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Abstract

In this paper we develop an asymptotic theory of aggregated linear processes, and
determine in particular the limit distribution of a large class of linear and nonlinear

functionals of such processes. Given a sample {Y; (N) Y,SN)} of the normalized
N-fold aggregated process, we describe the limiting behavior of statistics Ty, =
TN, n(Y(N) ,1(N)) in both of the cases n/N(n) — 0 and N(n)/n — 0, assuming
either a ‘hmmng long- or short-memory’ condition on the underlying linear process.
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1. Introduction

Let { Xk, k € Z} be a stationary process with mean 0 and finite variances, let {X ,(Cj ), k e},
j=1,2,...,be independent copies of {Xy, k € Z}, and consider the process

1 N)
s _ Xt X
™ _

N )

keZ. (1.1)

Such processes, called aggregated processes, appear in many problems of statistics, natural
sciences, and economics. For example, macroeconomical data obtained by averaging
production data from individual companies are normalized aggregated data. The fundamental
statistical problem of aggregation theory is to draw, given a sample {Y ™) Y(N)} of the
aggregated process for some large n and N, conclusions for the structure of the underlying
processes {X ) , k € Z} (‘disaggregation’) and use these to describe the asymptotic behavior

of {Yk , k € Z}. Besides its obvious importance for econometrics, aggregation has a crucial
importance from a purely probabilistic point of view as well. By a seminal paper of Granger
[22], aggregating N random coefficient (autoregressive) AR(1) processes can lead, as N — oo,
to fractionally integrated long-memory processes. Similar examples show that aggregated
processes can have a much richer structure and more complicated dynamics than their
elementary (‘micro-level’) components. This opens a new way to analyze complex processes
by constructing such processes from simple ‘building blocks’ via aggregation. In particular,
aggregated random parameter AR processes have been studied extensively in the literature;
see the important contributions by Celov ef al. [10], Dacunha-Castelle and Fermin [13],
Dacunha-Castelle and Oppenheim [14], Horvath and Leipus [24], Oppenheim and Viano [36],
Puplinskaite and Surgailis [41], [42], Zaffaroni [51], and the references therein. Aggregation or

Received 6 October 2011; revision received 18 July 2012.
* Current address: Institut fiir Mathematik, Humboldt-Universitit zu Berlin, Unter den Linden 6, D-10099 Berlin,
Germany.

520

https://doi.org/10.1239/aap/1370870128 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870128

Limit theorems for aggregated linear processes 521

superpositions in continuous time were discussed in [1], [2], [3], [6], [7], and [32]. For
aggregating ARCH-type processes, see [17], [20], [28], [30], [52], and [53]. A somewhat
related field are so-called superlinear processes (cf. [47] and the references therein), where
processes are instantaneously aggregated by nonrandom weights. Such processes have served
as a rich source of examples and counterexamples for the central limit theorem and weak
invariance principle for stationary processes. However, the substantial difference between
random and nonrandom weights means that different treatments are required.

Let
v, kezy:= VNV, k e z}.

From the multivariate central limit theorem, it follows that the finite-dimensional distributions
of {Y, k(N), k € Z} converge as N — 00 to those of the associated Gaussian process {&, k € Z},
whenever some model assumption on {Yk(N), k € Z} is made. In its simplest analytic form, the
disaggregation problem calls for determining the distribution of the process { Xy, k € Z} if we
know the distribution (e.g. the covariances ¢y or spectral density) of the associated process. In
case of aggregated AR(1) processes with random parameter a, a simple explicit solution can
be given, but, for aggregated AR(p) processes with p random parameters ay, ...,ap, p > 2
(which are usually dependent due to stationarity and causality assumptions), this is a much
harder problem, leading to a Fredholm-type integral equation, which is known to be an ill-
posed problem. Equivalently, the moments E[aé], 1<j<p,l=1,2,...,satisfy an infinite
nonlinear system of equations, whose structure 18 so complicated that even numerical solutions
are difficult to obtain. In the case of p = 1, replacing ¢y with their estimators </3k, n.N based on
the sample {Y I(N), e, Y,gN)} leads to consistent estimators of the moments E[a'] in terms of
{Y I(N), R Y,fN) }. For example, in the random coefficient AR(1) case Horvéth and Leipus [24]
gave the estimator

(N) (N) (N)y,(N)
_ ZZ:ZYk Yk—l‘ZZ:4 Y, Yk—3
- (N) (N)y,(N)

PIIRTCAOEED RS P (3ie:

for E[a]; consistent estimators for the density of a were given in [11] and [31], and, for
parametric moment estimators, see [9]. Note that the least square estimator is not consistent in
the case of aggregated processes, due to the nonergodicity of {Y, k(N), k € Z}. Determining the
asymptotic distribution of such estimators requires studying nonlinear functionals of the sample
{Y fN) e, Yn(N)}, a delicate problem whose nature sensitively depends on the relative order
of the sample size n and aggregation number N, and whose solution is known only in special
cases. For example, for N = N(n) viewed as a function of n, asymptotic normality of the
moment estimators in the AR(1) case was proved in [24] in the case n/N (n) — oo; analogous
results for the density estimator were given in [11] and [31] in the case N = oo, i.e. when
the estimators are based on the associated process {£x, k € Z}. Similar problems arise when
considering panel data; see, e.g. Phillips and Moon [40], who discussed related phenomena in
the case n/N(n) — oo.

Let d be a positive integer. The purpose of thf:N?resent FI\? er is to provide a weak

Zy.N (1.2)

invariance principle for multivariate functions f(Y,"",..., Y, ; ;) of aggregated linear
processes with an arbitrary (possibly infinite) number of random parameters. More precisely, we
will study the asymptotic behavior of 21[:2]1 f k(N), .Y k(i)i 4+1) asn, N — oo, considering

all interesting cases for the orders of magnitude of n and N. Our results will cover processes
with short as well as long memory, naturally with a completely different class of admitted
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functionals f (Y(N) Y ) d4+1)- For the random coefficients of the underlying process
Xk = Z 1 0jEk—j, We W111 assume throughout the paper that

B) Sup; en, lai| < C almost surely (a.s.)
for some constant C > 0. Our basic assumption in the short memory case will be
(SM) 3772 llejll < o0,

where || - ||2 denotes the L2-norm. This implies that not only the process { X, k € Z}, but also
the Gaussian process {&;, k € Z}, obtained as the limit of the normalized aggregated process
{Y(N) k € Z} as N — oo, has short memory. In the case of long memory, we require that
(SM) fails, but

(LM) maxj<p<a Y o llei — ignll < 0o and Y 500 Elleiaik|l = OkP), B > 0,

holds, where d is the dimension of the functional f we are studying. Condition (LM) allows
a slower decrease of the coefficients o, as the degenerate example o; = 1/j shows; on the
other hand, the admissible class of functionals is much smaller in this case. We do not make
any assumption on the dependence of the random coefficients ;. Our main results w111 show
that, under either condition, the partial sums of finite-dimensional functionals of {Y , kelZ}
satisfy a weak invariance principle, a fact from which the limit distribution of many 1mp0rtant
statistics of aggregated processes can be deduced immediately.

