful representations of G.

REMARK 1. When G is a topological group, all the representations are taken to be
continuous.

Our first theorem gives a lower bound for the minimal degree of all non-trivial
representations of several classes of classical groups over rings Z/(p"Z) for p > 3. This
indeed extends previous work of Landazuri and Seitz, which corresponds to the case
n = 1 in this theorem.

THEOREM 1. For every group G in the first column of the table below the function
on the second column ('the third column, respectively) gives a lower bound for the degree

of any non-trivial representation (any faithful representation, respectively) of the group
G(Z/(p"Z)). In other words,

m(G(Z)(p" D) = hG, p),  m(G(Z/(p" L)) = hy(G, p, n).

In particular, G(Z /(p"Z)) is O(p")-quasi-random, where r is the rank of G.

G| hG.p) | h(G.pm
SL,| ;(p—1) i )
SLk pkfl _pk72 (pn _pnfl)p(k72)n
Spu|5(p — VP 5 (" — p D"

It is worth mentioning that Bourgain and Gamburd [4] used a theorem of Clifford
to find the following lower bound for ms(SL.2(Z/(p"Z)):

my(SLa(Z/(p"2))) =

P - 1)
B @
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Even though our bound is slightly weaker than the one obtained in [4], it is
asymptotically equivalent to that. Our method is short and elementary and has also
the advantage that it can be easily adapted for other classes of Chevalley groups.

As any continuous finite dimensional representation of a profinite group factors
through a finite quotient, the theorem can be rephrased as a statement about the
profinite groups:

THEOREM 2. Let G be one of the groups listed in the table above and G(Z,) denote
the compact group of p-adic points of G. Then the degree of any non-trivial continuous
representation of G(Z,) is at least h(G, p).

Let G be a compact, Hausdorff and second countable topological group and u
denote the Haar measure on G, normalized so that u(G) = 1. Note that since G is
compact, and hence unimodular, a left Haar measure is automatically right invariant.
A measurable subset of 4 is said to be product-free if 42N A4 = ¢). We define the
product-free measure as follows:

DEFINITION 2. Let G be a compact group with normalized Haar measure w. Define
the product-free measure of G by

pf(G) = sup{u(A) : A C G is measurable, A N A> = 3}.

We will extend an inequity of Babai-Nikolov—Pyber, known as “mixing
inequality", which was originally proven for finite groups. Our method is to consider
the compact convolution operator, and then use the spectral theorem for compact
operators. Namely we will prove

THEOREM 3 (Mixing inequality). Let G be a compact, Hausdorff, and second
countable topological group such that any non-trivial complex continuous representation
of G has dimension at least m(G). Let f1, f» € L*(G) and suppose that at least one of f1, f»

has mean zero. Then
1 212 = (G) L2212

This theorem has an immediate corollary:

COROLLARY 1. Let G be a compact, Hausdorff and second countable topological
group such that any non-trivial complex continuous representation of G has dimension at
least m(G). Let A, B C G be two measurable sets then,

1Ly % 1y — p(Au(B), < | “AHE) 4
m(G)

For compact groups, we can establish the following analogue of Gowers’
theorem [6]:

THEOREM 4. Suppose G is a compact, Hausdorff and second countable topological
group such that any non-trivial complex continuous representation of G has dimension at
least m(G). If A, B, C C G such that W(A)u(B)u(C) > m(G)~", then the set ABN C has
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a positive measure. Moreover, if m(G)u(A)u(B)u(C) > ,7—12 then
pi(x,y,2) € A x Bx C:xy =z} = (1 = mu(A)u(B)u(C). (5)

By Theorems 2 and 4 and a method discussed in Section 6 we can establish upper
and lower bounds on the product-free measure of some profinite groups.

THEOREM 5. The product-free measure of the profinite groups SLi(Z,) and Sp,(Z,)

is given by
1 p—1\"
o =PI (SL@,) < (T) ,
—1 ’ L
;k — = pf (SLk(Z,)) < (p* —p*H)7'/3, k> 3. (6)
p—1 1 o\
1 < pf (Spu(Z,)) < <§(p -1y 1) , k=2

The upper bounds have the following implication:

COROLLARY 2. If' A is a measurable subset of the groups G = G(Z,) as defined in
Theorem 2 with u(A) > h(G, p)~'73, then A3 = G.

Proof. For every g € G(Z,), set B=A and C = gA~". Since u(A)uw(B)u(C) =
w(A)® > h(G, p)~!, Theorems 2 and 4 show that, ABN C # @. If x € ABN C then
X = ga;1 = aja;, for ay, ay, a; € A which proves the claim. ]

Using a similar method, we can obtain lower and upper bounds for a particular
subgroup A,fﬂ of the automorphism group of a rooted regular tree. For the definition
of this subgroup we refer the reader to Section 7.

THEOREM 6. For all k > 6 we have

1

1
m < pf(AZH) N IE] (7

k=i

Using a result of Green and Ruzsa [7], we can also compute the exact value of
product-free measure of the additive group of p-adic integers. Favouring a consistent
terminology, we continue to use product-free (rather than sum-free) for subsets of these
additive groups.

