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Class number calculation using Siegel functions

T. Fukuda and K. Komatsu

ABSTRACT

We propose a fast method of calculating the p-part of the class numbers in certain non-cyclotomic
Zp-extensions of an imaginary quadratic field using elliptic units constructed by Siegel functions.
We carried out practical calculations for p = 3 and determined A-invariants of such Z3s-extensions
which were not known in our previous paper.

1. Introduction

Let K be an imaginary quadratic field and p an odd prime number which splits into two
distinct primes p and p in K. We denote by K/, = K(p"T!) the ray class field of K modulo
p"t! and K., = |J;_, K,,. Then there exists a unique Z,-extension K, of K in K/ . We
denote by K, the nth layer of K, over K.

In a previous paper [3] we studied the Iwasawa invariant A\(K./K) for p = 3, while
(K /K) is known to be zero by [4, 7]. Our investigation was based on the calculation
in Ky. We were not able to handle K,, (n > 3) for lack of a fine algorithm. In the present
paper we develop a new algorithm based on the structure of the group of elliptic units and
calculate the 3-part of the class number h(K,,) of K, (1 < n < 5). We are now able to consider
MK /K) by observing directly the growth of the 3-part of h(K,).

We illustrate, for an odd prime number p, how to calculate the p-part of h(XK,). As usual,
for a Galois extension L/F of algebraic number fields, we denote by G(L/F') the Galois group
of L over F' and by Np,p the norm mapping of L over F. We begin by explaining how to
construct K, explicitly. We assume that K is different from both Q(v/—1) and Q(v/=3). As
in [3], we are interested in K. /K in which p is totally ramified. Therefore K N K = K,
where K means the Hilbert class field of K. Let a1, as be rational numbers and 7 a complex
number with positive imaginary part. Then the Siegel function is defined to be

glar,az)(r) = —qt/? O riaaa D21 g TT(1 - 2:)(1 - ¢2a2 ),

n=1

where ¢, = €?™7 q, = €*™* 2z = a;7 + ay and i = /—1. Then g(ay,a2)(7) is a modular
function of some level and K, is generated by special values of g(a1, as). We refer [5, Chapter 2]
for the various properties of the Siegel function.

Let w; and wy be elements of K with imaginary part Im(w;/we) > 0 such that pntl =
Zwy + Zws. Since (p) = pp’, there exist integers r, s € Z with

T s
WL T ez = 1L

Then g(r/p"‘*‘l,S/p"‘*'l)(wl/wg)mf""+1 is in K], by [5, p. 234, Theorem 1.1]. We put

1= (o i) o g ) )
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We know that f(7) is independent of r, s by [5, p. 33, Proposition 1.3]. Then there exists a
unique 3p"*th root of unity ¢ such that f(w;/w2)¢ € K, by [3, p. 472]. We put

M = Nk /K, (f(i;)()

Let T be the Galois group G(K/K) and v is topological generator of I'. We put

-2

gn:<77na777m-~-7772p >
Let E,, be the unit group of K,,. Then it is well known that the group index (E,, : &,) is finite
[5, p. 323, Theorem 4.1]. We note that 7,,77,...,7)" ~* form a free basis of &,. Let E! be

the subgroup of E,, such that E! /&, is the p-Sylow subgroup of E,, /&,. Let p°" be the exact
power of p dividing the class number h(K,,) of K,. Then we have

P = p (B : &) (1.1)
by [5, p. 323, Theorem 4.1]. Our main purpose of this paper is to prove the following theorem.

THEOREM 1.1. Let the notation and assumptions be as above. If e, — e,,_1 = 1 for some
integer n > 1, then we have e, 11 — e, < 1.

Owing to [2, Theorem 1], we may convert Theorem 1.1 into the following version.

COROLLARY 1.2. Ife, —e,_1 < 1 for some integer n > 1, then we have e,, — e,;,—1 < 1 for
all integers m > n.

As an application of Corollary 1.2, we show an efficient algorithm for calculating e,, in the
case e —ep = 1 in § 3.

2. Proof of theorem

Preparatory to proving Theorem 1.1, we summarize as lemmas properties of E,, E/ and &,
which were defined in the previous section.