The proofs of our results use martingale techniques, specifically, we will apply the
decomposition method of Gordin [21], a powerful technique leading to sharp results for large
classes of weakly dependent processes; see, e.g. [37] and [50] for recent contributions. The main
technical difficulties in our paper are connected with extending the martingale decomposition
method for the two-parameter situation provided by aggregation, and involve in particular the
handling of the nonergodic setting. As will be clear from the proofs, our method applies to a
large class of nonlinear processes as well, e.g. processes allowing a Volterra expansion with
sufficiently rapidly decreasing coefficients. This class includes, among others, many ARCH-
and GARCH-type processes. However, to keep our exposition at a reasonable length, in this
paper we deal only with linear processes. We note that some of the results of the present paper
were announced, without proof, in the conference proceedings [27].

Our paper is structured as follows. In Section 2 we introduce notation and prove some
preliminary results. The main results are presented in Section 3, along with some additional
remarks and comments. In Section 4 we apply the results to aggregated AR(1) sequences,
where we revisit and extend results from the literature. The proofs are split into two parts.
First, some necessary tools are presented in Section 5.1. Based on these tools, the proofs of the
main results are given in Section 5.2.

2. Preliminaries

Let
o0
Xy = Zawk—i, keZ,

be a linear process with random coefficients «; subject to conditions (SM) or (LM). Assume
that {ex, k € Z} are independent, identically distributed random variables with E[e;] = 0, 0 <
2 [s,%] < 00, and that the random vectors («g, «1, ...) and (¢, k € Z) are independent.

oy =E
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Let
. o
x) =3Pl kel j=1.2...,
i=0
be independent copies of {Xi, k € Z}, i.e. let 8(j) ke Z,j=172,..., be independent
random variables distributed as the e and let the arrays Ea(()] ), a{l ), ...), j € N,beindependent,

distributed as (g, a1, . . .) and alsoindependentof the e;”". Let{Y} ) , k € Z}be the normalized
aggregated process, i.e.

1) (N)
A =

, keZ, 2.1
TN € 2.0

and denote by Y(N) (Y(N) Yk(N; Jrl)T the d-dimensional aggregated vector. Define the
o -algebras 9, A(N) and ?( Y by

M —o@ k<t,keZ 1<j<N),

AN =@, keNy, 1<j<N),
FNY =09 uAM),

When there is no danger of confusion, we will omit the superscript (N). We will frequently use
the abbreviation || - ||, = (E[] - PP, p < oo; in particular, we denote the L>-norm with
HEY R

Note that conditions 082 < oo and (SM) or (LM) imply that the aggregated process {Yk(N) ez
is stationary in the weak sense; in other words,

cov(Y(N) Y(N) ) =:¢j-; forall N €N,

cov(Yl.(N), Y;M)

and, in particular, that the covariances ¢, h = 0, 1,2, ..., exist. For x € RY, let |x| denote
. W, FDD
the usual Euclidean norm, and denote by ‘—’ weak convergence and by ‘—’ convergence of

0,1
finite-dimensional distributions. In addition, by * M we denote weak convergence in the

space of the cadldg functions on the interval [0, 1] equipped with the Skorokhod topology.
Let 9%, k € Z, be a stationary d-dimensional Gaussian sequence. For a Borel-measurable
function f: RY — R, we formally define

()2 = E[(f(m) —ELf D)’
+2 Z EL(f D) = ELf oD i) — ELf Oy ) D] 2.2)

k=1

Moreover, for fixed m € N, by ’;‘ (m) — {&, ke Z} we denote the weak limit of the
m-dependent approximation Y(N) (N) | 9“”

o= tim v By ™M g .
N—o0
In particular, we formally define

(2.3)

— 1 f
e = M O

where we point out that we do not demand ogf = O’Ef .
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3. Main results

As already mentioned, our main result is a functional central limit theorem for the normalized
aggregated process {Y ,((N)}kez. Note that if N is fixed and n — oo, we are dealing with a
stationary sequence. There is a vast literature on functional central limit theorems dealing with
this particular case. For more recent results, see [15], [16], [34], [37], [38], and [50]; excellent
surveys can be found in [35] and [39]. On the other hand, we have seen that if n is fixed and
N tends to 0o, then {Yk(N )}kez B {&k}kez, which is a stationary ergodic Gaussian sequence.
Limit theorems for such processes have been established (among others) by Taqqu [45], [46],
Dobrushin and Major [18], Giraitis and Surgailis [19], and Arcones [4], [5]. So it is natural to
expect that, if N = N(n) is a function of n and dominates n strong enough in the sense that
lim,, n/N (n) — 0 fast enough, we will get similar results.

Let g(s), s € [0, 1], be a Lipschitz continuous function, and set

A =AM = % > g(}%)(f(Yi(N)) —ELF¥Y) | AN,
i=0

where f is a map from R4 to R. Moreover, for L > 1, we define the d-dimensional polynomials
Qi(x), 1<i<L,x=(x1,...,x5) € R? as

Qi(x) = (xj — xj4n) " Pi(x), l<j,j+hi=d, g =0, (3.1
where P; (x) are d-dimensional polynomials. For convenience, we restate conditions (B), (SM),
and (LM).

B) SUp;en, lai| < C a.s.
(SM) 357% llei | < oo,
(LM) maxi<h<d Y iog lloi — aitnll < 00 and 372 El|aieikl] = O(F), > 0.

Remark 3.1. Note that (SM) implies that {Yk(N)} kez 1s a short-memory process, since we have
ZZOZO |¢n| < oo. Contrarily, (LM) allows for long memory; see Section 4 for examples.

In the case where the aggregated process {Y, k(N)}keZ exhibits short memory, the following
result is derived.

Theorem 3.1. Let € be a copy of the random variables {8;Ej)}keZ, 1 <j<N,andlet f bea
map from R? to R, satisfying the condition

L
[f(x) = fI = CZ 1Qi(x) — Qi(¥I,
i=1
where the Q;(x) are as in (3.1) for some C > 0and L > 1. Let D = 4maxi<;<y, deg(Q;). If
both n and N tend to oo, and condition (SM) and E[eP] < oo are valid, then

AN DO g !
) — 0% A g(s)dws, 0<r<l, (3.2)

where W; is a Brownian motion and ol is as in (2.2), where § = {&, k € Z} denotes the
associated Gaussian sequence of Y V) = {Yk(N), ke Z}). If N is fixed and n — oo, then it
suffices to require E[eP/?] < oo, and instead of o} , we have an AN)-measurable random
variable (RV) o 4w in (3.2), which is independent of {W;}o<i<1.
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The above result is quite general, and it seems to be very difficult to prove a corresponding
result where condition (LM) is valid but (SM) is not. However, by slightly narrowing the class
of functions satisfying (3.1), the following result is obtained.

Theorem 3.2. Suppose that the conditions of Theorem 3.1 are valid, with the exception that
we only require condition (LM) instead of (SM). If, in addition, mini<;<y g; > 1in (3.1) then

AN DO f '
] — O ; g(s)dWs, 0=<t<1, (3.3)

where W, is a Brownian motion, and O’f* is as in (2.3) and exists. If N is fixed and n — oo,
then it suffices to require E[eP/?] < oo, and instead of o; o we have an AN measurable RV
0 4 in (3.3), which is independent of {W;}o<i<1.