THEOREM 7. The product-free measure of the additive groups of p-adic integers Z,,
and power series [,[[f]] are respectively given by,

13+1/Gp) Fp=2 mod3
PiZ,) = 1/3 otherwise '
1/3+1/3p) if p=2 mod 3 (®)
pf(Fpl) = {1/3 ifp=3
13-1/3p) ifp=1 mod3
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This paper is organized as follows: In Section 2, we will recall the definitions and
set some notations. Moreover, in those sections we will establish some elementary
properties of the product-free measure. In Section 3, we gather some facts about the
representation theory of profinite groups. In Section 4, we will prove Theorem 1.
Gowers’ proof [6] uses the language of quasi-random graphs. We will translate his
argument to a functional analytic language that is more suitable for dealing with
compact groups. This is done in Section 5. In Section 6, we will establish the lower
bounds. In Section 7, we will prove Theorem 6. Finally, in Section 8, we will prove
Theorem 7.

2. Preliminaries and notations. Groups considered in this paper are all assumed
to be compact, Hausdorff and second countable. In general the group operation is
denoted multiplicatively; we occasionally make an exception for abelian groups and
shift to the additive notation. We use u for the normalized bi-invariant Haar measure
on the group. The corresponding Lebesgue spaces will be denoted by I7(G) and the
respective norm is denoted by || - ||,. For a subset 4 of a group G, we use 1, to denote
the characteristic function of 4. For subsets 4 and B, the product set 4B is the set of all
products of the form ab where a € A and b € B. We also use the shorthand 4> = AA.
The cardinality of a finite set 4 will be denoted by |A|. The finite field with p elements
is denoted by F,. We will be working with the ring of p-adic integers and the ring of
formal power series over [F,, denoted respectively by Z, and F,[[¢]]. Each one of these
groups is equipped with the profinite topology.

Moving to product-free measure. First note that pf(G) < 1/2. This follows from
the fact that if 4 N A2 = ¢ then for each x € A4, the sets 4 and xA are disjoint and
have the same Haar measure. One can also easily see that for any non-trivial group
G, pf(G) > 0. Let G be a compact group. It is known that the topology of G is given
by a bi-invariant metric (see Corollary A4.19 in [11].) Let dg be such a metric and
D = diam(G) be the diameter of G. Let us also denote f(r) = w(B(x, r)) (note that the
bi-invariance of dg implies that volume of the ball is independent of the centre.) Then
we have

PROPOSITION 1. For any non-trivial group G, pf(G) > f(D/3) > 0.
Proof. Choose y, z € G such that dg(y, z) = D and let x = z~'y. We have,

dg(x, x*) = dg(1, x) = dg(z, zx) = dg(z, y) = D.

An application of triangle inequality shows that if u, v € B(x, D/3) then uv €
B(x?,2D/3) and hence uv ¢ B(x, D/3). This shows that B(x, D/3) is product-free. []
p

It is worth pointing out that one can give an alternative definition by replacing
AN A% = @ with (A4 N A%) = 0. However, this turns out to be equivalent:

PROPOSITION 2. Suppose G is an infinite compact group with Haar measure . Define
pfo(G) = sup{u(A) : 4 € G is measurable, u(A N A%) = 0}.
Then pfy(G) = pf(G).

Proof. 1t is clear that pf(G) < pfy(G). To prove the inverse inequalities, let 4 be a
measurable set with ;(4 N 4%) = 0. Then B = A \ (4 N 4%) C A has the same measure
as A and BN B> C BN A% = (. This shows that pf(G) < pf(G). O
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The following lemma is very useful.

LEMMA 1. Let H be a proper subgroup of a finite group G. Then G contains a subset
of density [G : H|™" which is product-free. Similarly, if G is a profinite group and H is a
proper open subgroup, then G contains an open product-free set of measure [G : H]™".

Proof. Let A =xH be a left coset of H other than H. It is easy to see that
A*NA=90. O

3. Complex representations of profinite groups. In this section, we will gather some
facts about profinite groups that will be used later. Our final aim in this section is to
show that any non-trivial complex continuous representation of SL(Z,) (respectively,
Sp,i(Z,)) factors through a non-trivial representation of SLx(Z/(p"Z)) (respectively,
Sp.(Z/(p"Z))) for some n. In the next section, we will find a lower bound for such a
representation.

A topological group which is the projective limit of finite groups, each equipped
with the discrete topology, is called a profinite group. Such a group is compact and
totally disconnected. The Haar measure for a profinite group G can be easily described
as a “limit” of counting measures. More precisely, for an open set U C G we have,

(DI

9
|Gl ©

w(U) = lim
We call a family 7 of normal subgroups of an arbitrary group G a filter base if for all
K, K> € 7 there is a subgroup K3 € Z which is contained in K} N K,. Now let G be a
topological group and Z a filter base of closed normal subgroups, and for K, L € 7
define K <’ L if and only if L is a subgroup of K. Thus Z is a directed set with respect
to the order <" and the surjective homomorphisms gg; : G/L — G/K, defined for
K <’ L, make the groups G/K into an inverse system. Write G = l(iI_n(G/K). Thereis a
continuous homomorphism 6 : G — G with kernel () x<z K, whose image is dense in
G. We have the following.

PROPOSITION 3 (See [21], proposition 1.2.2). If G is compact then 0 is surjective; if
G is compact and (\go; K = {id}, then 0 is an isomorphism of topological groups.

Moreover we have:

PROPOSITION 4 (See [21], proposition 1.2.1). Let (G, ¢,) be an inverse limit of an
inverse system (G,) of compact Hausdorff topological groups and let L be an open normal
subgroup of G. Then ker ¢, < L for some n.

For the profinite group SLx(Z,), consider the following surjective homomorphism

0 — K, — SLi(Z,) & SLu(Z/(p"Z)) — 0, (10)
where ¢, is induced by the canonical surjective homomorphism Z, — Z/(p"Z). Clearly

the set Z consists of K, is a filter base and () K, = {1}, therefore by Proposition 3 we
have

SLi(Zp) = im SLW(Z/(p"2)),  Sps,(Zp) = 1im Spy(Z/(p" 2)).
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The following proposition is a standard fact in the context of the Galois
representation, however for the sake of completeness we will prove it.

