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The General Equation of a Geodesic on a Surface of
Revolution applied to the Sphere.

By LAWRENCK CRAWFORD, M.A., D.Sc.

1. In attempting some work on geodesies on a spheroid, I was
led to work out the geodesic on a sphere, and it may be interesting
to see how the usual Spherical Trigonometry results arise from the
general equation of a geodesic on a surface of revolution.

'2. The general equation of a geodosie on a surface of revolution is
dd>

r'-—j- — constant,

where r is the distance of a point on geodesic from the axis, and </)
the angle of azimuth, or angle between the plane through the axis
and this point and a fixed plane through the axis,
.•. on a sphere, taking 6 as colatitude, (f> as longitude, a radius of

sphere, the equation becomes a2sin20-^ = constant = a^jk, say,
us

ds

or crdfF + n'&iirddcjr = k2sin*0d<fr,

—sina0 - 1 \ =a- I
The direct way to evaluate the length of a geodesic would be to
integrate this latter equation between 6 and <£, then find a relation
between s and 0 from the equation

^sint6 - 1V
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taking in both as constants initial values #„, </>„, and then eliminat-
ing k. This gives s in terms of 0 and </> of points at either end of
geodesic. This method is done in § 4, but I give first a more direct
method of integration.

Differentiate to get rid of k: after reduction, the equation takes the

form sintf—- - 2cos0l-r-I - cos# sins0 = 0.

The solution is to be periodic in <f>, . \ assume a solution of form

dO
sin^-y- = Qcoŝ > + R, where Q, R are functions of 6.

. Atf6 Ad6 .. . , ,dQ dd dR dO

dd( ,dQ dR

Our equation to be solved, if it agrees with this, is

sin0sin<A-77j - 2cos^^- {Qcosi + R} - sin</>cos#sin20 = 0,
d<p- a<p

and is to be same as

i.e. s in<^3Ti - "T7 { 2Qcot̂ cos<^> + 2Rcot0} - sin^>sin^cosS = 0,

dR\

.-. Qsin</> = - sin</>sindcos#, .-. Q =

and ^ - l = 2Qcot(9, and ^ = 2
da do

Q= -sin0cos0, .-. -^-=-00825, .-. ^ - 1 = - 2cos»0

agreeing.
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If —— = 2Rcot#, 11 = csin"#, where c is a constant;
do

.: the solution of the equation is

; = siri#cos#cos<£ + esin20.
dtp

Measure for convenience 4" from starting point of geodesic,

.-. when <j) = 0, 6 = 60 .: 0 = - sin0ocos0,, -t-csin20o,

.-. the solution is sin60sm<f>-y- = sin0[cos#osin# - sin#ocos0cos</>]

say.

^ I = si

but P2sin^ + sin-^gsin^sin2<i = Psin60sin<^3-

P-=-
da- a<f>

Now P + sin2^0sin2^ + (cos#ocos0 + sin0osin0cos^>)2 = I,

and -T-J {cos0ocos^ + sin0osin0cos^)} = - sin0osin0sin</> - P-j-j ;

.-. integrating, cr = cos-'lcos^cos^ + sin0osin^cos</i>} + constant,

and putting a- = 0 when 6 = 6n, <f> = <f>0, we get this constant = 0,

. •. cos— = cos#ocos0 + sin^si
a

in general, the result will be

cos = cos0ocos0 + sinflosin
a

which is the Spherical Trigonometry result.
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4. Take now the method mentioned in S 2.

F = <fy>2sin20(-^sin20 - l ) = cty2sin20(m-sin50 - 1), where m = — .

, , ddcosecd dv
.-. d<f> = —r— — = , where v = cot0,

2 - cosec20 Vm2 - 1 - a3

•<i = c o s ~ 1 — • = = + constant.
Jm* - 1

- COS"
V»t! - 1 • \'vr - 1

—siir<9 - 11 ;
a- I

msin# dO i..<x,<- „
. •. dcr = —; = —- , where t = cos0,

Jm'sitfd - 1 Jm? - 1 - m??

.: <r = COST1 . + constant:

Jm* - 1
, mcosd mcosd0

IT -<Ta — COS~' , - COS

.-. cos(ir - <ra) =
m

ni2 - 1 Jm? - 1

s#cos^0 1 . — . . . ... „„ ^7
- - 1 m - ••• 1 • '

, . , , , cot^cot^,, 1 ,— ^ — - ; —-
and cos(<i - <i0) = —-— H — ^ — - v(m- - cosec-0)(m- - oosecOJ-x w - 1 TO- - 1 /v

. •. cos(<r - ir0) = cos = sin^ sin^0 cos(<̂ > - <j>t) + cos# cos^0, as before.

5. We can also find s in terms of <f> - <£0, and the inclinations
of the tangents at the extremities of the arc to the meridian.

Let I be inclination at point where colatitude = 6, and length of
arc s, and a at point 00, so> then equation of the geodesic may be

written a2sin20-^ = constant,
as

i.e. asind sin£ = constant = asin#0 sina = a?/k ;

sin^sinf =sin5(|Sina and ntsin^, sina= 1.
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Get equations for '/>, s in terms of (, integrate, and then
eliminate d0.

sin# = sin0o sina cosecf;

.'. cos0— = -sintfosinacotfcosecf
p

. •. sin30 cos50(f)t=sins0 - 1) = oos2W — I

Substitute for sin0, cosO in terms of (, and the equation becomes

s i n Mrfi) =

Vsin2£-sins0osin2a. J1 - sin20o sin2a - rf
cost , cos2a

d> - 4>n = cos"1— - cos~!—
V l i 2 ^ i n

- sin2(98sin2o

Now &<r = s
day . sm"t sin-g0 sin-a cot-{

, ntcosf . mcoso
cos-1—. g= - cos-1--. =

Jm? - 1 Jm- - 1

( day

surf (sm-f - sin-0o sin-a)
J o u reduction,

dt dv .
.: da = . . ... = , -, where v = cotf,

sinf V»»-sin2{ - 1 -Jin* - 1 - ir
COtt . COta

• - ov = cos~'— - c o s " 1 — = =Jml - 1 v mr — 1

; - s0 cotfcota 1S - ?„ COC(COta 1 r ; Tjr-,—7, J-T-
. •. cos(<r-<r0) = cos = — £ — r + ., v v'(»»--cosec-f)(m- -cosec-a).

And cos(^ - ^ ) = ? " c o 5 c o s a
 + _ J _ V<mWnf - 1 )(mW« - 1),

Tt\ — 1 fix ~~ X

.-. cos(</> - >̂0) = cosacos^+ sina sinf cos , the known result in

Spherical Trigonometry from triangle with side s - sm and angles
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