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ON INFINITESIMAL TEICHMULLER SPACE
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Abstract

Much research has been done on the geometry of Teichmiiller space and Hamilton sequences of
extremal Beltrami differentials. This paper discusses some problems concerning infinitesimal Teichmiiller
geodesic discs and Hamilton sequences of extremal Beltrami differentials in the tangent space of an
infinite-dimensional Teichmiiller space.
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1. Introduction

Let R be a given Riemann surface of analytical infinite type. We denote by
M (R) the open unit ball in the space L>*°(R) of all essentially bounded Beltrami
differentials on R. Let A(R) be the space of integrable quadratic differentials ¢ that
are holomorphic on R, and let Aj(R) be the unit sphere of A(R). Two elements
@, v € M(R) are infinitesimally equivalent, denoted by u ~ v, if [, u¢ = [, v¢ for
all ¢ € A(R). This equivalence relation partitions M (R) into equivalence classes, and
the space of all equivalence classes is called infinitesimal Teichmiiller space, denoted
by B(R). It is known that B(R) is the tangent space of Teichmiiller space T (R) at the
basepoint. For some basic definitions and notation relating to Teichmiiller space, we
refer the reader to the books [4, 5] and the paper [11].

Given 1 € M(R), we denote by [u]p the set of all elements v € M (R) which are
infinitesimally equivalent to 1, and we set

il = inf{{[v]loo : v € []B}

The infinitesimal Teichmiiller distance between two points [p]p and [v]p is defined as
dp([ulp, [vlp) = inf  [Inlec.
nelu—vlp
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We say that p is extremal in B(R) if ||u|lco = [|¢ll. It is known that a Beltrami
differential p is extremal in B(R) if and only if there is a sequence {¢,} in A1(R)
such that

’

litlloo = lim V U
n—oo R

and we call such {¢,} a Hamilton sequence for x. For any u € M(R), we can define
the boundary seminorm b([]) by

b([n]) =inf{|[v|g\Flleo : v & u, F is a compact subset of R}.

An infinitesimal equivalent class [i]p is called an infinitesimal Strebel point if
el > b([ie]); otherwise it is called an infinitesimal non-Strebel point.

2. Infinitely many geodesic discs in B(R)

By definition, a geodesic disc in B(R) is the image of amap I"' : A — B(R) whichis
isometric with respect to the Euclidean distance in A and the infinitesimal Teichmiiller
distance in B(R), where A denotes the unit disc of the complex plane.

For any point [u]p # [0] g, there is at least one geodesic disc passing through [0]p
and [u]p. In fact, any extremal Beltrami differential u contained in []p determines
a map

Fp:A— B(R), te[tun/llnllecls,

and I', is a holomorphic isometry with I, (0) = [0]p and T, (|| it || oo) = [1£] B (see [9]).

For a given point []p in B(R), we want to know how many geodesic discs there
are which contain [0]  and [u] g, as well as how many isometries I : A — B(R) there
are with I, (0) = [0] and T, (| tlloc) = [14]5.

From [9], we know that if [t]p contains an extremal differential p such that |u|
is not a constant, then there are infinitely many holomorphic isometries and geodesic
discs that possess the aforementioned properties. In this paper, we consider more
general cases and establish the following theorems.

THEOREM 2.1. Let [u]p #[0]lp be an infinitesimal non-Strebel point in B(R).
Then there are infinitely many isometries T : A — B(R) with T'(0) =[0]p and

C(llloo) = []B-

THEOREM 2.2. Let [iu]p # [0]p be an infinitesimal non-Strebel point in B(R). Then
there are infinitely many geodesic discs in B(R) containing [0]p and [11]p.

REMARK 2.3. Theorems 2.1 and 2.2 correspond to the results in Teichmiiller space
that were obtained by Li [8]. Recently, however, we proved in [2] that there being only
one geodesic joining [0]p and [v]p in B(R) does not imply that there will be only one
geodesic joining the [0]7 and [v]7 in T (R), and vice versa. Therefore, our theorems
cannot be deduced directly from the results in [8].

https://doi.org/10.1017/5S0004972708000749 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000749

[3] On infinitesimal Teichmiiller space 295

Let []p be an infinitesimal non-Strebel point as in Theorems 2.1 and 2.2. We
construct the isometries and geodesic discs as follows.

Let i be an extremal Beltrami differential contained in [it] g, and let kg = || 4] oo;
then O < kg < 1. Suppose E is a compact subset of R, and define u;(z) with parameter

t € Aby
pi(z) == p(z)/ko forze R, |t| <ko 2.1
and
w(z)/ kg forz e R\E, |t| > ko,
— 2.2
(@) {M(Z)/|l‘| forz € E, |t| > ko. (2.2)
We then define the map

I''A— B(R), tw~[tus(2)]s.

LEMMA 2.4. The map T is an isometry.