PROPOSITION 5. Let G be a profinite group, and assume p : G — GL,,(C) is a
continuous representation. Then the kernel of p is an open subgroup, hence Im(p) is
a finite subgroup of GL,,(C).

Proof. 1t is well-known (see [10], Chapter II, B.5) that there exists an open
neighbourhood of identity U € GL,,(C) which does not contain any non-trivial
subgroup. Then V := p~!(U) is an open subset of G containing the identity. From
the properties of profinite groups, we know that V" contains an open subgroup, say H.
This implies that p(H) = 1 and hence H < ker p. Therefore ker p is open, thus Im(p)
is finite. O

We can now specialize this to SLi(Z,). A similar result also holds for the symplectic
group Spy(Z)).

PROPOSITION 6. Let p:SLi(Z,) - GLw(C) be a continuous non-trivial
representation. Then p factors through a non-trivial representation of SLi(Z/(p"Z))
for some n.

Proof. By Proposition 5, ker p is an open normal subgroup, which by Proposition 4
contains K, as introduced in (10) for some n > 1. Therefore p factors through to a
non-trivial representation p : SLi(Z/(p"Z)) — GL,,,(C). O

4. Root functions. We will now turn to establishing the lower bound for the
representations of the groups SLx(Z/(p"Z)) and Sp,,(Z/(p"Z)).

DEFINITION 3. Let S be a family of matrices in My(C). For a functionr: S — C,
define

V() ={veC’:Sv=rS)v foralsSeS).

Amapr:S — Cwill be called a root of S if V(r) # {0}. Moreover V(r) is called a
root subspace.

The following proposition is a special case of Theorem 15 in Section 9.5. of [9].

PROPOSITION 7. Let S be a commuting family of d x d unitary matrices. Then S has
only a finite number of roots. If r1, ..., ry are all the distinct roots of S then
1. V(ry) is orthogonal to V(r;) for i # j.
2.C =V @ - @ V().

4.1. Root functions for the special linear groups. Consider the following
subgroups of SL.(Z/(p"Z)):

L= {(”‘0—‘ ‘;) o (Z/(p”Z))k_l} . H= {(g ?) Te SLkl(Z/(p”Z))} .

Notice that L is an abelian subgroup and H normalizes L. Indeed we have
TO\ (Lo (TO\ ' (L To a1
01 0 1/)\01 “\vo 1)
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which means that the action by conjugation of H on L is isomorphic to the standard
action of SL;_(Z/(p"Z)) on (Z/(p"Z))k_l. Now, let p : SLx(Z/(p"Z)) — GL4(C) be a
non-trivial representation. Note that S := p(L) is a commuting set of d x d matrices.
Next proposition shows that H acts on the root functions and the root subspaces of S.

PROPOSITION 8. Let r be one of the roots in the decomposition in Proposition 7 and
leth e H. For any s = p(l) € S, define rj(s) := r(p(hlh™")). Then ry, is also a root for S,
and V(ry) = p(h")V(r).

Proof. First note that since H normalizes L, the map ry, is well-defined. For w €
V(r)and [ € L, we have

p(D(p(h~"yw) = p(h~Y(p(hlh~"Yw) = r(p(hth™")p(h™Yw = r(p())(p(h™ w).

This shows that r, is a root for S, and p(h~")V(r) C V(r;). To show the equality let

v € V(r;), then for any I € L we have p()(o(h)v) = p(h)(p(h~'Ih)v) = r(p(D)(p(h)v),
therefore we have p(h)V () € V(r). O

Let e; = I + E;;, where Ej, is the matrix with all entries zero except for (i, n)th
entry, which is one. The group SL;(Z/(p"Z7)) is generated by elementary matrices, and
all elementary matrices are conjugate to e;, defined above. So we have:

LEMMA 2. If p(ey) = I, then p is a trivial representation.
Now let p be a faithful representation then we claim the following.

LEMMA 3. There exists a root r for S, such that r(p(e1)) = ¢, where ¢ is a primitive
p-th root of unity.

Proof. Let us denote the roots of S by ry, ..., r;,. Assume the contrary that for all

1 <i <t wehave ri(p(er)) = ¢, where p | m;. We will show that ,o(e’l’nfl) = I, which
is a contradiction since p is a faithful representation and the order of ¢; is p”. By
Proposition 7, we have the decomposition C? = V(r1) @ - - - ® V(r,). For v € C¢, write

v=v; + -+ v, where v; € V(r;). Then, foranym € Z
(plen))"v = &y vr + -+ - + ¢ vy

In particular, for m = p"~! we have p(e’l’nil)v =v; + -+ v, = v, hence p(e’l’nil) =71.0

Proof of Theorem 1 for my (SLi(Z/(p"Z))) when k > 3. Let p : SLi(Z/(p"Z)) —
GL,4(C), be a faithful representational. First note that L as an abstract group is
isomorphic to the direct sum of k — 1 copies of the cyclic group Z/(p"Z) and is
generated by ey, ..., e,_1. We will occasionally deviate from our standard notation
for the group operation and use additive notation for group operation on L, when this
isomorphism is used. For instance, we will write e; + e, instead of e; - ;.

