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Abstract

In this paper, we shall give some characterizations of the Hardy space associated with twisted convolution,
including Lusin area integral, Littlewood—Paley g-function and heat maximal function.
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1. Introduction
On C”" consider the 2n linear differential operators

9 1 — a1
Zi=—+-2, Zi=——-z;, j=1,2.....n. (1)
J J J BZ 4]

Together with the identity they generate a Lie algebra 4" which is isomorphic to the
2n + 1-dimensional Heisenberg algebra. The only nontrivial commutation relations
are

[2;,,Z;]=-31, j=1,2,...,n )

The operator L defined by

is nonnegative, self-adjoint and elliptic. Therefore it generates a diffusion semigroup
{T ,L}t>0 = {e'L},.. The operators in (1) generate a family of ‘twisted translations’
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7y on C" defined on measurable functions by

1 n
(tw ) (2) GXP<§ Y wjzj+ ijj))f(z)
j=1

f(z+ w) exp(%lm(z . w)).
The ‘twisted convolution’ of two functions f and g on C" can now be defined as
(f x&)(z) = /C” Jw)t-wg(z) dw
= /@ fz—w)gw)o(z, w) dw,

where w(z, w) = exp(i Im(z - w) /2). More about twisted convolution can be found
in[1,7,9].

In [8] the authors defined the Hardy space H Ll (C™) associated with twisted
convolution. They gave several characterizations of H Ll (C"), such as maximal
function, atomic decomposition and Riesz transform. The purpose of this paper is
to consider other characterizations, including Lusin area integral and Littlewood—
Paley g-function. In order to prove our result, we also give a heat maximal functon
characterization for H Ll (cm.

We first give some basic notation for H Ll((C”). Let B denote the class of C*°-
functions ¢ on C”", supported on the ball B(0, 1) such that ||¢]lco < 1 and |[V¢|lco < 2.
For t > 0, let ¢;(z) = t_2”<p(z/t). Given 0 >0, 0<o <400 and a tempered
distribution f, define the grand maximal function

My f(z) =sup sup g x f(2)].
@eB O<t<o

Then the Hardy space H Ll (C") can be defined by
HJ(C) ={f € L'(C") | Mo f € L'(C")}.

We define atoms for H Ll (C") as follows. A function a(z) is an atom for the Hardy
space H Ll (C™) associated to a ball B(zg, r) if the following properties hold.

(1) supp a C B(zp, r)-
) llallos < B(z0, 17"
(3)  [a(w)o(zo, w)dw =0.

The atomic quasi-norm in H Ll (C") is defined by
| f 1l L-atom = inf{Z|2 1},

where the infimum is taken over all decompositions f =) A;a; and a; are atoms.
The following result has been proved in [8].
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PROPOSITION 1. For a tempered distribution f on C" the following properties are
equivalent.

(i) MoofeL'(CM.

(i) Forsomeo,0 <o <+oo, My f € L'(C).

(iii) For some radial ¢ € S, such that f ¢(z) dz #0, we have

sup |gr x f(z)l e L'(C™).

O<t<l1

(iv) The distribution f can be decomposed as f = X jaj, where a; are atoms and
oAl < +oo.

It is well known that there are many equivalent characterizations of the classical Hardy
spaces (see [4]), we shall consider other characterizations for H Ll (C") in this paper.
We define the Lusin area integral operator by

400
(8¢ f)(z) = (fo /| | |QF f(w)|?
I—wl<at

where QL f(x) = 128, T} |, 2 /) (2).

REMARK 2. Itis easy to see that the definition of area integral operator is independent
of a in the sense of [[(S] f)llLr ~ ||(Sff)||Lp, forO<a<B<oocand0 < p<oo
(see [3]). In the following we use Sy, to denote S i

dw dt\'"?
2n+1 ’

We can characterize H Ll (C™) as follows.

THEOREM 3. A function f € HLI((C") if and only if its area integral Sy f € L' (C")
and f € LY (C") . Moreover,

If gy ~USLfllpr

The Littlewood—Paley g-function is defined by

0 L\
gL<f)<z>=(/o 0L £(2)] 7) .

The Hardy space HLI((C”) can also be characterized by Gz as in the following
theorem.