PROOF. (1) Suppose |t1]| < ko and |t| < ko. In this case, by the definition of 1;(z),

dp([tipe 18, [2psy 18) = dp([t1/ kolB, 120/ kolB)

= inf 17100
nel((t1—1)/ko)nls
1 —tn
= mil =l —rl. (2.3)
ko .

(2) Suppose |t1]| > ko and |f2]| > ko. In this case, by the definition of w,(z),

dg([tipn 1B, [201,)B) = inf 171loc, (2.4)
neltipy —t21y 18
where P
lk 24(z) forzeR\E,
0
thl‘l - ZZMIZ = f ) (25)
(— — —)M(Z) forze E.
Il |nl

Let 1] = p]ei91 and ) = pzeigz, where pp > p1 > kg. Set p=p2/p1 > 1 and el =
€12 /¢1% By a simple computation, we obtain

t1 — t2]?

—— > 1+ p>—2pcosb, (2.6)
kg
t t |?
L2 =2-2cos 2.7)
ltl el
and
1—|—,02—2,ocos(9—(2—20059)=(,0—1)(p+1—2c030)20. (2.8)
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As [u]p is an infinitesimal non-Strebel point, ||w|g\Elloo =ko = lIitlElloos SO by
(2.5)-(2.8),

Hh—n
ko
Also because [14]p is an infinitesimal non-Strebel point, i has a degenerate Hamilton

sequence {¢,} ({¢,} is called degenerate if ¢, — O locally uniformly in R). Hence

mw@Ipe| =10 —nl (2.9)

It ey — 21ty loo = H
o0

. . n—n I 15}
lim | | (fipe — 2fbr))@n| = lim Un + — = — |U@n
n—>oo| JR n—=0|Jp\g ko e\l &2
n—=n|..
= 3 lim / Uen| =t — ta]. (2.10)
0 n—oo R\E

From (2.4), (2.5), (2.9) and (2.10), we conclude that

dp([tipe 18, [211,]1B) = |11 — 12]. (2.11)
(3) Suppose |t1| < kg and |t2| > ko (the case |t1| > kg and |t2| < ko can be addressed
similarly). In this case, by the definition of u;(z),

dp([tips 1B, (2, 1B) = inf 171l 00,
nElti e —t241y 1B

where
1 —1tn
ko
Ny — iy = <t1 I

— — — |u(z) forzekE.
ko Itzl>

By a similar argument as in case (2), we can draw the conclusion that

u(z) forze R\E,

dp([tipn 1B, [210,]1B) = |1 — 12]. (2.12)
So, by establishing (2.3), (2.11) and (2.12), we have completed the proof of the
lemma. O

PROOFS OF THEOREMS 2.1 AND 2.2. We take a sequence {E, :n=1,2,...} of
compact subsets of R, such that E,, C E,, ;| foreachn=1,2,...and R = UZOZ] E,.

For each n, we define a Beltrami differential Mﬁ”) by (2.1) and (2.2). Let ', : A —
B(R) be the map t — [tut(")]g. Then, from Lemma 2.4, we know that I',, is an
isometry with

[n(0)=[0]p and T,(pullec) =[ulp forn=1,2,....

Now we construct a subsequence {Fnj} of {I';} such that L (B8) # Ty (D)
whenever n; # n;. We start with I'y as I';; and fix a real number # € (ko, 1). For
n > ni, by definition,

dp(T'1(to), Tn(t0)) = inf 7llco. (2.13)

1
neltonsy’ —tonsy 15
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where

0 forze R\E,,
0 forzekE,
1o Ty

— — — |u(z) forze E,\E;.
(ko Ilol) "\

Set € = (ko/4) > 0. As {¢,} is a degenerate Hamilton sequence of u, we can choose
©m € {@,} such that

1
ol (2) =t (2) = (2.14)

1
/ lom| < — (2.15)
E;

4
/ MPm
R

Since R = U;’lozl E,, for the given ¢, there is a number 7, such that for any n > n»,

1
/ |om| < 7- 2.17)
R\Ej,

By (2.15)=(2.17), when n > na,
/ <t0 fo )
= — — 1 |1
E\E, \ko |fol "

0] 1o
Z|\— — HPm P | — HPm
ko ltol R Ei R\E,
17 t
S (o N[k ko
k() |l‘()| 4 4

o to \ ko
=(2-2)20. (2.18)
(ko Itol) 4

Now, (2.13) and (2.18) imply that dp (F,,l (to), T (t9)) > 0 when n > ny, so we have
found ny such that I',(fp) # I'y, (fo) whenever n > ny. A similar discussion yields
a number n3 > nj such that I',, (o) # I'y, (fo) whenever n > n3. Repeating the same
argument, we obtain a sequence n; such that I'; ; (o) # Ty (10) whengver nj # ng.