By Lemma 3 there is a root r for S such that r(p(e;)) = ¢, where ged(my, p) = 1.
We also assume that for 2 < i < k — 1, we have r(p(e;)) = ;1,,3" where 0 < m; < p" — 1.
For t € (Z/(p"Z))* and ay, ..., ax—1 € Z/(p"Z) whose values will be assigned later,
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define
tay -+ ap_1|0
0! :
a=alt,ay,...,aq1_1) =10 0 L3 0|l eH

0--- 0 0 |1
Using (11), a simple computation shows that

1 1

=te;, aexa ' =tley+me;, aea! = e+ ae; B=<i<k-1.

aela
By Proposition 8, we have r; 4, 4, := Iy 1s a root and

ra(p(e)) = r(plaeia™)) = r(p(ter)) = ",
ra(p(e2)) = r(p(aera™)) = r(p(t™ es + arer)) = Z;;1n12+a2m1’ (12)
ra(p(e) = r(plaea™)) = r(p(e; + aer) = ;™™ (3 <i<k—1).

Now, since gcd(my, p) = 1, by varying the values of ¢, a, . .., a,_; we can get at least

(p(p")p(kfz)" — (pn _pnfl)p(k72)n’

different roots. This shows that the dimension of the representation space has to be at
least

(pn _ pnfl)p(k72)n )

Similarly, we have

LEMMA 4. Let p be a non-trivial representation. Then, there exists a root r for S
such that r(p(ey)) = ;‘Ifn“, where my is non-zero in 7 /(p"Z).

Proof. If for all roots we have r;,(p(e;)) = 1, then similar to the proof of Lemma 3
we can deduce that p(e;) = I. But by Lemma 2, we saw that if p(e;) = I then p is a
trivial representation. That is a contradiction. ]

Proof of Theorem 1 for m(SLi(Z/(p"Z))) when k > 3. Let p be a non-trivial
representation of SLi(Z/(p"Z)) in GL4(C). By Lemma 2, p(e;) # I when p is not
a trivial representation. With the same notation used in the previous proof, we obtain
the following identities similar to (12).
ra(p(en)) = r(paeia™)) = r(p(ter)) = ",
ra(p(e2) = r(p(aesa™) = r(p(t" e + arer)) = £l ™, (13)
re(p(e))) = r(p(aea™)) = r(p(e; + aer)) = g;f"“"m‘ B=<i<k-1.

The only difference is that m1; is here only non-zero in Z/(p"Z). So by varying the values

of t,ay, ..., ar_; wecan get at least p*~! — p<=2 different roots. O

For SL,(Z/(p" 7)) this method does not works. Instead we present a different proof.
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Proof of Theorem 1 for my (SLy(Z/(p"Z))). Let p : SLo(Z/(p"Z)) — GL4(C), be a
faithful representation of the group SL,(Z/(p"Z)). Seta := ((1) }), andlet 4 := p(a) # I.

Since the order of a is p” and p is a faithful representation, therefore 4 has a non-trivial
. . . . . . . . . n—1
eigenvalue, say ¢, which is a primitive p"th root of unity, since otherwise 47 =1,

which is a contradiction. Notice that a is conjugate to «”, where m is a square in
(Z/(p"Z))*. Hereafter m will be an arbitrary quadratic residue in Z/(p"Z). This implies
that 4 and 4™ would have the same set of eigenvalues. But ¢ is an eigenvalue of
A™. The number of square elements in (Z /(p”Z)) is ¢(p")/2. Therefore 4 has at least
o(p™)/2 different eigenvalues. So d > “’ U

For m(SLy(Z/(p"Z))), the same method gives the bound (p — 1)/2.

4.2. Root functions for the symplectic groups. Let J denote the 2k x 2k matrix

{0 I
(58,
One way of defining the symplectic group is by:
Spu(Z/(p"Z)) = {A € GLy(Z/(p"Z)) : ATAT = J} .

We will use two types of symplectic matrices: First, for any symmetric &k x k matrix
o and any invertible k x k matrix «, set

(I o (a0
e=(57) 2o=(50)

For every invertible k x k matrix «, set the 2k x 2k matrix where @ = (¢~ ")7. It is
easy to see that U, and D, defined as above are both symplectic. From here and the
fact that the set

{Us i0 € Mi(Z),0 = 0"} U{J},

is a generating set for Sp,.(Z) (See [16] Section 5, Proposition 2) and the surjectivity
of the reduction map, Sp,,(Z) — Spy(Z/(p"Z)), (See [14] Theorem VII.21), we can
deduce that the same set reduced mod p” generates Sp,,(Z/(p"Z)). Since Uj, U_T,k Up, =
J, then the set

{Us U 10 € MUZ/(p'D)), 0 =0T},

is also a generating set for Sp,,(Z/(p"Z)). (See also [2], Chapter III). Notice that for a
symmetric matrix o € My(Z/(p"Z)), we have JU,J~! = UT_. Consider the following
subgroups of Sp,,(Z/(p"Z)):

L:={U,:0=0"}, H:={Dy:aeGL(Z/(p'2))}.
Notice that L is an abelian group and H acts on L via conjugation. In fact we have,
DDt UaDgl = UaaaT . (14)

This shows that the action of H on L is the standard action of the general linear
group on symmetric quadratic forms. For 1 < i, j < k, Ej; denotes the symmetric k x k
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matrix such that the (i, j) and (j, i) entries are one and other entries are zero. Also set
Gj = Ug,. Now, it is easy to see that if /| # j; and i, # j> then the matrices G, ;, and
G, are conjugate. Similarly, the matrices G; and Gj; are conjugate for all 7, j.