Remark 3.2. Note that even though {Y, ,{(N)}kez may exhibit long memory, we still obtain a
Brownian motion as the limit distribution. This phenomena is related to the concept of the
Hermite rank of a function; see, e.g. [4], [S], and [18].

Remark 3.3. One may suspect that even if minj<;<7 ¢; > 1 then we also have the relation
osf = crsf , despite the possible inclusion of long memory. This conjecture is fueled by [26,
Lemma 3.86] (and also Proposition 4.1 below). General computations for osf , can be found

in, e.g. [5]; however, these do not seem to lead to simpler expressions in the pfesent context.

Remark 3.4. Note that if N is fixed and n — oo, then AY) is an invariant o-algebra with
respect to the usual shift operators {6 }rcz that can be associated with the stationary process
{Yk(N)}kez. In particular, o 4~ can then be represented as

1
1im E[(AFY)? | AN =03, / g%(s) ds.
0

Note the presence of weights g(i/n) in (3.3). Weighted statistics have proven to be very
helpful in many fields, particularly in the case of weighted empirical processes (see, e.g. [29]
and [43]), which is addressed in Corollary 3.3 below. In addition, such weights can also be
used to account for additional seasonal or nonseasonal effects of the underlying process; see,
e.g. [25] and the references therein.

In practical applications, the conditional expectation E[ f (Yk(N)) | A7 may be difficult to
handle, and one would want to know when it could be replaced by E[ f (Yk(N))]. This question
essentially boils down to the relation between n and N, more precisely, if we write N = N (n)
as a function of n, whether lim,, oo n/N(n) = 0 or lim,_,o N(n)/n = 0. Both cases have
economic backgrounds: Granger [22] argued that in many economical problems N is much
larger than n, whereas Beran ef al. [8] gave examples of the opposite case. To clarify the
situation in the case that (SM) holds, we need a preliminary result. To this end, let

M M M
f(x13-’~’xd):Z)"STS(-XI""v-xd): Z )"STS(xls"'sxd)+ Z )"STS(xl""v-xd)
s=0 0

s= s=0
2| deg T 2| deg T

(s)
be a d-dimensional polynomial, where A; € R, M < oo, and Ts(x1, ..., xq) = ;1;01 x?’ are

the corresponding monomials. For each 0 < s < M, we have the relation

E[T;(&)] = g7, (@0, - - ., Pa—1),
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where g7, (x1, ..., xg4) is a d-dimensional polynomial; see, e.g. [4] and [5]. In addition, set
o
a)) =Elef]Y ool r=1.2... N, h=01....d-1
i=0

Proposition 3.1. Assume that (SM) is valid and that the additional conditions of Theorem 3.2
hold. If f is a d-dimensional polynomial then we have

VNELFXM) | AN B M) S (0,62,

where

d—1 M
o2 :var<Z¢;1(a§” —¢) Y. Asqf"')gn,s<¢o,...,¢do),

i=0 s=0
2] deg Ty
with the notation introduced above.
Note that 62 = 0 if the polynomial f consists of only monomials with odd degree.

Proposition 3.1 yields the following corollary.

Corollary 3.1. Let f be a d-dimensional polynomial. Assume that (SM) is valid and that the
additional conditions of Theorem 3.2 hold. Then

(i) if limy—con/N(n) = 0, we can replace E[f(¥N) | AN in Theorem 3.2 with
ELf(¥M)),
(i) iflimy— oo N(n)/n = 0, we have
N n . w 1
£Zg(i)(f(nfij)> ~ELF D = / g(s)ds.V (0, o),
n i=0 n 0

2

where o is as in Proposition 3.1.

Remark 3.5. With some additional (notational) effort, one may also cover the case where f
is a polynomial, as in Theorem 3.2 in the case that (LM) holds. A special case is treated in
Corollaries 4.1 and 4.2 below.

If the function f is not a polynomial, and/or only (LM) holds, we can still provide the
following result.

Corollary 3.2. Suppose that the assumptions of Theorem 3.2 hold and that

A1 NGy
Then we can replace E[f(Y") | AN in Theorem 3.2 with B[ £ (Y\")] or B f (§)].
By increasing the aggregation level N with respect to n, we can partially extend Theorem 3.2.
Theorem 3.3. Let f be a map from R? to R such that
|f Ol

sup —m—mm
1

< oo forsomep >0, |f(x)—f(=CQK —QOW),

forall x,y € R up to a finite number of points, where C is a positive constant and Q(x) is a
d-dimensional polynomial. Suppose that lim, .~ n/+/N(n) = 0, and that the assumptions of
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Theorem 3.1 hold, together with E[|e|™] < oo for all m. Then

[nt] . ‘
Z ( >(f(Y,(N> —ELf ¥ 2 of / g(s)dW,, 0<r<l,
0

where asf isasin(2.2).
If f(x1,...,xa) = Yxy<sy,...xg<ty) TOr fixed 11, ..., 24 € R, we obtain the following result

for the weighted empirical distribution function F,,*’ (11, ..., t5).

Corollary 3.3. Under the conditions of Theorem 3.3, the weighted empirical distribution

function
1 [k
€] _ - "
Footr, ... ) = n;g( )1{Y(N)<t1 ,,,,, y]:-]:a)l—lftd}

satisfies

ﬁ(Fég)(n,...,td)—n ! g( )P(El <t1,...,§d5td)>

k=1

1
= o} // g2(s)dsN (0, 1),
0

where {&}rez, denotes the associated process of {Y,((N)}kez, and 051 is asin (2.2) with f =

Yoy <ty,oxa<ta)-
Theorem 3.2 also allows us to give a weighted version of Theorem 2 of [4].

Corollary 3.4. Let g(s) be a continuous functionon [0, 1], and let f be a Borel-measurable map

fromR4 toR. Let {£}rez be a zero-mean stationary Gaussian sequence with covariances ¢, =
Eléoék], k € Z, satisfying lim sup,, nl ZZ,[:l |@|k—1)| < oo. Then, under E[f(&o,d)z] < 00,
we have

[nt] t
1 k FDD
ﬁZg(;)msk) ELf(§)]) — o} /0 g(s) dW;.

k=0

4. Aggregated AR(1) processes and long memory

In this short section we will briefly touch on the disaggregation problem if the micro-level
processes {X () , k€Z}j—,. n are AR(1) processes. In practice, it is often reasonable to
approximate individual data by simple time series models, such as, e.g. AR(1) and GARCH(1, 1)
(see [12], [33], and [51]). Very often, more complex models neither provide an advantage
in accuracy nor in efficiency of the estimates, and usually are difficult to study from the
theoretical point of view. Consider now the aggregated process defined by (1.1), where {X G ),
k € Z}j=1,..,n are independent, identically distributed random coefficient AR(1) processes.
Thatis, forany j =1,..., N,

x) =aVxP +ef. kel

where E(J ke Z, j =1,2,...,and the copies g are independent, identically distributed RVs
with zero mean and variance 02 < oo,and the '), j = 1,2, ..., are independent, identically
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distributed RVs. We assume that {SIEJ), keZ,j=1,2,..}) and {aV), j =1,2,...} are
independent. Finally, let a be an independent RV having the same distribution as (a'/),
j=12,....