LEMMA 2.1. We have , NE,,_1 = &,,_1 forn > 1.

Proof. We write s =p"~! —1 and r = p" —p"~! — 1. Put

p"—2
To+T1Y+...FTpn 27y
n

n=n
n—1
with rational integers z;. We assume 1 € E,,_;. Then ”° =5, which implies

777""_1 — ng:f:{z(wi—wr)v”pnfl —
by Nk, /i (1,) = 1. Hence we have

i — Tp=Tiypn—1  (0< i< —1),

Ty — Tp=Tiqgpn-1_pn (r+1<i<pt —2),

_(ET:.’L'pn—l_l,

which means zg — pz, = x¢. This shows z, = 0 and z,,-1_; = 0. It is known that
Nk, k() = Mu—1 by [5, Theorem 1.3, p. 237]. Hence, noting the uniqueness of ¢, we
have - s-1

n= NKW/K%l(nﬁ0+$17+"'+w5717l ) _ n;rl(f;m'vﬁ.#ﬂcsflv ) O
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LEMMA 2.2. We have p®»~ -1 = (E! : E,E!,_) forn > 1.

Proof. Since &, N E),_; = &E,—1 by Lemma 2.1, we have (E,E),_; : &€,) = (El,_; : En—1).
Hence we have
P = (B En) = (Bt EnEy 1) (EnEy 1 1 En)
= (B EnEy 1) (Bp_y t Ent)
=p U (E : EnEL_). O

LEMMA 2.3. If E/ /€, is non-trivial, then there exists an element n in &, with n ¢ EP and
7=t € EP, where EP = {eP | e € &, }.

Proof. Since EJ, /&, is a non-trivial p-group, there exists an element u in E], such that u & &,,
w~l € &, and uP € E,. We put n = uP. Then n ¢ EP and 77~ = (u?~1)? € EP because E,
does not contain a non-trivial pth root of unity. O

Let H be a subgroup of E,, and u, v elements of E,,. From now on, we write u = v (mod H)
if uv=t € H. We put T = v — 1 as usual.

LEMMA 2.4. There exists an element f,,(T) in Z[T] which satisfies

77,{?”7’)"—1 _ nn_ln;p(H_Tfn(T)) )

Proof. Since 0" (T + 1)"" " = SN (17" + 1) = TP"*"" (mod p), we see that
Z?:_ol(T + 1) P P" ¢ pZIT). Hence
S A L
pT

fa(T) =
is contained in Z[T] and

?_—1 T4+1 ipn—1 n__ n—1
a1 = Nico s, () = pai=0 D7 = 77 p b T (1),

from which we derive the desired equality. O

Proof of Theorem 1. We assume e, —e,,—1 = 1 and e, 4+1—e, > 2 and derive a contradiction.
We write r = p™ — p"~! — 1. Let {£1,&o,...,&m-1_1} be a free basis of E/,_; and put

Vn = <€17£27 s 76;0"*17177777.’7’%; s ﬂ?lr>~

Since {nn,n;{,...,ngpnﬁ} is a free basis of &, and since Nk, /x, (1) = Nn—1, We have
V., = E],_,&,. We note

Vo = <£17£27 cee 75}7"‘1717777”773:7 s 3777{T>'

Since e, — e,—1 = 1, there exist v, € V,,, ¢ € E/ —V,, and z;,y; € {0,1,...,p — 1}
such that
. Tpn—1_ T+...4y.T"
el =, = Tl ;Uz.”é-pzil_llngo-‘ryl +...+y

and vl = 1 (mod V?) by Lemma 2.3. Since 7. = 7,_1 (mod V?) by Lemma 2.4,
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we have
T _ 1T Ton—1 4T 4.y (AT fn (T TAy1 T2 4.4y 1 T7
oF =enT p:ilil nr m yrp(1+T fr ( ))77y0 Y1 Yr—1
— T Tt 1Ty 0Ty Ty T7
=40 nir  ppoT+us Yr—1 (mod V).
Hence we have yg = y1 = ... = y,—1 = 0 and y, # 0 by e,, —e,,—1 = 1. We may assume y, = 1.