LEMMA 5. Let p be a representation of Sp(Z/(p"Z)), so that p(G11) = p(G12) =1,
then p is a trivial representation.

Leta; € Z/(p"Z) and t € (Z/(p"Z))*, define

tayay - a1
010 0

o=ag.q, =001 0 | e GLuz/(p2)), (15)
000-.--- 1

where the only possibly nonzero entries appear in the first row and on the diagonal.
The proof of the following lemma is quite straightforward:

LEMMA 6. With o defined as in (15), we have

D,GuD;' =Gl, D.GyD;' =G} G, Q<j<k)
DLGnD;' =Gy GisGn,  DuGyD;' = G} GLiGly' Gy B=j=k).
(16)

The proof of the following propositions are similar to Proposition 8 and Lemma 3:
PROPOSITION 9. Let r be one of the roots in the decomposition in Proposition 7 and
let h € H. For any s = p(l) € S, define
ri(s) := r(p(hth™")).
Then ry, is also a root for S, and V(ry) = p(h" )V (r).

LEMMA 7. When p is a faithful representation, then there exists a root r for S, such
that r(p(G1)) = ¢, where ¢ is a primitive p"th root of unity.

We are ready to prove Theorem 1 for Sp,,(Z/(p"Z)).

Proof of Theorem 1 for my (Spy(Z/(p"Z))). For this specific matrix « defined
in (15), we use the shorthand & := D,,. Let p : Sp,(Z/(p"Z)) — GL4(C), be a faithful
representation and set S = p(L). Pick a root r for S such that r(o(G11)) = ¢, where

ged(m, p) = 1. Such a root exists by Lemma 7. For this root, let r(o(Gy))) = {53/ , for
2 <j < k. With the same notation in Proposition 9 and (16) we have
re(p(Gn)) = ¢4, ra(p(Gy) = L MM, 2 <j < k). (17)

Notice that the number of different square in (Z/(p"Z))" is ¢(p")/2. So by varying
t,ai,...,ae, we will obtain at least (p" — p"~")p*=D"/2 different roots. O

Proof of Theorem 1 for m (Spy(Z/(p"Z))). Now let p : Spy(Z/(p"Z)) — GL4(C),
be a non-trivial representation. Since p is non-trivial, at least one of p(G1;) and p(G12)
are different from the identity. We split the proof into two cases:
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Case I: Let p(G11) # I. This implies that there exists a root r for S such that r(p(Gy1)) =

¢y, where m # 0 in Z/(p"Z). For this root, let r(o(G1)) = ¢, for 2 <i < k. So (16)

implies that
2a;_y tm-+-tmy

ra(p(Gn)) = ¢4, ra(p(Gyy) = & . 2=j<h. (18)

So by varying #, ay, ..., ax_1, we will obtain at least §(p — 1)p*~V different roots.
Case 11: Let p(Gy1) = I. This will force p(G13) # I. Now, pick a root r for S such that
r(p(G12)) = ¢, where m # 01n Z/(p"Z). Let for this root r(p(Gy)) = ;;Z"' for2 <j<k.

Then by (16) we have rz(p(G12)) = r(,o(Gf'lal Nr(p(Gy) = r(p(GYy) = ¢ Also

rap(G22)) = Hp(GIHP(GINH(P(G)) = (G )r(p(G)) = G 1(p(G22)).

Moreover for3 <j <k
ra(p(Gy) = Hp(Gre ™ Dr(p(Gy Nr(p(GEN(p(G)) = ¢ " Hp(GX)H(p(Goy).

Varying t, ay, . .., ar—, will now results in at least (p — 1)p*~! different roots and
this finishes the proof. O

We remark that, by Theorem 1 and Proposition 6, Theorem 2 also follows.

5. Upper bound estimates for the product-free measure. This section gathers the
functional analytic ingredients of the proof needed to cast Gowers’ proof in the
category of compact topological groups. Complete proof of these facts can be found,
for instance, in [17]. After reviewing these facts, we will give the proof of Theorem 3
and Corollary 1.

DEFINITION 4. Let 'H be a separable Hilbert space with an orthonormal basis {e,} and
let T € B(H), where B(H) denotes the space of bounded operators on H. If the condition

> T (el < oo,

n=1
holds then T is called a Hilbert—Schmidt operator.

This is independent of the choice of the orthonormal basis of H. Moreover, for a
Hilbert—Schmidt operator 7', the value of the sum is also independent of the choice of
the orthonormal basis:

o
1T 75 =D 1 T(enl.

n=1

LEMMA 8. Let H be a separable Hilbert space and let T € B(H) then
(a) T is Hilbert—Schmidt if and only if T* is Hilbert—Schmidt.
(b) If either S or T is Hilbert—Schmidt, then ST is Hilbert—Schmidt.
(¢) If T is Hilbert—Schmidt then it is compact.

Another useful fact is the singular value decomposition for the compact operators
on a Hilbert space:
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LEMMA 9 (singular value decomposition). Let H denote a separable Hilbert space
and T € B(H) a compact operator. Then there exists two orthonormal sets {e,} and {e,}
in H such that T(e;) = A€}, T*(e}) = he;, fori=1,2,....where Ay > Ay > -+ > 0, and
forany x e H

T(x) =Y Mix, ene). (19)

i~1
Moreover, by (19), we have | T||gp = 1.

Now, let G be a compact, second countable, Hausdorff topological group with a
normalized Haar measure u. As usual, set L*(G) = {h: G — C: ||h|3 < oo}, where
1213 =[5 |hI*dp.