Most of the recent results dealing with the disaggregation problem considered aggregated
AR(1) processes; see, e.g. [8], [10], [11], [24], and [31]. For some insights on AR(2) processes,
we refer the reader to [27]. A profound discussion of these results is beyond the scope of the
present paper, and will be given together with some extensions elsewhere. Here and now, we
focus on a special function f, which is a key ingredient in the disaggregation problem:

(N) y(N) v(N) (N)
JO N Y Vo)
N N N N N
—vyMa™) —y® Ry + BV, h=1,2,.... @D

The importance of this function stems from the fact that asymptotic results concerning moment
and density estimators associated to the RV a may be derived from results regarding this
particular function. In fact, we can show that (cf. [11] and [27])

Ela?"] = —"’2(’;0__");’;*2, n € N,
B2l = Pt Z bt
do—d2 -

where 02 = E[alz]. Hence, we can estimate the moments ]E[ah] via
(N) (N) (N)y,(N)
ZZ:HI Y Y, - ZZ:hH Yo " Vipo
(N) (N) y,(N)
PI/RTC AR LD IR (e fuiet

Note in particular that Z, y.1 = Z, n, where Z, y is given in (1.2). Using Theorem 3.2, we
will derive the asymptotic distribution of Z, y , under quite general conditions, given below.

Zy,Nh =

Assumption 4.1. Suppose that the following assertions hold.
(i) E[e¥] < 0.
(i) la] <1a.s.
(i) Y520 (1 = a*)a’|| < oo.
(i) [E[a*/(1 = a®)]| < 0.
We obtain the following result.
Proposition 4.1. [f both n and N tend to 0o, we have, under Assumption 4.1,
1R (i ) NI T
Tn Zg(;>(f(Y,- ) —ELF ) | AN = of /0 gle)dw,, 0<r<1,
i=0
in D[O, 1], where W, is a Brownian motion and UEf isasin(2.2).

Note that Assumption 4.1(i), (ii), and (iv) allow for long memory, since cov(Yk(N), YI(N)) =
E[e2|E[a*!(1 — a®)~'] for k > . Assumption 4.1(iii) can be investigated more easily by
introducing a density function, which is done in, e.g. [24] and [31] when discussing the
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disaggregation problem. In this context, the following type of density functions ¢(x) are
commonly used:

e(x) =1 4+0)"1 —x)'" 2y (), xel[=1,11, d,dr < 1.

Here 1 (x) is continuous on [—1, 1] and does not vanish at —1 and 1. For simplicity, we will
consider the case where

p) =1 —x)"yx),  xel-1,1],d<1.

In this case, the condition E[1/(1 — |a|)®] < oo of Horvéth and Leipus [24] implies that
d < —%, which is a short-memory condition. Evaluating Assumption 4.1(iii), we obtain

11 —abal||* = O(T[3 = 24105 + j]T'[3-2d + § + j]) = 0 F).

Hence, we require Z 374 < 00, whichyieldsd < 5. Thisis also the condition of Celov

et al. [11]. Note that thls also 1mp11es that the aggregated process {Y )}k>1 exhibits a long-
memory behavior if 0 < d < 5. Proposition 4.1 allows us to derive the following corollaries,
which extend the results presented in [24] and [27].

Corollary 4.1. Let N = N(n) be an increasing function in n, and assume that g(s) is a
Lipschitz continuous function on [0, 1] such that fol g(s)ds # 0. Then, under Assumption 4.1,
we have, for lim, .~ N(n)/n =0,

4 — E[a"
SN Lo Z BT w6,

2
ZnN2— Zn,N,l

Note that the variance of the limit distribution does not depend on the choice of the function
g(s), which is rather unexpected. However, this feature is lost in the second case.

Corollary42 Assume that g(s) is a Lipschitz continuous function on [0, 1] such that
fo g(s)ds # 0. Then, under Assumption 4.1, we have, for lim,,_, o n/N(n) = 0,

1 2d
VO8I D J . 86s) N0, 0P, (4.2)
fo g(s)ds
f

where o f = O'Sf, & = {&, k € 7Z} denotes the associated Gaussian process, and o is as

in (2.2).

V(Zun 1 — Ela"]) S

A distribution-free limit can be established by estimating cr,% with a Bartlett-type estimator;
we omit the details. Also, note that the variance of the limit distribution in (4.2) is greater than
or equal to o'} by the Cauchy—Schwarz inequality, and we have equality if and only if g(s) is
a.s. constant. Thus, g(s) = 1 yields the estimator with minimal variance.

5. Proofs

The main tool in our proofs will be martingale decomposition, and we will make essential
use of the ideas in [26] and [39]. To verify the conditions for the martingale approximation, we
will use a second main class of tools, namely approximation results related to the central limit
theorem for a stationary Gaussian process. Unless otherwise stated, in all proofs, C always
denotes a generic constant that may vary from one formula to another.
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5.1. Some tools

We postpone the proof of Theorem 3.2 to Section 5.2, and first establish the other results of
Section 3. Depending on assumptions (SM) and (LM), we will require one of the following
results.

Lemma 5.1. Let g be a bounded function on [0, 11, and let f be a map from R? to R. Let
& = (S(l) ey S,id))T be a zero-mean stationary Gaussian sequence in RY with covariances

rPd(k) = E[éép)éliq)], 1 < p, g <d, satisfying lim sup,, n-! Zzylzllrp*q(k—lﬂ < 00. Then,
under E[ f (E)?] < 00, we have

)
(f (&) — ELf (0D
|7 5o

where the constant C depends only on the covariances.

< Cdil f &)l foralln,

Lemma 5.2. Let & = (]) .. E(d))T be a stationary Gaussian sequence in R with
covariances rP (k) = E[&ép) E(q)] 1 < p,q <d, satisfying lim sup; kP|rPa(k)|/L(k) =
bpgy < 00,0 < B <1, foreach 1 < p,q < d, where L(k) is a slowly varying function.
Then, under E[ f (£)°] < oo, we have

[nt]

@' Zg(f)(f@k) ~ ELf &0))

k=0

<dCt| f&) foralln,

where a, = n'~"P/2 and t is the rank of the function f.

For a detailed treatment of the rank of a function, we refer the reader to [4] or [18]. In
our case, we will always choose T = 1, since we are only interested in an upper bound (see
Lemma 5.6 below).

Both lemmas are slightly changed versions of results in [4, Theorem 2, Theorem 6].

Proofs of Lemmas 5.1 and 5.2. Lemma 5.1 is obtained from [4, Lemma 1], following the
proof of [4, Theorem 2]. Lemma 5.2 is obtained similarly.

N N N .
We set Y( ) (Y( ) Yk(+a)l ])T and & = (&, ..., &4a—1) ', where {&t}rez is the
associated Gau551an sequence. In addition, we set

R _ F_| 1 v Ny (N)
o E_H ﬁg{f(sk) E[f@k)]}', an,Y—H ﬁkg{f(n ) —ELf (¥} )]}H.

