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L’ BOUNDEDNESS OF THE CAUCHY TRANSFORM
ON SMOOTH NON-LIPSCHITZ CURVES

HYEONBAE KANG™* anp JIN KEUN SEO™

1. Introduction and statements of results

Let I'"be a curve defined by y = A(@) in R% The Cauchy transform %, on the
curve I is a singular integral operator defined by the singular integral kernel

1+ iA'(y)
z—y +i(Al) — Aly)-

(1.1) K(.Z‘, y) = (

If A is a Lipschitz function, ie., || A" |l, < oo, then €, makes a very significant
example of non-convolution type singular integral operators. The problem of
L*-boundedness of the Cauchy transform was raised and solved when |4’ |.. is
small by A. P. Calderén in relation to the Dirichlet problem on Lipschitz domains
[Call, Cal2]. Since then, it has been a central problem in the theory of singular in-
tegral operators and several significant techniques has been developed to deal
with this problem. Among them are the 7(1)-Theorem of David and Journé, the
technique of Coifman, McIntosh, and Meyer, and the technique of Coifman, Jones,
and Semmes [D.J, CM.M, CJ.S]. We refer to [Chi, Mur] for a history of development
in the last decades on the theory of the Cauchy transform.

If |A"|. = oo, then the Cauchy kernel K(x, y) given in (1.1) is not a stan-
dard kernel. An integral kernel on the line is called a standard kernel if it satis-
fies | Kz, )| < Clz—y|" and |V,, K@, ) | < Clz—yl|™” I |4 ], = o,
then the Cauchy kernel does not satisfy both estimates. So, the theory of the singu-
lar integral operators may not be applied directly. Nevertheless, the question of
L*-boundedness of %, is still an interesting one. In this paper, we deal with
L?-boundedness of %, when A is smooth and | 4’ ., = .
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We first find two examples of curves on which the Cauchy transforms are not
L’-bounded. Those are curves defined by A'(x) = z sinz and A(z) = exp(z?).
In the first example, A" has too many zeros while the derivative of the second A
grows too fast relatively to A. The fact that both log | x sin x| and log exp z° are
not BMO functions is relevant. We then consider the case when A is a polynomial.
If A is a polynomial, then A’ has only finitely many zeros and |A(x)/
A(x) | behaves like |1/x|as x— oo . In fact, if A is a polynomial, then
log | A(x) | is a BMO function. In this paper, we prove the following theorem.

MAIN THEOREM. Let A(x) be a polynomial of the form

A(x) is any polynomial if d is an odd integer,
(1.2)

n .
A@ = X ax® ifd = 2n is an cven integer.
i=1

Then, the Cauchy transform €, is bounded on r foramy 1 < p < o0,

Among the polynomial which are not covered in (1.2) is A@) = z* — z2°
This polynomial does not satisfy the estimate |A(x) —A@) | =|xz—yl|lxz+ y|
(| x |2 + | Y |2) when |x| + | y| is large which is a crucial estimate for our proofs.
However, polynomials in (1.2) include a significantly large class of polynomials.

In order to explain ideas of proofs in this paper, let us consider an example.
If Alx) = xz, the kernel given in (1.1) does not satisfy the standard estimates.
But, the kernel can be decomposed as

1+ 2iy S S
—y +ix®>—y>H T7Y 1+ @+y)°

(1.3) K(z,y) =

The first kernel of the right hand side is the Hilbert kernel while the second one
is a kernel of Poisson type. So, if A(x) = z°, then %, is bounded on L% 1t turns
out this decomposition can be performed for general kernels by using a proper
cut-off function. Then, each one of the decomposed kernels is a standard kernel
and we can apply the T(1)-Theorem to it.

This paper is organized as follows; In section 2, we give a sufficient condition
for a function to belong to the BMO. In section 3, we collect some estimates on
polynomials which will be used in later sections. In section 4, we decompose the
kernel K(x, y) into two standard kernels and show that both of them satisfy all
the conditions of T(1)-Theorem. In section 5, we show that if A'(x) = x sinx or
A(x) = exp(x?), then €, is not bounded on L%

Throughout this paper constants C may differ in each occurence and A = B
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means that there are positive constants ¢ and C such that c £ A/B < C.

2. Preliminary lemma on BMO

Showing that a function is in BMO is a fairly hard task. One of the reasons is
that being a BMO function is not just a size condition. For example, even if | fI S
BMO, f may not be a BMO function. It can also be shown easily that even if
0<f<g and g € BMO, f may not be a BMO function. In particular, that
f(x) = 0og| x]) as x— oo does not imply f € BMO. In this section we obtain a
sufficient condition for a function to belong to BMO which will be used repeatedly
in section 4. We show that if f'(x) = O( z|™ as r— oo, then f € BMO.