Moreover, let us define Lé(G) to be the set of all functions in L*(G) which are

orthogonal to the constant function 1. For f1, f> € L*(G), the convolution fi * f> €
L?(G) is defined by

(i f2)(x) = /Gfi(Xy_')fz(y) du(y).

Now, take a function f] € Lg(G) and consider the following kernel K(x, y) :=
fi(xy™h). Since f; € L*(G), we have K(x, y) € L*(G x G). So we can define the following
integral operator

Ok : LH(G) — LXG), h+—> Dk(h), (20)

It is clear that ®g(h)(x) = (f1 * h)(x). One can also easily see that the adjoint operator
7% is given by

S3(h)() = fG KGe ph(odu().

LEMMA 10. The integral operator ® : L>(G) — L*(G) is a Hilbert-Schmidt
operator and hence is compact. The norm of ® is given by | Pk llns = 1Kl 2(6x6)-

Proof of Theorem 3. To prove Theorem 3 note that by replacing > with /> — . cfrdn
and noticing that f; x ¢ = 0 for every constant function ¢, without loss of generality,
we can assume that f> € L§(G). Consider the operator ®x : L*(G) — L*(G), defined
by (20). Let @, denote the restriction of &k to Lﬁ(G). We need to show that

1
1oll;, < LA I3 (1)

Apply the singular value decomposition to obtain orthonormal bases {e,} and {e]} in

L%(G) such that ®q(e;) = Ae}, where 1| > X, > - -- > 0. Moreover || ®q|l,, = A;. Let
be the eigenspace of the self-adjoint operator ®j®, corresponding to )L%. Since O P
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is a compact operator, dim V| < co. We have

1®o13, dim ¥y = A7 dim(V1) < Y A7 < [ @kllFs = 1K 12640,
i=1
= [ [ thew P dutiduc = Wik
GJG
We show that dim V] > m(G), and this would finish the proof. We will construct a

linear action of G on V1 by defining for every i € V1 and g € G Tyh(x) := h(xg). We
need to verify that,

T(@5@x(h) = Oy Dk (Teh). (22)

Since G is compact and hence unimodular we have,

Ok (Teh)(x) = /G A VHOgdn() = /G fix(zg™) DdRE)

- /G FiGgz YhERE) = Ty @),

By acting @} from the left we obtain (22). Since V' is a subspace of Lg(G), it does not
contain the constant function, and hence this linear action is non-trivial. This induces
a non-trivial representation of G in the unitary group U(V}), thus dim V; > m(G). U

Proof of Corollary 1. Apply the inequality to f; = 14 and f, = 15 — u(B). O

Proof of Theorem 4. Let S :={y € G : (14 % 15)(y) = 0}. Thus

172
()" u(A)u(B) = </S |(1a* 1p)(y) — M(A)M(B)|2dM0’)>

12
- ( /G (L 1)) — M(A)M(B)Izdu(y))
= [[Lg * Ip — p(ADp(B)]2.

From Corollary 1, we can deduce that

172 < w(A)u(B)
w(S) () < || =)

therefore u(S) < 1/(m(G)u(A4)u(B)). This implies that u(C \ S) > 0, since otherwise
we get u(C)u(A)u(B) < 1/m(G), which is a contradiction. Hence, there exists a set
of positive measure of y € C so that 14 * 15(y) # 0, which means that ABN C has
positive measure.

For the second statement, let us define ¥ :={(a,b,c) € A x Bx C:ab = c}.
Notice that

w(X) = (Ly*1p, 1c) = (Ly x (1g — u(B)), 1¢) + n(A)u(B)u(C). (23)
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By Cauchy—Schwartz inequality we have
(Lg% (1g — u(B)), 1c)* < Lg% (15 — w(B)I3I1 I3
A (B
L% 1y — (B Eu(C) < HAHBIE)
m(G)

If

wAprBC) _

2 2 2 2
m(G) < 0 (A)" w(B) u(C)”,

which is fulfilled by our assumption, we can deduce that
I(La % (15 — w(B)), 1o)| = nu(A)u(B)u(C),

and hence, w(X) = w(A)u(B)u(C) — nu(ADu(B)u(C) = (1 — Pu(AuB)u(C). 0O

REMARK 2. One can also establish a lower bound for u(4B). For f; = 14 and
/> =1 — w(B), one has ||f2]|3 = u(B)(1 — u(B)). Thus by Theorem 3 we have

(G — AB)'*(A)u(B) < 1/ m(G)yu(A)* (w(B)(1 — w(B))"/?

therefore

1 — w(B)
G Au®) = AP

6. Lower bounds for the product-free measure. We will now turn to establishing the
lower bounds for the product-free measure. Consider the reduction map ¢ : SL(Z,) —
SLix(Z/(pZ)), and let Q be the subgroup consisting of all matrices g € SL;(Z/(pZ))
such that gy = --- = gxk_14 = 0. It is clear that Q is the stabilizer of a point in
the action of SL(Z,) on the projective space and hence [SLi(Z/(pZ)) : O] = ”pAT_ll.
Applying Lemma 1 establishes the lower bound.

Now, let us take the symplectic group. It is clear that the reduction map ¢ :
Spoi(Z,) = Spy(Z/(pZ)), is surjective. Consider the natural action of Spy(Z/(pZ))
on (Z/(pZ))**. We know that for any field F and / > 1, the action of the symplectic
group Sp,,(F) on the set of /-dimensional isotropic subspaces is transitive. Since every
one-dimensional subspace is isotropic, we obtain a transitive action on this space,
which is equivalent to the action on the projective space. By choosing H to be the
stabilizer of one of a point in the projective space, and taking the inverse image under
the reduction map, we obtain a subgroup Q of index [Sp,.(Z,) : O] = %, which
again establishes the lower bound for the symplectic group.