For the purposes of the next lemma, let {Z;}ren be a sequence of independent random
vectors in R? with zero mean and identity covariance matrix. Define

—= > Zx,  Sy=N"PEIZIPL, oy, =NPTVRE[ZPH,

Let Py denote the distribution of Sy, and N the d-dimensional standard normal distribution.
For a Borel-measurable function f from RY to R, we set

|f ()]

I£115 P e
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Note that if || f ||* < 00 holds for some function f(xi, ..., x4) then this remains true for g
with g(x1,...,xq9) = f(A(xy, .. ,xq) 1), where A is a 11near transformation.
The following result, stated here as a lemma, is due to Sweeting [44].

Lemma 5.3. Let p > 3 be an integer, and let f be a Borel-measurable function on R? such that
||f||* < 00 holds. Assume that E[|Z{|PT!] < co. Then there exists a constant C(d, p) < oo
such that forall N > 1, E[|Sy|PT'1 < CW, p)(1 + NN, p). Moreover, we have

‘/ fd(Pn —N)
R4

=Cd, P)<||f||;(51v +1N.p) + ./Rd w]qu dN),
where C is an absolute constant and w‘;-(x) =sup{|f(y1) — fO2)]: lyi — x| <é6,i=1,2}.
Given f: RY > R, define f: R%? - R by
FOts e x00) = FO1, e X)) F (Xt - -0 X24).

Proposition 5.1. Let Y(N) N™1/2 Z j=1 X Y be the aggregated process as in Definition 1.1,
and let f be a Borel- measurable Sfunction from R? to R such that

Lf ) = fOI = ClO(x) = Q(y)] (5.1

for all x,y € R? up to a finite number of points, where Q is a d-dimensional polynomial
with degree q. Assume that conditions (B) and either (SM) or (LM) hold, and that, for some
p > max{3,q — %}, we have E[|X1|*PT!] < co. Then we have

gl ] CQd,2
’[ Ejﬂ&ﬁ@w] [ Ejﬂwmvwwq‘ ¢ SBL2ZI (s

k=1 k=1 W
and
[nt] [nt]
E| - f@ﬂ [ ﬂ(>”sa———< (5.3)
53 > T
where C1 and Co depend only on the covariance structure, and C(2d,2p) is a constant
depending only on d and p.

Proof. 1t suffices to show (5.2) since the same argument applies to (5.3). Owing to (5.1),
we readily verify that || f ||; < oo for p > max{3,q — %}. Moreover, for a d-dimensional
continuous function /4 satisfying (5.1), we have

sup{lh(y1) —h(y2)|: lyi — x| <6,i=1,2} <$§ sup [R(y1, y2), 5.4
{lyi—x|<8,i=1,2}

where R is a 2d-dimensional polynomial with finite degree. Note that either condition (SM) or
(LM) implies the existence of the covariance matrix A (k, 2d) of the vector (Ek, .. $k+d 1
£, ...,€4—1)". To make Lemma 5.3 applicable, we define the functions fk (x) as fk (x) :=
f (L(k, 2d)'/2x). Since ]E[’g‘o] < 00, the elements of L(k, 2d)'/? are all bounded, one readily
verifies that there exists a constant C such that

I fll3, < C forallk, (5.5)
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anda similgr bound asin (5.4) is also obtained. Let (x1, ..., X;;) be the finite set of discontinuity
points of fi, and denote by Bs(x;) the closed, 2d-dimensional §-ball around x;, 1 <i < m.
Then, owing to (5.4) and (5.5),

/ 0%’ 5/ Ndﬂ‘ ‘/ N am
Rr2d S R2A\J™, B5(x;) k =1 Bs(xi) /‘

< Céy forall k.
An application of Lemma 5.3 yields
ELf &) f &.a)] — ELF ) Far )
= ‘fRMﬁcd(a —N)‘

< C(d, 2p><||f||’5,,(5N +1v.2p) + f o dw)
de fk

< CQd.2p)(I| f1I5, (N + nv.2p) + CON).

Thus, we obtain

[nt] [nt]
H Zf(Y(N))f(Y(N)} [ Zf@k)f@m”

k=1 k=1
nt)

kd(Jn «N)‘

k=
<nt’C(2d.2p) sn;p(ﬂﬁcn;(aN + m2p.n) + Coy)
<c C(2d, 2p)n’
VN

and, similarly,

[nt] nt]
1 Cc,
Y s - LS et ot | < S o o,

k=1 kll

hence, the claim follows.

Let us assume again that the conditions of Proposition 5.1 hold for a d-dimensional function
FolfIF, < oofor0 < p < oo. Let f; be a polynomial approximation of degree g of f, with
g > p. Then we can write f = f, + f-,, and, by ||f||*;, < 00, we have ||f>q||;; < 0. Hence,
we obtain the following result.

Corollary 5.1. Let f be a d-dimensional function such that | f ||’;) <00, 0<p<oo and
assume that the conditions of Proposition 5.1 are satisfied together with (SM). Then

2
< CC(Zd, 2g)n
VN

where {E}kez, is the associated sequence of{Yk(N)}kGZ.

+ Cl foq o) I,

F23
= f>q(Yk
\/% k=1
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Proof. 1t follows from Proposition 5.1 that

[n1] 2
cd,q)n
st |48

Hf Zf“’(y

One readily verifies that (SM) implies that the associated sequence {&; }rc7 satisfies the covari-
ance condition of Lemma 5.1; hence, we obtain ||n~!/2 [m] f>q(§k(N))||2 < Cllf>q&0,a) 112,
which completes the proof.

5.2. Proofs of the main theorems

This subsection is devoted to the proofs of Theorems 3.2 and 3.3, Proposition 3.1, and
Corollaries 3.1, 3.2, and 3.4. Unless otherwise stated, in all the proofs, C always denotes a
dynamic constant that may vary from one formulae to another. The proof of Theorem 3.2
consists of two steps. The first step provides a martingale representation, where we will rely
heavily on results presented in [39]. The second step is to verify conditions enabling us to use
martingale limit theorems, which will involve estimates for the square bracket of martingales.
Throughout this subsection, we will assume that the assumptions of Theorem 3.2 hold, and, for
all the proofs, we assume without loss of generality that L = 1,i.e. |f(x) — f(y)| < C|Q(x) —
Q(»)], where Q(x) is a d-dimensional polynomial and C > 0. For notational convenience,
we will omit the superscript (V) in the notation Y(N) = Y} for the aggregated process in this
subsectlon except when we really want to emphasue the dependenceon N = N (n). Letk > ¢,
write X k] ) as

k—t—1
0 _ ) () ) D ) (D) () ) () )
Xy ZO‘ i Z o el = XL rale X
i=k—t+1

and observe that X,((j )> ; is independent of 9,§N). We introduce the notation

y™ xO y®™ x O

k>l_ k>t’ k<t_ k<l’
Y™ _ D) 4 ) D v _ 1 U0
k >t — ZXk >t O 48 Yk - Q8

(N) ) (J) )
k<t_ Zxk<t O

For a process U;, we define the projection operator P (U;) = E[U; | Fi] — E[U; | Fr—1]. In
connection with the projection operator and the previous notation, we will use the coupling
method. This method has been used by Wu [48], [49] and Dedecker and Doukhan [15], among
others. The method consists of coupling a sequence of RVs with a special copy of that sequence,

and is particularly helpful when dealing with projections of the type of $#(U;). To this end,

given an innovation 8,&’ ) , define (s(j ))’ as another innovation with the same law, independent

9 y My

koot k<t,...,whichare

ofallegy’, 1 < j <N,k € Z. In this spirit, we also introduce

defined as before with the innovations (s(’ )) .
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Lemma 54. Let W9 = kv, ... v ) —EIK@™, ..., v ) | AN where K
satisfies |K (y)—K (x)| = C|Q(y)— Q(x)IWllhx = (x1, . -',Xd)andy =(1.....y1) €RY,
such that

0(x) = (xj — xj4+n)T P(y), 1<jh=<d qg=0,
where P(y) is a polynomial with degree D. Moreover, we assume that E[S%D] <oo. If in
addition, (SM) holds if ¢ > 0 or (LM) holds if g > 1, then

@) EW | #01 =0 for all N, where FY) = ;o 7,
(i) Y02 12— j (W) < 00 for all k.