LEMMA 2.1.  Suppose that there exists a positive number m such that f is bounded
on [—m, m] and f is continuously differentiable if |x|>m. If | /@) | = O(z|™)
as *— oo, then f € BMO.

Proof. By the assumption, there are large constants L and C such that
lF@| < Clz|™if | 2| > L We write

f= Moo Ty T Xwm =Hh T Lt

It is enough to show that f; € BMO since f, is bounded and that f; € BMO can be
proved in the same way. For notational simplicity, we put g = f;. We need to
show that if 0 < a < b, then

b
2 [e@ — gy |z < C.

We may assume L < a < b. If b < 2a, then

b b
bla_/; | g — g(®) | dz < Cf,, | g | de < C.

—N+1

Suppose that & = 2a. Choose an integer N so that 27"p<a<2 b. Then,

b N 9 i+
blailg(x)_g(b)ldxgblaj:zljz;b |g(x)—g(b)|dx.

And we have, for each j,

2"i+lb
[, 2@ -0 as
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2=+l

<CJ, 1g@ —g@”nldr+27blg® — 27D

~i+1p

) 2 ] ) )
<c2?b [ 1@ ldr+27b Sl g@ ) — g@7D) |
27y j=1
< C27b(log 2 + j).
Therefore we obtain

1
b—a

b N .
[ 6@ - g0l dzr< c 52— % 27 blog2 + )
a j=1

b
_aSC.

_<_Cb

This completes the proof.

3. [Estimates on polynomials

In this section we collect estimates on polynomials which will be used in later
sections. Let A(x) be d-th degree polynomial of the form:

A(x) is any polynomial if d is an odd integer

(3.1) n )
A(x) = X ax” ifd=2nis an even integer.
i=1

For these polynomials we have the following elementary but significant estimates.
Lemma. 3.1.  Let A(x) be a polynomial of degree d as in (3.1). Then,
(1) If d is odd, then
|A@ —A@ | =1z —yl (2| +]yI'D.
Moreover, there exists a positive number M such that
@) Iflz| =M then | A@ | = |z, |A@ | = |2|"", and | A7 @) | = | 2|2
(3) If d is even and if either | x| = M or|y| = M, then
|A@ — AW | =z —yllz+yl( 2"+ [y]").
1) Iflx| < Mand | y| > 2M, then
|A@ —A@ | =A@ | = |y "
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Remark 3.2 We will fix M to be the number as in Lemma 3.1 throughout
this paper.

Proof. That |A@) — AW | < Clz—y| (2| +]yl|")is trivial for
any polynomial. For (1), note that

d d d-1
X — d—j-1_ j
X Ty _ S y

r—y 5

(d-1)/2

27 4 %y %(x + 2zy + y) Z 24 (2;+1)y2(; 1

>

since d is odd. Therefore we have
|A@) — Ay | > %Ix— yl Qx|+ 1yl

Let A(x) = Xi_, a,x’. Assume that @, = 1 without loss of generality. Then, we
have

|A@ — A | = 2* — 4 —gmjuy _—
22 lz—yl (2l + 1yl = Cla—yl (2l + |y 1
>Cle—yldzl +1yl.
For (3), we let A(x) = X._, a,x™ with 27 = d. Observe that
|z —y" | =lz—yllo+yllz” "+ 2" + - + 2% + 477
=lz—yllz+yl (2™ +]yl™

by the same reason as before. Therefore, there exist constants C; and C, such that
r
|[A@ — AW | = | 2 a,(" — 4™
n=1

>z —yllz+yllCx/" +1y"™ = C =" +y["™)]
>Clz—yllz+yl(z"*+1y["™
as long as | x| + | y| is large. It is easy to show that

|A@ — AW | < Clz—yllz+yl (x| + ]y
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and hence we obtain (3). (2) and (4) are trivial. This completes the proof.

Remark 3.2. The polynomial A(z) = z* — z* is not included in (3.1). The
estimate (3) in Lemma 3.1 is actually false for A(x) =z*— 2% It would be
interesting to see whether the Cauchy transform on the curve y = b =2t is
L?-bounded or not.

4. L? boundedness
Throughout this paper %, denotes the Cauchy transform on the curve

y = A(x). This section is devoted to the proof of Main Theorem:

Main TueoREM. Let A(x) be a polynomial of the form

A(x) is any polymomial if p is an odd integer
(4.1.1)

n
A = X ax® ifp = 2n is an even integer.
1=1

Then, the Cauchy transform €, is bounded on L foranyl < p < oo,
By the classical theory of singular integral operators, it suffices to prove
when p = 2. Recall that the integral kernel K(z, y) of €, is given by

1+ A (y)
@~y +ildlx — Aly)-

(4.1.2) K(x,y) =

The kernel K(z, y) does not satisfy the standard estimates. If | | is large and if
z and y are close, then the estimate K(z, 4) < C|lz — y|™ does not hold. We
overcome this obstacle by decomposing the kernel into two standard kernels by
introducing an appropriate cut-off function.