THEOREM 4. A function f € H}(C") if and only if G f € L'Y(C") and f € L1(C").
Moreover,

If gy ~ NG il

We also need some basic propositions about the tent space (see [3]).
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Let 0 < p <00, and 1 < g < oo, then the tent space qu is defined as the space of
functions f on C" x R*, so that

dw dt\ 4
(/F(Z)lf(w,t)lq IZ"H) € LP(C" whenl <g < o0,

and

sup |f(w, )| € LP(C") when g = oo,
(w,1)el'(z)

where I'(z) is the standard cone whose vertex is z € C", that is,
@) ={w,0):|w—-z <t}
Assume B(zq, r) is a ball in C", its tent B is defined by
B={(w,1):|lw—zol <r—1}.

A function a(z, t) that supported in a tent § , B is aball in C", is said to be an atom in
the tent space qu if and only if it satisfies

dz dr\'?
B

The atomic decomposition of qu is stated as in the following proposition.

PROPOSITION 5. When 0 < p <1, then any f € sz can be written as f =) _ Aay,
where ay are atoms and Y |A¢|P < C||f||]T7p.
2

The paper is organized as follows: in Section 2, we give some estimates of the
kernels; in Section 3, we prove the main results of this paper.

Throughout the article, we shall use A and C to denote the positive constants, which
are independent of main parameters and may be different at each occurrence. By
B1 ~ B, we mean that there exists a constant C > 1 such that 1/C < B;/By <C.

2. Preliminaries

In this section, we give some estimates of the kernel of QF that we shall use
subsequently.

Let {T,L}t>0 be the heat semigroup generated by the operator L, then, for f €
L2(C™), the function e 'L f has the special Hermite expansion (see [11])

@ =@n)" ) e g (2),

k=0
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where ¢y is the Laguerre function. Therefore e~/L f is given by twisted convolution
with the kernel

K@) =Qm) ™"y e P g (2). 3)
k=0
Let ) .
=Y Fk+a+1) (—x)/

S TUk—j+DIG+atD !

be the Laguerre polynomials of type o and degree k, then we have the following
generating function for Laguerre polynomials:

o
Z L%(x)rk =(- r)—a—le—(r/(l—r))x‘ @
k=0
From (4) we obtain
K (2) = (4) " (sinh 1) e~ 1l (coth 1) )

It is easy to prove that the heat kernel K/ (z) has the following estimates (see the proof
of Lemma 7).

LEMMA 6. There exists a positive constant C > 0 such that the following inequalities
hold.

Q) |Ki(2)| <CrmeCrP/L
(i) |V ()| < Cr—ze Cll/,

Let O tL (z) be the twisted convolution kernel of Q tL then
0f (2) = *9;K; (] s—p2-

LEMMA 7. There exists a constant C > 0 such that the following inequalities hold.
(i) |QF@)| < CreCrrkE,
(i) |VOF(@)|=Cr2n-te=CrrkE,
PROOF. Itis easy to see that

8K, (z) = (47) ™" (—n)(sinh )"~ (cosh r)¢~ ¥/ (coth )

+ (dm) " (sinh 1) 772 (= ]z]?)e 3l com )
Therefore
18K (2)] < C((sinh 1)~ (cosh r)¢~al<* (o)

L
+ (sinh £) "2 |z|2e 31l (coth )y,
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Noting that there exists C1 > 0 such that for all # > 0 we have
sinht > Cy¢t, cothtzClt_1 (6)
and

Ci(sinht) " 1<y} ifo<r<l,

: —n—1 <
(sinh 1) cosh £ <y - Gih )7 coth £ < Cyr—"=1 if 1 <1 < oo,

(7)

From (6) and (7) we have

1.—1,,2 o _1.—
19K (2)] < Ct™"emal RIT 4 pmn=2)72¢7a!

a1l —Ct—11512
SctnleCt |Z|

1|Z|2

)

So, we have
_ 21,02
0L ()| < Cr72ne=C 1T,

This proves part (i).
To prove part (ii), it is sufficient to prove

10,0 K, () < Ct "3 O =2, (8)
It is easy to calculate
32,0 K;(z) = (4m) ™" (—n)(sinh 1) ™"~ ! (cosh 1)2z (— § coth t)e‘ﬁlzlz(coth 2
+ (4m) " (sinh 1) 7"~ *(—1 cosh 1)2z;(—1 coth r)
< (_%|Z|2)€f%|z|2(coth D)
+ (4m) " (sinh ) "2 (=L z;)e 3l o),
By (6) and (7),

3

U I -4 E PO T B W A V] 1,12
3,0 K, ()] < Clt" 2 —=e ¥ 'Z'+t"2( )e4r 21
|92, 0: K1 (2)] ( N i

t
P Ee—iz”w)

NG

.3 —1(.12
< Ct "2 ¢RI,

This completes the proof of (8) and so part (ii) is proved. O

We can also consider the following operator Qt2 = t48S2 TSL |—s2. If we use Q,Z(z) to
denote the twisted convolution kernel of Q,z, then similarly as Lemma 7, we can prove
the following result.