Proof We first verify (i). Owing to Kolmogorov’s zero—one law, it follows that 9,(N)
Mien 9, ) is the trivial o- algebra {2, @} for each N. Hence, we deduce that (N) A(N )
and, thus by the definition of W 2 , the claim follows.

To prove (ii), we note that

d d) | o~ d) | o
1P ;W = IBIWSD | Fiej] = BIWD | Faejoilll.

Hence, we will take a closer look at E[Wk(d) | %1 — ]E[Wk(d) | Fi—1], witht =k — j. We set

— (N) y @™ —_(y@™ (N) (N) (N) (N) (N)
A= (¥, Yera- 0= Wy Ve H Ve oo Vi o H Va1 = T Yipa1,<0)
’ (N) ), (N) (N) (N) (N)
and A=V 2+ Yoo + Y 2o Vg H Na o+ Yida 1 ) Using the

coupling method, it follows that
EIW | F1 —EIWY | F._111 = [EIK (Ap) | F] — EIK(AL) | Fo]l
= [E[K (Ax) — K (AL) | 71
< E[CIQ(Ax) — QAL | F21.

Jensen’s inequality yields

IE[C]Q(Ar) — QAL | Flll2 < (IEIC?(Q(Ar) — QAN | F1IIDY?
= C(E[(Q(Ax) — Q(AL ) DV, (5.6)

Now suppose that ¢ > 0 and (SM) holds. Then, owing to the structures of A and A! ', all

the terms in (5.6) cancel, except for those which contain powers of Y;Z}( and Yt(gc’ . Hence,
we obtain

(d) (d) h
IE[W,™ | F]1-E[W," | Fi1]ll = C | max lleej 17N < Cllejll
forallk, j, N, where C1 > 0Ois a fixed constant, independent of k, j, and N. The last inequality

follows from the fact that we have |aj|h <ch-1 leej| for j=1,2,....
Now suppose that ¢ > 1 and (LM) holds. Then, arguing in the same manner, we obtain

IEIWS | 71— EIW | F-11ll < C (max | max [l — ol

<C max |a; —«a;
< 15hSdII j— jtnll

for all k, j, N, where C| > 0 is a fixed constant, independent of k, j, and N. Hence, the claim
follows.
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Owing to Lemma 5.4, we obtain the following martingale difference decomposition for
Wk(d) : W,id) = Z?io Pr—i (W,fd)). This allows us to use the machinery developed in [39]. Let
g(s) be a Lipschitz continuous function on [0, 1], and set

k+m—1

=Y g(%){]E[Wi(d) | Fil —EIW | Fiinl),
i=k

where m is an arbitrary positive integer (which tends to oo later; see [39, Lemma 2]). Define
the martingale

k
M=) (0; —E[6; | Fiq) and M" = —=Mpy). 0<t<1 (57

i=1 \/ﬁ
-~

which is a martingale with respect to the filtration #; := F[,;). One readily deduces from
Lemma 5.3 that the sequence {Y ,{(N)}kez is uniformly integrable; hence, owing to [39, Propo-
sition 8] (see also [39, Lemma 2]), the limiting behavior of

1 1

@
Sy = — w
S ﬁ,;g(n) ‘

is governed by the martingale Mt(">. Hence, it remains to verify and apply various martingale
limit theorems. We will do so in a series of lemmas. We first mention an identity, which is a
key result for the proofs. For simplicity, we only state it in the one-dimensional case.

Lemma 5.5, Leti > k >1 > —ooand j > 1. Then it holds that

BLf (v | FIELF (™) | Fl = BLF ) e+ f e | F:

in particular; it holds that
ELF (™) | AMIELF (V) | AN = BLF ™) Fr ™) | A®),
Proof. Using the coupling argument, we have
ELF (™) | AIELFY) | A1 =RIELF Y)Y | FLF ) | A
=EIELF () + Fr) | w1 f ™) | Fa

Jj>l i<l
=EIELF )Y+ Frh ™) | 711 Fi

=ELFyM) F )+ rr ) | A,

The second identity follows in the same manner.

Lemma 5.6. Let M,(”) be the martingale defined by (5.7), and assume that g is a Lipschitz
continuous function on [0, 1]. Then the following statements hold.

(1) If N is fixed and n — oo, then [M®, M7, LN ON.m fot g(s)2 ds, where oy, is an
AN _measurable random variable.

ii oth n and N tend to oo, then , MM, — (o, g(s)2ds, where (0,)? €
(ii) If both d N tend hen [M™, M™] e ( Ef)2 é (5)2 ds, where ( Ef )2
R, depending only on m.
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Proof. We have [M™, M™], = [M, Mlpqn™" = n='(MZ + X120 (M1 — Mp?);
hence, we need to take a closer look at AMy := My — My_; = O — E[®f | Fx—1]. For
fixed n and N, we have

k+m—1
k
AM; = g(;)( > EW | F=l - EW | ?k_l])

i=k

k+m—1 .
k
+ ) (g(i) - g(;))(E[W,@ | il —EIW | Fii))
i=k

=: Ay k+ Bnk-

Owing to the Lipschitz continuity of g(s) and Lemma 5.4, we readily verify that || B, x| =
O(mn~'). Hence, we can replace (AMy)? with Ay k; thus,

[nt] K\ 2 Atm-l y J 2
i = w3+ 3o (5) (X B |- B | )+ o,

k=0 i=k
@) Put 72, = (Y5 EW | 7] - EW | Fiq])?. 1t follows from the ergodic

theorem that n~! (M2 + Z[’” nk m)) = ton,m a.s. Hence, arguing as in [39, Theorem 9], the
claim follows.