Let ¢ be a C” smooth function such that

d@) =1 if|x| <%
S 4
(4.1.3) @) =0 if|x]|=> 5
I ll- < 10
and we let

(4.1.4) oz, ) = ¢ (f‘—;r%[)
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Let K(x,y) be the Cauchy kernel as given in (4.1.1). We define K, and K, by
K (x,y) = K, oz, y) and K,(x,y) = Kz, y) 1 — ¢(x, y)). We denote
by %, and %, the integral operators defined by K, and K, respectively. We show
that both %, and %, are bounded on L’ in the following subsections by using
T(1)-theorem. Each subsection corresponds to a condition of 7T'(1)-Theorem.
Since €, = 6, + €,, Main Theorem follows. We now recall the Weak boundedness
property and T(1)-Theorem of David and Journé:

T(1)-TueorEM (David and Journé). Let T be the integral operator defined by

(Tf, @ = fR fR K(z, ) f(0) g(y) dzdy

for any bounded functions with compact supports [ and g such that supp(f) N
supp(g) = @ . Suppose that an integral kernel K(x, y) satisfies
(1) Standard Estimates:

1
<

K@z, p|<C Tz=41
VK@, | + VK@, ] <C—L—
|z —yl
forallx + y € R.
(2) Weak Boundedness Property. theve exist constants N and C such that for any

pair of functions ¢ and ¢ in Cy (R) satisfying ¢(x) = ¢@ =0 if |z| > 1

and | @llev <1 and | ¢ lev < 1, for anyx € R and t > 0,

| {T¢™, ¢™> | < Ct

where ™' (y) = ¢(I—_tL£>
(3) T1 € BMO.

(4) T™1 € BMO.

Then T can be extended as an operator bounded on L*(R).

For notational convenience we put, throughout this paper,

(4.0.5) 0, p = 42 =40,
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4.1. Standard estimates

In this subsection we show that the decomposed kernels K, and K, satisfy the
standard estimates. We remark that if A is a polynomial of odd degree, there is no
need of decomposing the kernel, namely, the Cauchy kernel K(x, y) itself satisfy
the standard estimates. However, we decompose the kernel even in this case since
we want to deal with all the polynomials one time.

Prorosttion 4.1.1. K, (x, y) satisfies the standard estimates: there exists a
positive constant C such that

1
<
(4.1.6) K@, 9] < Cr= 7
(4.1.7) VK (z, 9|+ VK@ 9| < C*—ﬁ—| L P
r—y

Proof. Note that K,(z, y) =0 if lz—y| > % (1 + |z]). Note also that

V.,0, y) # 0 only if%(l-l—]xl) <l|lz—yl S%(1+|x|).Hence

(4.1.8) V., 6, 9] <C I:c_l—ﬂ

Let M be the number in Lemma 3.1. If || > 5M and if | x — y| S%(l + |z,

then lyl > M, x and y have the same signs, and lxl = |y | It then follows from
Lemma 3.1 that

1Qx, =z =AW

and

, , _ _ d-1
17, Q. 9| < (A@|+4QD |z y2|+|A<x) A(y) | SCllyl -

|z —yl r—y
Therefore,
1+ A A7) | A+, D
|V””(1 + 1Q(x, y)) l < 1+ Q, 9 |2
L A+ 14wV, Q@ 9) |

1+1Q,
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1
<
_C]——”_y.

Combining all these estimates we have

— 1 1+ iA(y) 1
KG9 = |y T Ra 20| < €ty

and

1 1+ A (y) 1
e (e T T 06y 0= 9)| < € |

|V1,yKl(x! y)| = 2
r—yl
provided that | x| > 5M.

On the other hand, if |x| <5M and |x—y|£%(1+|x|), then

|y| < 10M and hence | A’ (y) | is bounded. So, it is easy to derive the estimates
(4.1.6) and (4.1.7) by using (4.1.8). This completes the proof.

ProposiTion 4.1.2. K,(x, y) satisfies the following estimates: there exists a
constant C such that

1
(4.1.9) |K,(x,p | < Cm
(4.1.10) VK, ) |+ |V,K@, ] < C—1—.
|z +yl

Moreover, if either | x| < M or | y| < M where M is the number in Lemma 3.1, then
| K,(x, 9) | +|V,, K,(x, 9| is bounded.

Remark 3.5. We note that (4.1.9) and (4.1.10) are not standard estimates.
But K,(x, — y) satisfies the standard estimates and we can apply T(1)-Theorem
to K,(x, — o).

Proof. Since K,(x,y) =0 if |x—y|<1/2( x|+ 1), we assume that
|z —y|>1/2( x|+ 1). Then, by the triangular inequality, we have
(4.1.11) 1+lzl+lyl<4lz—yl.