7. Tree automorphism groups. The goal of this section is to obtain lower and
upper bounds on the product-free measure of the group of automorphisms of a
rooted tree. Let 7= Ty, be a regular tree of degree k + 1. An automorphism of
T is defined to be a permutation of the vertices of 7" that preserves incidence. The set of
all automorphisms of 7" together with the topology of point-wise convergence forms a
locally compact group G that acts on the set of vertices of 7" transitively. Fix one of the
vertices of 7" as root and denote it by O. Now, consider the stabilizer Ay of this vertex
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in G. It is easy to see that this subgroup is a profinite and hence compact group. To
see this, note that since every x € A, fixes O, it must permute the set of all the k + 1
neighbouring vertices. A simple induction shows that for every j > 1 all (k + 1)k/~!
vertices of distance j from O must also be permuted by x. These induce a family
of homomorphism o; : A1 — Xy1yw-1, Where X, denotes the symmetric group on
{1,2,...,m}. Then the following family of finite index subgroups can be used to
provide a system of fundamental open neighbourhood of the identity automorphism
€ = {x € Ar41 1 0j(x) = 1d}. And A4 is the inverse limit, Axy1 = 1(i£1Ak+1/‘fj. For
more details we reefer the reader to [3]. We will now set out to define the subgroup of
Ajy1 that appears in the statement of Theorem 6.

DEFINITION 5. An automorphism x € A4 is called positive if oj(x) is an even
permutation for all j > 1. We will denote the group of all positive automorphisms by
A+

k+1°

First, notice that AZH is a closed subgroup of 4, and hence a profinite group.

In fact, the group can also be represented by
Al:rl = @AZH/(K;F, 24

where ¢/ := {x e 4}, 1 0(x) = id}. In what follows, let Alt;,; < X4 denote the
alternating group on k+ 1 symbols. We will need the following fact from the
representation theory of finite groups:

THEOREM 8 (See [5] Exercise 5.5). .Fork > 6, the minimum dimension of non-trivial
representations of Alty is k — 1.

Proof of Theorem 6. For the lower bound, note that oy : A,:rl — Alty issurjective.
Let H be the subgroup of Alt,, | consisting of those permutations that fix k + 1. H is
clearly isomorphic to Alt;. Now, apply Lemma 1 to the subgroup o, '(H) to obtain an
open subgroup of index k + 1 in A,:rl. This establishes the lower bound.

For the upper bound, we need to show that A,:rl does not have any non-trivial
continuous representation of dimension less than k — 1.

By (24) then we should prove that F; := AZ’H /%fj+ does not have any non-
trivial representation of dimension less than k& — 1. Suppose p be such a non-trivial
representation.

For j =1, we will get F| = Alt;,, and then by Theorem 8§, for k > 5, all the
non-trivial representation has dimension bigger than k. For the sake of clarity and
notational simplicity, we will present the argument for j = 2. The argument readily

extends to an arbitrary j > 2. It is easy to see that

Fy, >~ Altpy ) X (Zp X T X -+ X Ek)+,

k+1

where

k+1
PR +'— PRI M . —_—
K
(g X X x X Zp)T =3 (01, .., 0pq1) € (Zi X T X X Xg) - | |sgn(a,)_l .

i=1

k+1 k+1

and Alt,,; acts by permuting the factors.
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If the restriction of p to Alt;y; is non-trivial then we are done by Theorem 8.
Suppose that the restriction of p to Altyy is trivial. Clearly

Alte x -+ x Al Q(Zg x -+ X Ek)Jr,

k+1 k+1

Again, we can assume that the restriction of p to each one of the factors is trivial,
since otherwise we can apply Theorem 8 to obtain the bound k — 1. So p factors
through the quotient

(T x -+ x TOT/(Alty x -+ x Alty).
Note that since the restriction of p to Alty is trivial we have

p(01,02, ..., 0k, Oky1) = P(Oiys Tiys -+ -5 Tiys Tiy),
for any even permutation (i1, i, .. ., i, ix+1) of the set {1, ..., k, k + 1}. Notice that

k+1

(EkXEkX--'XEk)+
Alt, x Altg x --- x Alty

k+1

=¥ = {(Ul,...,vkﬂ)e[Flz‘“:v1+--~+vk+1:0}.

(25)
So, p will be trivial if we can show:

LEMMA 11. Let k > 6 be an integers and £ be the group defined in (25). Let

p: %L — GL4(C), be a non-trivial representation of £ such that p(vi, ..., Vkr1) =
p(iy, ..., v, ) for any even permutation (i, ..., ixs1) of the set {1, ..., k+1}. Then
d>k—1.

Proof. We will show that p is faithful when k + 1 is odd and | ker(p)| < 2 when
k+ liseven. For 0 #v € &, define I(v) :={1 <i<k+1:v; = 1}. Let assume that
p is not a faithful representation. If for some 0 # v € ker(p), we have |I(v)| = 2, then
ker(p) will contain every w with [I(w)| = 2, since for any w € ., with |[I(w)| = 2,
we have o(v) = w, for some o € Alt;y,. This implies that ker(p) = £, hence p is
trivial representation. Suppose 0 # v € ker(p) is chosen such that |/(v)| is minimal.
Since p is non-trivial then |I(v)| = 2j > 2. Without loss of generality assume that
v=(1,1,...,1,0,...,0) where the first 2/ entries are equal to one and the rest are
Zero.