(ii) The proof of (ii) is more involved. Using the results from Section 5.1 together with
Lemmas 5.1 and 5.5 we will show that |[[M ™, M™], — (o; m)2 fo g()*ds]l2 — 0, as both
n and N tend to oo, which implies (ii). To this end, put

KA Vects oo Yira—tzt Ye<ts ooy Yiwa—1,<0) = EIW@ | #1 = EIW | F,_11,
and note that
KA @) = B, 4oxy o YY) xa)
— KO x| A,
Now let

k+m—1 2
( > B | Fl - EW | 5%4])

i=k
k+m—1 w
(3 x0)

. gpA®)
= H”  Yi,<kr-- Yerd—1,<k> Yi,<ks ooy Yivd—1,<k> Yier1, <k - -+ Yerd,<ks -+ 2)
_ J(Auw

and note that " (-) is a map from R2m _ R for fixed (oz(]) keN, 1<j<N). More-
over, it holds that

il k 30A® A(N) A(N) ,A,<N>
_ {g<;) ( )E[ |- BLaer " ELA ]}.
k,l=1
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By squaring out Jfk"’“(m and Jfl"“’(N), and applying Lemma 5.5 multiple times, we have
M) A ) )
E[3 3 1 = ElHH], Bl 1R ] = EIHJEH]],

where Hy = H(Yk <k,...) and H 1s a map from ROdm 5 R, independent of k and N.
Comparing this to the function Jf‘A' , note that the dimension has tripled; however, the
unpleasant conditioning on the o -algebra 4™ has disappeared. In addition, using the identity
a? —b*=(a—b)(a+b)and arguing similarly as in the proof of Lemma 5.4, we obtain

[H (x)]
H() = HO)I < 15 = ylIRG )L sup =y < Cm*,  x,yeRM"
for | = 2deg Q, where R(x, y) is a polynomial. Note, in particular, that we also have

| fRM,,, wgﬁw dN| < Cm?8y. Thus, proceeding as in the proof of Proposition 5.1 we can
rewrite I (n, t) as

1 < k 1
) Z g(;>g(;>{E[H(£k)H(£z)] —E[HE)IE[HED]} + Ry, m

k=1
1 [n1] k s 2
= E[(— Zg(—){msk) - <o§m)2}) } + R
ni= " \n
where E[H (§)%] < Cm*, & = (E(l), .. S“’dm)) is a 6dm-dimensional stationary Gaussian

sequence with covariance matrix ry satlsfylng the condmons of Lemma 5.1 (or those of
Lemma 5.2, which are more general), agfm is defined as (6 )2 E(H (&)), and Ry m =
O (N~Y2P+3) 1t now follows from Lemma 5.1 (or Lemma 5 2) that

[nt] 2 2 2
: r cQd C
) o) ) o

k=0
for some B > 0, and, since n~! Z[m g(k/n)? — fo g(s)2 ds, the claim follows.

Lemma 5.7. If g is a Lipschitz continuous function on [0, 1] then, under the same assumptions
as in Theorem 3.2, we have

E|: Z (n1/2AMk)21{|n1/2AMk|>g}:| — 0 asn — ooforallfixede >0, T > 0.
k<Tn

Proof. For fixed n and N, we have, from the Lipschitz continuity of g,

Lk Cli — k| @ | o @ |
A< Y (el )|+ = )W | Fl —EIW | Fial
i=k
k+m—1
<c Y EW? | 7=l - EW | Fill
i=k
= Qk.m.

Note that €2 ,, is stationary for fixed m and N, and that E[Q w] < Cp for all N, since
we have E[eD] < oo. We define V(§)r = Z Ole1{|le|>5}, T e N, which is an
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additive process in T for fixed m and N, so E[V(§)7r] = TE[V(§)1] for T € N. We have,
for 8 = ey/n, n'E[Y; .7, (Qum) e >8] = n'E[V (e/n)rn] = TE[V (e/n)1]. The
Cauchy-Schwarz inequality together with the Markov inequality gives

T
E[V(ev/m)i] < (*n)"' Y "BIQ}, 1= %E[ﬂ?ml-
=0 ’ En ’

Hence, it follows that V (ex/n)1, — 0 as n — 00, and, since Qk.m = AMy, we conclude that
IEI[ZkST”(n’lﬂAMk)2 112 A My 5e)] = 0 asn — oo forall & > 0.

Lemma 5.8. Let f: RY — R be a continuous function. Then there exists a sequence N =
N (n) with lim, n/N (n) = 0 such that
1 n
7 Y™ v ) — B v Dl N, o),
k=1
where o0 = osf and og is defined in (2.2).
Proof. Let L(-, -) denote the Lévy distance, i.e.

L(X,Y)=infle >0: Fx) <G(x+¢e)+eand G(x) < F(x +¢) + ¢ forall x},

where F and G are distribution functions of the RVs X and Y. Define fy y = f (Yk(N), cel,
ka;_l) — ]E[f(Yk(N), s Yk(fg)l_l)], and let fi ¢ be the corresponding associated Gaussian

version. Then we have, owing to [4, Theorem 2], for some o > 0, L[n /2 ZZ:] Sies
N(,02)] < &,, with lim,, &, — 0. For each n, according to the multivariate central limit
theorem, we can choose an N (1) such that L[n V237, fin, n V23 0_, frel < en,, with
limey) — 0, and lim, n/N(n) = 0. Since

1 & 5
£|:ﬁ’;fk,m N (0,0 )}

1 1 & 1 &
<L|— , N (0, 2}+£[— ,— }
< [lefk,g 0,0?) ﬁkgm ﬁ];fk,s

n =
the claim follows.

Proof of Theorem 3.2. Owing to Lemmas 5.6 and 5.7, we can apply [26, Theorem VIII.5.9]
(see also [26, Lemma 3.86]) to the martingale M;', which gives M} X Om,N fé g(s)dW; in
D[O, 1] (for fixed N and n — 00), and M} MY cr],:, fot g(s) dW; in D[O, 1] (if both n and N
tend to oco) forallm = 1,2, 3, ..., where Usj,; is defined as in Lemma 5.6. Now [39, Lemma 2]

yields n= 128, X om fot g(s) dW; for fixed N and n — oo, and n~ /28, X)Ug* fot g(s)
dW; if both n and N tend to co.

Proof of Theorem 3.1. We can proceed exactly as in the proof of Theorem 3.2, with the
exception that we need to compute o in this particular case. However, owing to Lemma 5.6,

it suffices to compute the value of agf for a special sequence No(n). Let N(n) be such that

lim, n/N (n)?> = 0. Then according to Corollary 3.2, we can replace the conditional expectation
E[f (Yk(N)) | AN with the expectation E[ f (Yk(N))], and now, from Lemma 5.8 in connection
with [4, Theorem 2], it holds that, for some sequence Ny(n), asf is as in Definition 2.2.
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Proof of Proposition 3.1. We only prove the claim in a simple case, the general case can be
handled in the same manner, but involves spacious computations. Let deg(f) be the degree of
the one-dimensional polynomial f(x) = x9ee() and putm = |deg(f)/2]. Letus first assume

that deg( f) is even. Then it follows that

ELf (M) | AN

I<ji#p##Fjmn<N
+0,(N7h
= N~ 2m — D! 3 afVal? - alm + 0,(N7Y,

I<ji#p##in<N

where a}(lr) = E[s Z o (r) l(j:h, r=1,2,...,.h=0,1,...,d — 1. Hence, we obtain

YNELF M) | AN —ELF )] = VNG — DI Uy + 0,(N7Y/2),

where

UN — T Z a(g/l) .. .a(()Jm) _ E[a(()/l) . _a(g/m)]’
(m) 1<ji<ja<-<jm<N

whichis an example of a U-statistic. The theory of U -statistics (see, e.g. [23]) yields JVNU N X
N (0, 02) with O' =m’E*"?[q 1] Var[ao] On the other hand, by appropriately adding and

subtracting E[ao’ 1=Elay '], 1 <i < m, we obtain
N—m Z l—[( i) (]1)]+]E[ (.]t)])
I<ji#ja##jm <N i=1

N
=N"'m Y (@ — Elay DE" a1 + E"[af"1 + 0,(N 7).
j=1

The central limit theorem now also yields the claim. Now consider the case where deg(f) is

odd. Then it follows that

ELf(¥™M) | AN = 0,(N 7

— N—m—l/22m(2m —2)--- Z a(()jl’4/'m+l)a(()./'2sjm+l) ag

l<ji#jp#Fjm=N,
J1=Jm+15-s Jm=Jm+1

where al"” = E(s2) Y20 (@) if r # s and a) = a{"" = B(e}) Y20 @ )3 if r = 5.