Let M be the number in Lemma 3.1. We first deal with the easier case. Let A be a
polynomial of odd degree. If either | x| > M or | y| > M, then by Lemma 3.1 (1)
and (4.1.8),
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i)
(4.1.12) | K@, 9 < | A= Aty

gyl +1
lz—yl x|+ ]yl

1 1
< <
—Clx—yl—c|x+y|+l'

If|x| < Mand |y| < M, then it is easy to get | K,(x, y) | < C. (4.1.10) can be
proved in the same way.

We now suppose that A(x) = X;_, a,2™. Recall that |z —y|>1/2Q +
|z]). 1f | y| > M, then by Lemma 3.1 (2) and (3) and (4.1.11),

1A
(4113) 1K@ D <|45= a0
lyl”" +1 1

< <C .
le—yllz+yl 2+ ]yl z+ty

If | y| < M, then since |z —y| > 1/2Q + | z]), we have

1+ A (y)
(4.1.14) K@ 9| < | G-y Fid@ = AQ)

d-1

M 1
z— 9 SCl.z‘—FyT+ 1

SCl

In order to derive (4.1.10), we first observe as in the proof of Proposition
411 that V¢, 9 #0 only if 1/2Q+|z]) <|z—y|<4/50 +]|z))
and hence

1 1
Ve @ D1 Co < Cray TF T

If | y| > M, then by Lemma 3.1 and (4.1.11)

1+ A (y)
4.1.15) |7, ((x —y +iAQ@ — A(y))>
co UHAWDII L o 1
lz =yl lz+y Pzl +]y |z +yl
Hence

1+ A (y .
Vs ((x P T i@ =A@y & @, »)) l

@41.16) |V, K@ 9»l=
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<c 1
lz+yl

If |yl < M,|A(y | is bounded and it is easy to derive
1 . < 1 .
lx—y|*+1 |z + vyl
Combining estimates (4.1.12)-(4.1.16), we can derive (4.1.9) and (4.1.10). One also

can see that if either |x| <M or |y| < M, then | K,(z, ») |+ |V, K, (z, ») |
is bounded. This completes the proof.

(4.1.17) |V, K.z, | <C

4.2. Weak boundedness

We now show that the operators %, and €, satisfy the weak boundedness
property. We first show that %, itself is weakly bounded and then show how the
weak boundedness of €, and €, follows.

PropoSITION 4.2.1 (Weak Boundedness). Let A(x) be a polynomial of the form
(4.1.1). There exists a constant C > 0 such that

[ <807, ¢3 | < Ct

for any u € R, for any t>0, and for any ¢; € C; supported in {x € R:

21 <1 and | @l < 1. Hore ¢ @) = 9( %

Proof. Let u = tv and let ¢'(x) = ¢(x + v). By a change of variables, we
have

G, x> =tim [ [ K@) ¢ @) @) dady

=0 lz—yl>e

= 41 1 1 + A (ty) 90 N 40
B tl‘i‘(}fj\;_y,» z—y (1 + 1Q(ix, ty)) ¢, (2) ¢, (y) dxdy.

We then write

(4.2.1)  LB,¢7", 93> = tlim f [ 1 ¢ () ¢, (y) dxdy.

£—0 —yl>e T — Y

— gth MZL)_ v v
! lelfl} f jl;—y\» 1+ iQ(x, ty) $,1(2) ¢, (y) dxdy

=t,(v) — L@, H)
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where we put

AG) ~ Q9

(4.2.2) P,y = Y=z

Hence it suffices to show that I, and I, are bounded uniformly in » and £ Note that
I,(v) = <H{S, ¢> where H is the Hilbert transform and hence I, is bounded. So,
it remains to show that I, is bounded. By using the polar coordinates, we have

(4.2.3) L, t) = f j: i t-’i’-}z)thra)ﬁ) ¢, 7, 6) dodr

where
Q(r, ) = Q(rcos 0, rsin 6)
P(r, 6) = P(rcos 6, rsin 6)
O, 7, ) = ¢;(r cos 0) ,(rsin 6).

Note that ¢ (x)¢;(y) # 0 only if |z + v| <1 and |y + v| < 1. Therefore, the
set {re [0, ) : ¢, r, 6) # 0} is included in the interval [Jv| —2, |v| +2].
In particular, | {r € [0, ) : ¢ (v, #, 6) # 0} | < 4. Therefore, in order to prove
that I, is bounded, it suffices to show that

(4.2.4) F(, s, n:= _nl—_ﬁ%’(—f)a)Wv, r, 0) do

is bounded.
Let A(x) = Z;i:l a,x’ be a polynomial of the form (4.1.1). If we put

Q(.Z‘ y) = x———g!/L Z:L‘Jkkl forj =1,
k=1

then
Q,y = A_(ai_;_;l_(yl = i)an,(x, Y.
Since

P, p = AW IED = 554 (547 0., 0),

y—x k=

one can see that
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(4.2.5) | PGs, 6) | < Cs*™ l aP(S 0) l < Cs*