Hence there exists an element £ € E/,_; with

577(7 "

such that vy/” € E!. This means E, =(V,U {vn/p}> by e, —enp—1 = 1. Since (vn/p)
(ETnp_1mn (HTf"(T%)l/p, there exists an element ¢’ € E/,_; with

(v}z/p) 5/ — (4T (T)) (21)
We put

Vot = <E':z U {77n+1, 777?4-1’ e ,772+1}>7

where 7/ = p"*! — p™ — 1. Then there exist Unt1 € Vg1, §F € B4, a;,b; € {0,1,...,p—1}
and ¢* € E;, | — V41 such that

6*17 = VUpg1 = g* ao+arT+...4+ap_1T" " ( 1/p)a7 T]b0+1b1T+ +0b,. /T
TL n+
and vl ; =1 (mod V, v.1) by Lemma 2.3 and the assumption e, —e, > 2. Since 175;1“ =y
(mod V} |) by Lemma 2.4, we have
vigr = (€) et g e
_ , boTH..Ab o TT T
(& 77n(1+Tf"(T)))a'ﬁn0+1 1 nbr
=1 (mod V} ).
This shows by = by = ... =b,._1 =0 and a, = b,» # 0. Since b, is prime to p, we may assume
a, = 1. Hence there exists an element £’ € V,, with
vngr = E0l/PnTL (2.2)
Moreover, we have (vrll{fl)T = §”’ng_£11+Tf”'+1(T)) for some ¢ € E| by nﬂ_fl = My
n;f(lHTf”“(T)). We put V1,1 = (Vo U {v}/fl ). Then there exist ¢’ € E}, 1, v, € Vg1,

n* €V, and y,20,...,2~ € {0,1,...,p— 1} with

!/

7
+21 T4tz T 7, 1 ,
e =l g = (ol Pyt T by

n+1

and (v}, )T =1 (mod V7 ) by the assumption e, — e, > 2. Since

Ttz T2
()" = ()T (&', TNy 211 e

.(5// 1,1}—1/;9)4/71(6///,'7 (1+fn+1(T)))ZT/

+1
1 (mod V7)),

we have zp = z; = ... = z,» = 0. This contradicts the assumptions.
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3. Algorithm for constructing E!,

As we explain in the later section, we often meet the situation e; — ey = 1. In this case, we are
able to develop an efficient algorithm for constructing E/,. By Corollary 1.2 and (2.2), E! /&,
is a cyclic group with order |E/, /E,| < p™. We assume |E/ /E,| = p™ and construct E/, as
follows.
Based on the cyclicity of E), /&, there exist unique subgroups V,, 1 (0 < k < n) which satisfy
En=VooCVp1 CVpoC...CVon=2E,,
(Vn,k:-i-l : mG) = Dp-
We write V, for V,, 1. _
Let = p™® — 2 and &; = 1) (0 <i < 7). Then Vj has the form

Vi = (€0, €15+, Er—1,Vk)

with v, € E/,. Note that vy = €,. We explain how to construct vgy; from vg. By an argument

similar to the proof of Lemma 2.3, we may assume vj_, € V} and vZS_ll_ " e V. Namely, we

search for integers z;x, yix and vgy1 € E!, satisfying

r—1
k1 = (H 5?”“)%; (3.1)
i=0
r—1 p
vzg_ll_w = (<H 5?““)1)2”"“) . (3.2)

=0

If vg41 exists, then the following relations hold:

r—1
k k k+1
-p* _ PPz |, —p
vt = (I | e; )”k-s—l , (3.3)
i=0

r—1
1—y _ Yik —YrkTik |, PYrk
Upy1 = (H € )vk+1 . (3.4)

=0

The first step is to find a;; € Z which satisfy
T
gjlf'* = HefJ (0<j<r).
i=0

This is straightforward because

1—y
€j

1— 2
g, =¢gpE1 ... Er1Er.