If k + 1 is odd, then we can consider the 3-cycle o0 = (1, 2, 2j + 1) € Alt;,;. Now,
it is easy to see that o - v — v has 1 in only two positions, hence o (v) — v € ker(p), with
[1(o(v) — v)| = 2. This shows that p is a faithful representation when & + 1 is odd.

A similar argument can be made when k£ + 1 is even and | ker(p)| > 2. This show
that p is faithful when k£ + 1 is odd and | ker(p)| < 2 when k + 1 is even. In either
case p(£) has a subgroup isomorphic to [F’zc_l. The set p(.£) can be simultaneously
diagonalized with diagonal entries being +1. Now it is clear that d > k — 1 in both
cases. O

For j > 3, the group F; is isomorphic to an iterated semi-direct product of
alternating groups as above and a similar argument establishes the lower bound on the
degree of nontrivial representation. Applying Theorem 4 completes the proof. ]
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8. Product-free measure of abelian groups. We will compute the exact value pf(G)
for connected abelian Lie groups G. Let TX denote the k-dimensional torus. Then,

THEOREM 9. For any k > 1 we have pf(T¥) = 1/3.

Proof. The proof is similar to the proof given in [12] where only open sets 4 are
considered. We will show that in fact there is no need to restrict to consider just the open
sets. We will write this part of the proof, which is valid for any compact group, using the
multiplicative notation. Suppose that A4 is a product-free subset with u(4) =1/3+ 8
for some 8 > 0. First choose a compact set K € A with u(K) > 1/3 + /2. Clearly K is
product-free and since K is compact d(K, K?) = € > 0 where we use d as as shorthand
for dyr. Let U be the 8-neighbourhood of K, i.e., the set of points u € T* such that
d(u, k) < & for some k € K. We will show that for § small enough U will be product-
free as well. Let uy, up, u3 € U. So there exist ky, k>, k3 € K such that d(u;, k;) < § for
i = 1,2, 3. Using the invariance of d we have

d(uaus, koks) < d(upus, kous) + d(kaus, koks)
= d(uy, k7)) + d(uz, k3) < 26.

From here we have d(uy, uouz) > d(ky, koks) — d(ky, u1) — d(kaks, upuz) > € — 38. So,
if we choose 8 = €/4 we will have d(u;, uru3) > €/4 which shows that U N U? = .

Now let us assume that 4 is an open product-free subset of TF = T! x ... x T!
with u(4) = 1/3 + B. Again, by possibly exchanging 8 with 8/2 we can assume that
A is a disjoint union of finitely many boxes of the form: I} x I --- x I where I; is an
interval in the jth copy of T'. Choose a large prime number p. Set { = exp(27i/p) and
let G, be the elementary abelian p-group in Tk consisting of all elements of order p.
Note that G, contains P elements. Consider a box I} x I --- x I and let h; be the
length of /;. It is easy to see that

Gy NIl = Pph—1)---(ph — 1) =pk,u(]) + O(pk_l),

By adding up over all boxes we will get |G, N 4| > Pu(d) + o). Since G, is
a finite p-group, by Green—Ruzsa theorem (see Theorem 10) we have pf(G,) < 1/3 +
1/(3p). Since A is product-free we must have (1/3 + 8/2)+ O(1/p) < 1/3 4+ 1/(3p),
which as p — oo gives a contradiction. g

For finite abelian groups, the exact value of pf(G) is explicitly given by:

THEOREM 10 (Green—Ruzsa, cf. [7]). Suppose G is a finite abelian group of size n.
1. If nis divisible by a prime p = 2 (mod 3), then pf(G) = 1/3 4+ 1/(3p) where p is
the smallest such p.
2. Otherwise, if 3|n, then pf(G) = 1/3.
3. Otherwise, pf(G) = 1/3 — 1/(3m) where m is the largest order of any element
of G.

Using Theorem 10 we will prove our first theorem.

Proof of Theorem 7. First, we will give the proof for Z,,. Let ¢, : Z, — Z/(p"Z) be
reduction modulo p" forn > 1. Forp = 2 (mod 3), itiseasy to verify thatif S C Z/(pZ)
is a product-free set of density 1/3 4+ 1/(3p), provided by Green—Ruzsa theorem, then
o (S c Z, will be a set of the same density. For p = 1 (mod 3), consider the subset
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of Z/(p"7Z):

By Lemma 1 we have

CIE

S,
pf(Z,) > supM =sup——"—— = -,
n>1 Pn n>1 pn 3

On the other hand, suppose 4 is a measurable product-free subset of Z, with 1(A4)
larger than the function given on the right side of (8), that we denote it by f(p). Choose
a compact subset 4; C A such that u(A4;) = f(p)(1 + ¢€) for some € > 0. By (9), this
can be seen in a sufficiently finite quotient of Z,, i.e., for sufficiently large n, the set
du(A1) € Z/(p"Z) has a density larger that f(p)(1 + €/2). By the theorem of Green
and Ruzsa, this implies that there exist x,,, y,,, z, € 4 such that ¢,(x, + y, — z,) = 0.
Since A4; is compact, after passing to a subsequence, there exist x, y, z € A; such that
Xy —> X, Y — Y, Zn — z. Now, since x, + y, — z, — 0, we have x + y = z, which is a
contradiction.

The proof for [F,[[7]] is similar. The only difference is that all of the finite quotients
of [F,[[#]] are elementary p-groups. Hence when p = 1 (mod 3), it is the third condition
in Green—Ruza theorem that applies. ]
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