Let @;(6) = @,(cos @, sin ). Then, by the homogeneity, we have

@26)  Fo,s,n= ] - igf(ss',f)a oy T 0 db.
j=1 j¥j

Now suppose that d is an odd integer. Then,
Qx, =21+ 2@+ i+ +y @+ +y
and hence we have
(4.2.7) Q,(0) = 27" [(cos )" + (sin O*'] = 27"

Since | 57 Q,(0) | = 1/2|X7} ' a;Q,(0) | for all large s by (4.2.7), it follows
from (4.2.5) that

sP(s, 6) <
1+i2r, 5" a,Q,(0
It also follows that F(v, s, 7) is bounded.

We now deal with the case when d is even. Let 22 =d and A(x) =
PN a,-le. Then, we have

(4.2.8) F(, s, n) = j;t It iZf’P(ssz,j_el)a 0.0 o, r, 6) db.
i=1 12

Using the identity sin 6 + cos 6 = y/2 sin(ﬁ + %) we can write @,; as
(4.2.9) Q,;(0) = V2 sin <6+ ) é} (cos )" (sin 6)*'7".
Let us put

4.210) ¢, = ;Zl (cos > (sin )*' forj=1, 2,

Observe that

(4.2.11) g (— 6 — %) =g (0 - %) and ¢,(6) =27

We now begin to estimate F in (4.2.8). We split the integral in (4.2.8) as

https://doi.org/10.1017/5S0027763000004463 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000004463

136 HYEONBAE KANG AND JIN KEUN SEO

_ [T sP(s, 0)
F, s, »n = _/:I - i(\/f sm(6+ > s o a,q,(ﬂ)) o, r, 6) do

2[;%+f_;+ff+f;---d0=11+12+13+14.

Since lﬁsin(ﬁ—k%)q,,(ﬁ)l 227 if —r<O<—7/2 or 0 0< /2,1,
and I; are bounded by the same reason as above. We now estimate I, B
translating by % we have

sP(s, 60— %)

T14+ivV2sind X s ,q,(ﬁ —Zf

e

(4.2.12) = f

) gb(v, r, 0 — %) ag.

Let I and II be the real part and the imaginary part of I, respectively. Since

qj<—— 6 — %) = q,(ﬁ — %) for any j, we have

z Y2sinfX 57 a,-q,-(ﬁ - %)
fﬂ . n o 2-1 7\\° d6 = 0.
1+ (\/5 sinf 2_;s a,q,(ﬁ — Z))
Therefore, by (4.2.5) and (4.2.9), we have

z \/‘sm 6> 7 ,q,(ﬁ - %)

1+ f 2 sin 6 27, s aqu(ﬁ - %))2

il =| [

X (P(s, 0——475>¢<v r, 0 — > P(— ~)¢<v r,— dﬁl

‘ VZssin 6 X)_ s af'qi(0 o %) ‘
= C'[“ 1+ <ﬁ sin 6 X7, 77 aqu<0 B %»

»s7%| 6] deb.

Since ¢,(6) = 27", we have

I 2d-2 .
mj<c [ Losnbl o
-+ 1+ [s" sin6]

Finally, for I = RI,, we use the fact d(6) > 27 to have
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=] 1

"1+(fsm021 s ,q,~<0“%)>2
X P(s, 0_72“)(;0(”' 7, 0_%> dﬁl

2d-1
<C
ﬁ% 1+ [s“ " sin (B)]°

This proves that I, is bounded. I, can be proved to be bounded in a similar way.
ProposiTiON 4.2.2. €, and €, satisfy the weak boundedness property.

Proof. Proofs are similar to the proof of Proposition 4.2.1. As in (4.2.1), we
have

Gt =ttim [ [ Lo g, ) 1@ g dedy

~ itlim [ f.z _y|>e%¢(tx, 1) '@ ¢ () dzdy

=11, (¢, v) — il v).

Here ¢ is the cut-off function defined in (4.1.4). For I,, (4.2.2) can be changed as

I_f f_ 111),(3(,0)9) é(t, v, r, 0) dbdr

where
o, r, 0, v) = ¢(tr cos 6, trsin ) ¢, (r cos 8, 7 sin ) ¢, (r cos 6, rsin 6).

Again since the set {r € [0, ) : ¢(¢, v, 7, §) # 0} is included in the interval
[ovl—2,|vl+ 2], it suffices to show that

. (" trP(tr, 0)
Ft, 7,9 = [ L e 0,0, v, 0)d6
is bounded. Now we can repeat the same argument as in Proposition 4.2.1 to show
that I, is bounded.