Arguing as in the even case, we obtain
VNELF ) | AN =Ry = 0,(N7177),

which completes the proof.
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Proof of Corollary 3.1. Statement (1) follows immediately from lim, o n/N (n) = 0 and
VNELF XM | AN =B S N (0, 02). To prove (i), observe that

[nt] .
£ ()(f(Y(N)) ELF (Y ")])

[nt] i
:\/g Ay +VNELFE) | AN =B Z ( )

where

[nt]

Ann =n 1/22 (i)(f(Yk(N)) ELf (M) | AN S of f g(s) dW,.

Hence, it follows that /N /nAu: n 5 0, and, thus, the limiting behavior is determined by
VNELF X)) | AN — IE[f(Y(N))]) —Iyil eGi/n). In view of n=' Y e(i/n) —
fO ¢(s) ds, the claim follows.

Proof of Corollary 3.2. Owing to Lemma 5.3, we have 2[E[f(Y\")] — E[f (&)1 <
C/n/N; hence, it suffices to establish the claim for E[ f (Yk(N))]. Since g(s) is bounded,
the Minkowski and Jensen inequalities yield

[nt]

Zg(%)[E[f(Y,ﬁN))] ~ELF M) | AN

k=0

E

[nt]
< CY B X —ELFY) | AN,

i=0

We will now again use a coupling argument. Let {gk(’ )}k>1 be an independent copy of
{sk }k>1, and define Y(N) * (Y(N) * Yk(+d 1)T by replacing E(J) with {m in Y(N)

(Yk(N) Yk(fg)l 1)T (the o; ()5 remain the same). Then we have

EE2LF(Y™V) | Al = BIELF Y )ELF (VN | AN | A
= RIELF (Y)Y £y ™M) | Al
= ELf (") f ).

Let {&, & }k>1 be the (two dimensional) associated processes of {Y, (V) Y (), *}k>1, and put
& = (&, ..., Ea—1) " and § =& & 1) The conditions of Theorem 3.2 imply
that the assumptlons of Lemma 5.3 are met; hence, arguing similarly as in Proposition 5.1, we

obtain [E[ £ (¥™) £ (¥ )] = ELf (&) f (D)1 < C/~/N, where C; does not depend on 7. In

addition, since E[Y, k(N) Y k(N)’*] = Oforall k € Z, we can assume that & and & are independent,
and, thus, it holds that

ELf (&) f (&)1 = ELf EOIELS ()] = E*[f (§0)].

In the same manner, we obtain |E2[f(Yk(N))] — Ez[f(ék)]l < C/\/N. Putting everything
together, we obtain ||IE[f(Yk(N))] — E[f(Yk(N)) | AM17|l2 < CN~/4, and, hence, it follows
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that n=1/2 YR - BLAQYN) | Allla = O(/i/N'4), which completes the
proof.

Proof of Theorem 3.3. Owing to ||f||";, < o0, we have E[f(’go’d)z] < oo and, thus, f can
be represented as an infinite sum of Hermite polynomials. Let f}, be the sum of the first p
polynomials. Then we have, after dropping the variables of f, f},, and f. , for the simplicity
of the formulae,

[nt]
Z ( )(f ELf1)

[nt]

[nt]
Z ( )(fp ELfpD+ —= Z ( >(f>p E[f>p))

= Ap,n(t) + A>p,n(t)~
Since f) is a polynomial, it follows from Theorem 3.2 together with Corollary 3.1 that

[nt]

. t
Z ( )(fp Bl > ol [ s

Moreover, Corollary 5.1 (Wthh remains valid since g is bounded) yields

2
1Apa(®) = Acon®ll2 = 145 pu (D2 < &P + &5, .

where 8( ) 0 and 85\/) np 0if C(2d, 2p)n/\/_ — 0, and C(2d, 2p) is as in Proposi-

tion 5.1. Thus by Slutsky S lemma it suffices to treat A, ,,(¢). It follows from [4, Theorem 2]

that crf P o) , Where crf and GE are defined in (2.2). Now let /& be a continuous, bounded

function. Then the dominated convergence theorem implies that

St s0an)] -t [ o)

— 0. Thus, it follows from the Minkowski inequality and Theorem 3.2 that

. t
‘E[h(A,,,n)]—E[hGg/O g(s)dWs>]
t
St 0] o o)
0
+’E[h<Ap,n)]—E[ ( {"/ g(s)dW)]’

2 3) 4
< 8;)) + SN,n,p —|—S,(, 37,

: 2)
with &,

=<

where lim, 8,(, i, — 0 for each p. In view of n/~/N — 0 we can choose a sequence p — 00

such that C(2d, 2p)n/ /N — 0, which establishes the claim in dimension one. The general
case follows in the same manner in connection with the Cramér—Wold device.

Proof of Corollary 3.4. In order to establish the convergence of the finite-dimensional
distributions, we can repeat the proof of Theorem 3.3 verbatim. However, since we no
longer require any approximation results for aggregated processes, we only need E[ f (£9)?] <
oo instead of E[f(£)*] < oo; this is especially the case in Theorem 3.2, in particular in
Lemmas 5.6 and 5.7.
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5.3. Proofs of Section 4

Proof of Proposition 4.1. For the proof, it suffices to verify the conditions of Theorem 3.2.
We have deg(f) = 2; hence, we obtain D = 8. Since |a| < 1 a.s. per Assumption 4.1, we
obtain
oo o0

la" (1 —a®)l < C2 Y lla' (1 = aP)],
0 i=0

o0
Dl — aiyall < €1 sup

i=0 heNo j—

which is finite due to Assumption 4.1. Finally, it is obvious that f may be written as in (3.1)
with L = 2 and minj<;<; ¢; = 1.

Remark 5.1. If the function f is as in (4.1), we may extend Proposition 3.1 (by mimicking
the proof) to the case where (LM) is valid instead of (ii).

Proof of Corollary 4.1. Proceeding as in the proof of Corollary 3.1, we obtain, due to
Remark 5.1,
VN(Zyn — Eld"]) > N (0, var(a)).

This implies in particular that ,/Z, y 2 — Zﬁ ~.1 18 a consistent estimator for var(a); hence,
the claim follows from Slutzky’s lemma.

Proof of Corollary 4.2. As in the proof of Corollary 4.1, we may proceed as in the proof of
Corollary 3.1, using Remark 5.1.
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