On the other hand, I',(A) =T, (A) implies I, (f9) = 'y, (t0). If 7o is a point in A
such that T',, (1) = ) (7o), then for each ¢ < k¢ the isometric property of I' and (2.1)
give

and
> ko — 6. (2.16)

1
’/ (loligo) - lol/«;(g))qu
R

lto — 1| = dp(I'n(20), I'n(1))
= dp(Tn(10), Tn(t)) = dp(Tp(i0), T (1))
= |tp —1|.
Since |tg — t| = |fg — | for every ¢ < ko, we have 1y = fo.
Thus we have constructed a subsequence {I, j} such that T, J(8) # Ty (D)
whenever n; # ny. This completes the proof. O
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3. Hamilton sequences for extremal Beltrami differentials
First we recall the following known result.

THEOREM A. Suppose that i € M (R) is extremal in Teichmiiller space T(R) and that
{on} is a sequence in A1(R). If, for some sequence {ky}, [k, (@n/l¢nl)] converges in
the Teichmiiller metric to [], then {@,} is a Hamilton sequence for L.

Theorem A was proved by Gardiner [3] (see also [6, 7]). In this note, we shall
consider the corresponding problem in infinitesimal Teichmiiller space and prove the
following result.

THEOREM 3.1. Suppose that ;n € M (R) is extremal in infinitesimal Teichmiiller space
B(R) and that {@,} is a sequence in A1(R). If, for some sequence {ky}, [k, (®,,/1¢n|)]B
converges in the infinitesimal Teichmiiller metric to []p, then {¢,} is a Hamilton
sequence for (.

REMARK 3.2. Since the condition that [u,]p be convergent in the infinitesimal
Teichmiiller metric to []p does not imply that [, ] will converge in the Teichmiiller
metric to [u], and vice versa, Theorem 3.1 cannot be directly deduced from
Theorem A. Shen [10] gave a counterexample which shows that the converse of
Theorem A is not true. It is easy to see that the counterexample in [10] is also suitable
for showing that the converse of Theorem 3.1 does not hold.

To prove Theorem 3.1, the following ‘infinitesimal main inequality’ is needed.

THEOREM B [1]. Suppose i, v € M(R) and u = v; then

2 | — (5 2
/prl(l—lulz)S/ ol|1 = 2 (‘Hvﬂw )(1—|v|2>—1,
R R || lol 1 — w(e/lel)
forall ¢ € A(R). (3.1

LEMMA 3.3. Let u € M(R); then

fR |M|2|<P| — Re fR 2%

=l = (3.2)
1 —Re [p uy
PROOF. For any v & p,
1— (e 2 1+ [v])?
L0 2 w(@/lel) (- PP < (I+] |§ ‘ (3.3)
lpl 1T — ule/le 1 —v]
From (3.1) and (3.3),
1— 2
LHWHZ Jr lol( = [ul®) 5 3.4)
E= Il ™ fp 1ol = wig/1eD)]
and then (3.2) can be easily deduced from (3.4). O
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LEMMA 3.4. Let [u]p and [v]p be two points in B(R), and let t > 0 be a given

number. Then
dB(m]B,[v]m:rdB([ﬁ] H ) (3.5)
tlpg Lt1B

PROOF. Ifn € [u — v]p and 7 is extremal, it is easy to show that (n/t) € [(u — v)/t]p
and that (/t) is extremal. Then (3.5) can be derived from the definition of the
infinitesimal Teichmiiller distance. O

PROOF OF THEOREM 3.1. We write k = ||u||. Since dp ([k, (@,,/|¢n)]1B, [t]1B) = O,
we have k, — k. By Lemma 3.4, without loss of generality we can assume k < %

and k,, < % Under these assumptions, we use Lemma 3.3 with k, (¢,,/|¢,|) — 1 and

@ = @y to get
|, @ H<IR lkn @ /10n]) — 17 1@n| — Re [okn@,/10nl) — 1£)¢n
" 1¢nl - 1 —Re [o(kn(@,/l0n]) — 1W)@n

k2 — kn + Re [Rlln*1@nl + (1 — 2kn) pgpn]
1 _kn +RCfR wen
Re [l l@n] + (1 — kn)pgn]

= —k, + 3.6
" 1 —ky + Re [ 1Lon (3-:6)
From dp([0]s, [kn®,/|¢nllB) = ky and
dp <[M]B, [kn On } ) o H
x| B |@n
it follows that
dB([OJB, [knﬁ] )—d3<m]g, [knﬁ] )
|¢n| B |nl B
2 _
- Re [R[lnl*loal + (1 kn)/‘W’n]‘ 37)
1 —k, +Re [ o,
Now we prove that
Re/ wen = |l = k. (3.8)
R

Suppose (3.8) is not true; then there must be a subsequence of {¢,}, which we also
denote by {¢,}, such that

~ 1
Refu¢n—>k<k<—. 3.9
R 2

Because dp([01g, [kn®,/|¢nllB) = kn — k and dp([uls, [kn®,/|¢nl1p) — O upon
taking n — oo, by (3.7) we conclude that

) o
<k + (1 k)k.

k < =
1—k+k
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By direct computation, we find that
2k — Dk < 2k — k.

Since k < % it follows that k > k, which contradicts (3.9). Therefore (3.7) holds and
{@,} is a Hamilton sequence for . This completes the proof. O
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