I, looks almost like a truncated Hilbert transform. However, unlike the usual
truncation, the size of truncation in I, varies depending on x. So, we include the

proof of the boundedness of I, even if it follows a standard argument. Note that,
since ¢z, ty) =1 if |x—y| <1/2¢ +|z|) and @' @ Ply) =0 if |z — y|
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> 2, ¢ltx, ty) 1 (x) gy (y) = ¢y(x) P5(y) if either || > 4 or t < %. Note also

that, if | v| > 8, then ¢;(x) # 0 only if | x| = 7. Hence if either |v| > 8 or t <
1/4, then ¢(tx, ty) ¢, (x) Py(y) = ¢;(x)Py(y) and hence I,(¢, v) = <HY;, ¢y
where H is Hilbert transform. Therefore, I, is bounded.

Suppose now that | v| < 8 and ¢ = 1/4. Then

Lt 0 =5 [ [ 35 0, 6@ aEe — dty, 090 ¢w) dudy

- % f f L (p(z, ty) — ¢ty, 1)) ¢ (2) ¢y dady

r—y

+ %f f L sitz, ) @@ @) — ¢ @) ¢@) drdy.

=y
But from (4.1.3) and (4.1.4), we obtain
| gz, ty) — ¢(ty, t) | < 10|z —y| (h(t, z, 9) + h(t, y, 2))
where

1 1(1

; forg7+|x|)$|x—y]£%(%+lxl),
—l<+]z
ht,z,y) =\

0 otherwise.

Since ¢ (x) P53 (y) = 0 = ¢7(y) Py (x) for | x| + | y| > 20,
L ol<cf [ a2 9+ ht,y 2oy

[ [ e, gl + 1 g lodedy
<C.

This completes the proof.

4.3. Estimates for ¢,1
We now show that %,1, ¢;1 € BMO.

Prorposition 4.3.1. €,1 € BMO.

Proof. Since ¢(x,y) =0 if |x—y|>%(|xl+1) and 1 if |z—y]
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< %d x|+ 1), we can divide ,1(z) as follows;

%,1(x) = p.v. j: K, (z, ydy

=p.v. jl;-yls%x : (11+-i_lggb‘(y)y) 1>

1 1+ Ay
+ £< e-si<ldeen £~y 1+ 1Q(x, v d

7S

1 1+ Ay
+ -
’é(lzl+l)S(Ir—yl)s%(lzlﬂ) r—yl+iQx,y

) ¢x, yay

=1L + L@ + L.

Let

W = LTAW 1A 1+iAQ)
YT 140G, v 1+iQ(,y) 1+ idG:

Then, by the mean value theorem and Lemma 3.1 (1) and (3), we have

| T, )| <|z—yl| sup

lz-yl<1

ay (x y)l Clz—yl.

Therefore, I,(x) is bounded. Let M be the large number given in Lemma 3.1. If
|| <M and if |z —y| S%(|x| + 1), then, | y| < 2M. Hence, I, and I, are

bounded if | x| < M.
We now handle the case when | 2| > M. Assume that £ > M without loss of

generality. If % @+ <L|z—yl < % (1 + 2) and if | x| = M, then by Lemma
3.1

|75 (T )| < clal”

and therefore I; is bounded for x > M. Hence we only need to show I, € BMO.
We decompose I, as

B 1 1+idy AW
(4.3.1) L(x) = jx'slz—uIS%(IH) x—y (1 +1Q(x, v Qx, y)>

A (y)

+
1< |z—yl S%(xn) Alx) — A (y)
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=F() + G).

If d =1, clearly I, € BMO. Assume that d > 1. Then, by Lemma 3.1, we have

1+idy) A | Q. —AW | ~a+1

ifx>Mand 1 <|2—y] S%(x—l— 1). Hence F(x) is bounded for £ = M. So,

in order to prove that I, € BMO, it suffices to show
(4.3.2) | G’'(@ | < Cx™" for sufficiently large x

by Lemma 2.1. To prove (4.3.2), note that

6@ = o (o 20 a7 ) 7

APIA@ — Al —AWPIA ) — A @]

= dy + J(x)
1<lz-yl <@+ [A(®) — AT v/
where
7 ]- — _1_ 4 i l
ol #(3z-3) L1 A(3z+3)
J@ =75 LoD "2 40 3.4 L)
A(x) —A(zx— 2) Ax) A(2 x+ 2)

Clearly J(x) is bounded for t > M. If 1 <|x—y| < % (x+1and =2 M,
then

|lA@ —A@ | = Clz|“ "y — x|
A WAL — Al =APIA @ @ —y + @ —p*0z]]
APA@ — APl =AWIA @@ -y + @—»°0(z|™]
and therefore
| A WIA@ — AP] —AWPIA@ — AW < Cla—yl x|

Hence for x > M,

lc@l<cf

1
I<lz-yl <7z 1

This completes the proof.
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ProposITION 4.3.2. 671 € BMO.