:5j5;+11 0<j<g<r—1),

Then Ag = (aij) is the representation matrix of 1 — v : Vj — V| with respect to the basis

{€0,€1,-..,6r—1,00}. It is easy to see that the rank of Ay modulo p is r and dimKer (A :
Fptt sz Agz e Fyt') = 1. Let 2o = r —i+ 1 (mod p) (0 <@ <) with 0 < a0 <p-—1
and put ‘zg = (200,710, -.,Tr0) € Z"T. Then there exists ‘yo = (Y00, Y10, ---,Yr0) € Z"T1

satisfying Aoxg = pyo. By the assumption e; — eg = 1, we see that |E!,/E,| = p and there
exists v; € E/, which satisfies (3.1) and (3.2) for k = 0. It is straightforward to see that

r—1
el=) = (H Ef“})ETlUl—p. (3.5)
=0
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From (3.5) and (3.4), we immediately construct the representation matrix Ay of 1 —~:V; —
V1 with respect to the basis {ep,e1,...,6r-1,v1 }. The first r—1 columns of Ay and A; coincide.
The last two columns vary.

When we construct vgyq from v for £ > 1, we need some trials. We note the following
property of the representation matrix A of 1 —~ : Vi, — Vi with respect to the basis
{Eo, Ely+v-sEr_1, vk}.

LEMMA 3.1. For any k > 1, the rank of Ay, modulo p is greater than r — 2.

Proof. The determinant of the (r — 1) x (r — 1) matrix obtained from the first » — 1 rows
and r — 1 columns of Ay is 1. |

Namely, dimKer (4 Fptt > z — Agzr € FJT') < 2 and we easily find 'z, =

(Tok, Tiks - Tpp) € Z™1 with 0 < zp < p—1 (0 < i < 7), 7 = 1 and by, =
(Yo, Yiks - - -, Yrk) € Z'T! which satisfy Apwi, = pyg. Starting with v, we try to find
Vo, V3, ..., Up. If v1,..., v} exist and vy does not exist, then we have (E!, : £,) = p*. Note

that Ap11 is constructed using the relations (3.3)—(3.5).

A naive method constructing Vj41 from Vj, needs p” trials. A sophisticated idea of Zassenhaus
in [6, p. 66] reduces it to pr trials but usually requires an integral basis of K,,. Our method
does not need an integral basis and finds vy within p trials.

4. Examples
We carry out practical calculations when p = 3 and try to apply our technique to
determinethe Iwasawa A-invariant A\(K,/K). In the preceding paper [3], we studied MK /K)
for several imaginary quadratic fields K = Q(v/—m). We showed MK /K) = 0 for
most of these K. Values of m for which we were not able to assert AM(K./K) = 0 are
—2183, —4637,—6761, —7907 and —17786. For these m, we calculate the 3-part 3°» of the
ideal class number h(K,) of K,.

The first step is the calculation of e;. This is easily done because the rank of & is 2, and
Ej is constructed straightforwardly. We verified e; — eg = 1 for all above m. So we are able
to calculate e, according to the technique in the previous section. We show the results in the
following table, from which we see A\(K/K) = 0 for all those K using Theorem 1 in [2].

m () el (D) €3 €4 €5
—2183 1 2 3 4 4 4
—4637 1 2 3 4 4 4
—6761 1 2 3 4 5 5
—7907 1 2 3 4 4 4
—17786 2 3 4 5 6 6

5. Miscellaneous techniques in calculations

We explain how we calculate special values of Siegel functions quickly and how we construct
the cube root of an integer of K,,. First we consider the expression of an integer of K,,.

When n = 1, a well-known method due to Pohst and Zassenhaus enables us to construct an
integral basis of K, easily. When n = 2, we used a special techniques to construct an integral
basis of K, in [3]. It seems very hard to get an integral basis when n > 3. So we adopt another
method. Let o be an integer of K, not contained in K, _1. Then

fra(X) = H (X —a%)

s€Emb(K,,,C)
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is an irreducible polynomial in Z[X], where Emb(XK,,,C) means the set of all embeddings of
K, into C. Then f, o(X) is considered to express 2 - 3" conjugates of a. We can specify «
rigorously by using f, o(X) and an approximate value of o with an appropriate precision.
Namely, we use a correspondence

N approximate values of a’, o € Emb(K,,C),
Jn,a(X).

Next we discuss how to get a cube root of « for an integer « in K,,. If one of the cube roots
of «v is contained in K, then only one of them, which we write /c, is contained in K,, because
(3 is not contained in K,,. We note the following fact.