Proof. Proposition 4.3.2 can be proved in the same way as Proposition 4.3.1.
We include a sketch of the proof for reader’s sake. As in the proof of Proposition
4.3.1, we divide %Tl as follows;

1) = p.v.J: K, (y, x)dy

=p.v.f 1 ( 1+id@ _1)

lz-—yl<% r—y\1+iQ(, y)
1 1+ A (x)
+ -
'é<|z~ul<%(|yl+1) r—Y <1 +1Q(x, y)> d
1 1+ A (x)
+ - ,x)d;
‘/;(Iylﬂ)g)x—yl <ty+n T Y (1 +1Q(x, y)) ¢y, x)dy

2

=L + Lk + Ll.

Then, by the same reasons as in the proof of Proposition 4.3.1, I, is bounded and
I, and I, are bounded if | x| < M.
Assume that | x| = M and that £ > 0. Then, by Lemma 3.1, we have

1 1+ A
< H 1 A N
L@ < f%ummgu—ms%uyun Te =yl 1+, v i

< de—lf 1
- Lr<lyl | Y |d

2

dy < C.

In order to prove that I, € BMO, it suffices to show that

Ol = ‘£< le-y1<t@+n (ﬁ%) a4

satisfies the estimates | G4(z) | < Cx™" for £ = M as in the proof of Proposition
4.3.1. We then note that

6@ = [ (o 30 46~ i) 0+ 10

where
2 A (x) A (x)
J.(x) =5 + — .
* 3 Al — A(%l‘ . %) Al —AQx+1)
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One can see as in the proof of Proposition 4.3.1 that if 1 <[z — y| S%(lyl +1)
and £ = M, then

|5+ 2) (3 ) | < &

and therefore G4 (x) = O(z™") for £ > M. This completes the proof.
4.4 Estimates for €,1
In this subsection, we finally show that %,1, %:1 € BMO.
ProrposiTion 4.4.1 €,1 € BMO.

Proof. For given x, we let @ = [— 2| x|, 2| x|]. Then, 6,x,(0) is finite. So,
%,1(2) is understood to be

1@ = 6,10@ — 6,000 + [ [K,(z, ) ~ K,0, ) dy
where X is the characteristic function for . Then, by Proposition 4.1.2

,mew—mmwww; sup |V,K,(&, »)llx|dy

lyl1>2lz| lel < |zl

sclxlf' 1 w<c.

yl>2|z| [ Y lz

So, it remains to show that €,xo(z) and %,xo(0) belong to BMO. If | x| < 2M,
then both %, (z) and €,x,(0) are bounded. Suppose that | | = 2M. Then,

1+ i4(y)
= + _——L .
@2)(0(0) v[/z<|y|<4/5 KZ(O’ y) dy ws<in<zizl Y+ 1A(y) dy

The first integral in the right hand side is bounded and the second one is 10g(2|.r|
+ iA( z])) + C which belongs to BMO by Lemma 2.1. Finally we show that
€,x0(x) € BMO.

Baxo(@) = f vl <zlzl Ky(x, y) dy + f w<zz Ko, 9) dy

172+ |zD< |z—y|<4/50+|z]) 4/5+ |z <|z—y|

=L@ + L.
If |[y|<2|z|and 1720+ |z]) <|zx—y|<4/50+|z|), then |K,(x, )|
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-1 -1
< Clx+y|” <C|lz|" and hence

L@ |<C | K,(x, ) | dy < C.

121z < ly| <9/5|x]

If4/5( + | x]) <|x—yl, then ¢(x, ) = 0 and hence

3 1/5|zl-4/5 2|zl 1+ 1A ()
IZ(JC) - .[zlzl + 9/5|x|+4/5 (x — .7/) + i(A() — A(y)) o

=log((x+ 2| z|) + i(A@) — A(— 2] z])))
—log((x —1/5| x| +4/5) +i(Ax) — AQ /5| x| —4/5)))
—log((x —2|z]) +i(A@) — AC|z]))
+ log((x —9/5|x| —4/5) + i(A(@) — A9/5|z| — 4/5))) € BMO.

This completes the proof.
PROPOSITION 4.4.2. 95:1 € BMO.

Proof. We may assume d = degA = 2. Recall that

-7 1+ A (y) —
@ = [ Gy aw = agy @~ 66 ) dv

If | x| < 2M, then

|61 <C |z—y|>%|x—y| + Al —A(y)ldy

“ 1
<cC ———dy < C.
f—w1+|yl"

We now suppose that | x| = 2M and assume that x > 0 without loss of general-
ity. We then split €,1 as

* — T (. N
gZI(x) ‘/I;I>Zz‘ + ‘[ZzSyS—M + IMQ/SZIKZ(yy l‘) dy

=L@ + L& + L.

Estimates of I, and I, are easier parts. In fact, by Lemma 3.1,

1, | < CIA’(x)|_fI;I>2 r%dy< c,
Ty
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and

A/
L@1<C [ e Sy

1720+ |y <|z—yl

A/
+ C M<y< L (-I') l

= ooy
1721+ ly D <lz—yl l-l' - ?/|[1 + |17 + le ($d 2+ |yld 2)]

c! i1 (21
< e [ Las<c

107 Y

For 1,(x), we let

-M 1
1@ =46 [ Gy riaw = agy ¢~ 9w D) d

Note that if — 2z <y < — M and x > 2M, then 4/5(1 + |y|) < |z —y| and
hence ¢(y, x) = 0. If A(x) is of odd degree, then it is easy to see that f(x) is
bounded. Therefore, we assume that A is of even degree. We use Lemma 2.1. Note
that

’ — ” _M 1
f(@) = A" (x) j:zz —y +iA@ — AQ@) &y

+ A (@) sz (3% - ?%) (= DT U@ = A(y))) dy + E(x)

where

A (x) _ A (x)
@—M —iA@) —AM)) 3xz—i(Alx) — A(— 22)"

Ex) =

It then follows that

N [T A —y —24@
(v) =
iz f_u [(x—y + i(A@ — A@)T

b [A @AW —A0) + @G+ A @)
-2z [z—y +iA@ — AW)])

= (@) + ¢/,(x) + E(@).

dy + E(x)

Since |[A@W&x—y) —24@ | < C@*?lz—yl+2*") by Lemma 3.1 (2) and
le—yl=|zx|if —2r <y < — M, we have
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-M d-2 d-1
—ylt+«x
@] <cC 2|z~ yl 2 ——dy
1 LI le =yl +]z+yl@ 7+ ]yl D)
i3 M 1 —1
< Cr j: s Ay s Cx.

2z 1+ |4yl

We now estimate J,(2). Since A is even, we have
A@AG — A@) + A @D A @) + 4@)
— A~ DAW — A(— D) — A(— DA Q) — A~ 1)
=u+wéﬁﬂ”G@AW—@—APﬁAm%wﬂu+f*

and hence
A" @) [Ay) — A@)] + A @ [A @) + A @]
<Clz+ylPlla+yl*+ 227,
Therefore,

|.Z' + y lz (l T + y ld—z + xz(d—z))
lzP 1+ |z+y|(z|*?+ |y "7

n@l<cf dy

<£f—M+z tZ(td—Z +|x|2(d—2))

2

< <z’
x Y-z A+1tlz]>?

It is easy to see that | E(x)| < C|z|™ In conclusion, we have | f’(z)]| <
Clz|™ if |z| = 2M By Lemma 2.1, f € BMO. It follows that I, € BMO. This

completes the proof.

5. Non-L’-boundedness

In this section, we give two examples of A for which €, are not L*-bounded.
The first example of A has two many zeros while the derivative of the second A
grows too fast relatively to A itself.

THEOREM 5.1. Let A'(x) = xsinx. Then, €, is not bounded on L.

Proof. For each positive integer #n, we let f, be the characteristic function on
[2nr + 7/4, 2nm + 3w /4]. Then, | £, |, = 7 /2 for each n. Note that
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|A(x) —A@) | =|—xcosx+ycosy +sinx—siny| <2(x—y|+ |yl +1).

If n>2,7>22 and if 2un+ /4 <y<2nr+37/4 and 2+ <x

<2+ j+ 17, then
IA(x)—A(y)ISZ(Ix—yI—i—Iy]-i—l)S%ysiny(x-—y).

It then follows that
| 6., | = |36,.f,@ |

f2mz+3n/4 ysin y(x _ y) + (A(.Z‘) — A(y))

2T +/4 (x — y)z + (A(x) — A(y))2

N f2n7t+31t/4 ysinylz— y| — | A(x) — A(y) | d
mrsns (2 — )’ + (A@) — Aly)*

—10 2 - w2
N+ /4 (Ix—yl—}—Iyl—{—l) (n-}-])

dy

1 2nm+3m/4

for some constant C. Therefore,

) 2(n+j+ 7 0 2-2
16> % [ €./, () Pdz > € 3 I
j=2 Y2+ =2 (m +7)
Since
oo -2 C
S—L—>f
j=2 (n + ])4 n

we have || €,f, Il, = Cvn || £, |, for each » > 2. This completes the proof.
TueoreM 5.2. Let A(x) = exp(z?). Then, €, is not bounded on L.

Proof. For each positive integer #, we let f, be the characteristic function on
[n, n + 11. Then, | £, I, = 1 for each ». If x € [0, 1], we have

n+1 2
6L @] > C yexpy) A — A | Q> C
€ (@] f G-’ + 4@ — A "

for some constant C independent of #. So | €.f,ll, = Cnll £, |, for each #. This
completes the proof.
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