LEMMA 5.1. Let a be an integer of K,. If f, .(X) = g(X)*> with an irreducible monic
polynomial g(X) € Z[X] and a non-negative integer e, then o € K,,_.. More precisely, we
have K,,_. = Q(«) and g(X) = fr—e,a(X).

Proof. If e = 0, then the assertion is trivial. So we assume 1 < e < n. Let G(K,,/K) = (7).
Then,
Emb(K,,C) ={y"|0<i<3" -1} U{y'"J|0<i<3" —1},

where J is the complex conjugation. First, we claim that a = o' for some 0 < i < 3". Indeed,

if @ # " for any 0 < i < 3", then we have
a=a"! ="’

for some 0 < i < j < 3™ — 1, which yields a = a”jfi._This is a contradiction.
Let 7 be the least positive integer such that o = o' and put i = 3%b with an integer b prime
to 3. Since v3" = 1, we have

a=ao7 ,
which leads to b = 1 because of the minimality of ¢ = 3*b. Since
G(Kn/Ka) = (7"),
we have a € K, — K,_1 and
fra(X) = g(X)Se = h(X)Snﬁ
for some monic polynomial h(X) € Z[X]. Since g(X) is irreducible, we have e > n — a and
h(X) = g(X)

3e+a7n

If e+ a > n, then the above argument implies @ € K,_1. This contradicts the fact that
a € K, — K,_1. Hence we have ¢ + a = n and complete the proof. O

LEMMA 5.2. Assume that K,, = Q(«) with an integer o in K,,.

(1) If fn.o(X?) is irreducible over Q, then /a ¢ K, for all m > n.

(2) If fna(X3) = g1(X)g2(X) with an irreducible polynomial g1(X) € Z[X] of degree 2 - 3"
and an irreducible polynomial go(X) € Z[X] of degree 4 - 3", then /o € K.

Proof. The proof is straightforward, noting that (5 ¢ K,. |

According to the above lemmas, we obtain /« for an integer « of K,, as follows. Factoring
Jm.a(X), we find n with 0 < n < m and the minimal polynomial f, o(X) of a. If f,, o(X?) is
irreducible, then /o & K,y,. If f,, o(X?) has an irreducible factor g(X) of degree 2 - 3", then

https://doi.org/10.1112/5146115701400014X Published online by Cambridge University Press


https://doi.org/10.1112/S146115701400014X

302 T. FUKUDA AND K. KOMATSU

Ya € K,,. Let o be an element of Emb(K,,,C). Then ¢/a° is one of p¢* (i = 0,1,2), where
p is a fixed cube root of a®. We specify p(® so that g(p¢?) = 0. In this manner, we get the
minimal polynomial of /& and all conjugates of </« explicitly.

Finally, we make a remark on the calculation of Siegel functions. In [3], we needed
approximate values of g(ay, a2)(7) with the precision of several thousand digits and calculated
the infinite product straightforwardly. In this paper, we calculated the 3-part of the class
number of K5 and needed approximate values with 10° digits. So we translated an infinite
product into an infinite sum.

LEMMA 5.3. Let g, and g, be complex numbers defined in §1. Then we have

n+1/2 —n—1/2\ n(n+1)/2
1/2 ZZO:O(_I) (qz+ / — 4= / )qr( 0/
1+ZZO:1(_ )n(qg(Snfl)/Q+q¢(3n+1)/2)

o0
—(1-¢) [[O-qre)(1 —qrqc ") = ¢
n=1

Proof. See [1, Proposition 6.3.14 and Corollaries 6.3.16 and 6.3.18]. ]

REMARK 1. The convergence of the left-hand side depends on ¢}. On the other hand, the
right-hand side converges very quickly because it depends essentially on qu.

REMARK 2. When a; = 0, ¢, = €2 is a purely imaginary number and it happens

that an/2 = qz_n_l/2 for small n. So we have to stop summing based on the magnitude

0f|q¢ n+1)/2‘.

REMARK 3. There is another way to use the o-function to construct ray class fields of
imaginary quadratic fields. But the o-function needs calculations of quasi-periods which are
essentially the sum of ¢”. Though the Siegel function is similar to the o-function, it does not
need quasi-periods and hence has an advantage of fast convergence.
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