LEMMA 8. There exists a constant C > 0 such that the following inequalities hold.
() 102(z)| < Cr2me=Ci7Il,
(i) VOl < Cr2-le=Crrir,
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3. The proofs of the main results

In this section, we shall give the proofs of the main results of this paper.
We first give the maximal function characterization for H Ll (C™"). By Proposition 1,
we have the following lemma (see [8, p. 281]).

LEMMA 9. f € H}(C") if and only if

Mf(z)= sup |K; x f()| € L' (C")

O<t<l1
and f € L' (C").
Let
Mf(z) =sup|K; x f(z)| € L'(C"),

t>0

then we can characterize H Ll (C") by the maximal function M f as follows.
THEOREM 10. f € H}(C") ifand only if Mf € L'(C") and f € L'(C").

PROOF. By Lemma 9, we know f € H}(C") if Mf € L'(C") and f € L}(C").
For the reverse, we just need to prove that there exists C > 0 such that for any atom
a(z) of Hy (C™),
[Ma| 1 <C.

Let a(z) be an atom of H Ll (C™). By twisted translation, we can assume that supp a C
B(0, r). Then, we have [ a(w) dw =0.
By Lemma 6, we have

/ IMa(w)| dw < [|[Mp—rall;2(2r)" <C,
|lw|<2r

where My is the Hardy—Littlewood maximal function.
For |z| > 2r, we get

K; xa(z) = / K:(z — wya(w)o(z, w) dw

f i
= /(Kt(z —w) — Ki(2))a(w)o(z, w) dw + K;(2)a <—§Z>
=1L+ b.
By Lemma 6 again, we can prove

1 -1 2
I < Cft"zeCf =wl ) ja(w)| dw < Crlz]~>" L.

Therefore

/ [I1|dz <C.
|z|>2r
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By Lemma 6 (i) and Hardy’s inequality (see [6, p. 341, Theorem 7.22]) , we get

[ maesc [ 2,
|z|>2r n

|Z|2n -

Therefore we have |Mal|;1 < C and Theorem 10 is proved. O
In order to get our results, we need the following lemma.

LEMMA 11. The operators S; and Gy are isometries on L%(Cm) up to constant
factors. Exactly,

NG
2

1
09 fllp2 =5 Wl WSLANL2 = I £1lz2-

PROOF. The L2 equality for Gy is established in [12, Proposition 3.1]. As a
consequence we have

dw dt
ISLfI3, = /C /R 10F W) X (o) (w, Dt 42

L 2 dw dt 2
=Cy |Qt f('lU)| —— =Cp ||gLf||L2
Cr xRt ?

C

= I/ m

PROOF OF THEOREM 3. As in the proof of Theorem 10, by Lemma 7, we can prove
that there exists a constant C > 0 such that for any atom a(z) of H Ll (C™) we have

[Szallpr < C. €))

Now we prove that f € H} (C") when Sz f € L'(C") and f € L}(C").
We first assume that f € L'(C") N L2(C"). When Sy f € L'(C"), we know that
Q,L fe T21. By Proposition 5 we get

OFf() =) hjaj(z. 1), (10)
J

where a(z, t) are atoms of T21 and Zj |A ;| < co. By the spectral theorem (see [10]),
we can prove

= oLcolL dt
=4[ okwtrant (an
By (10) and (11), we get
+
0

f<>—4/+°°QL(ZN ( r>)ﬂ—CZk-f " gk
= 0 t . jajlz ;T : J r 4jie D=
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Therefore it is sufficient to prove that the functions
+o0
aj = OFaj(z t)ﬂ i=12
J = 0 t % ’ t ’ - 4 LR ]

are bounded in H Ll (C) uniformly; that is, there exists a constant C > 0 such that for
any atom a(z, t) in Tt

+o00 L dt
leell g2 = A Q,a(zyI)T <C.

1
HL

We assume that a(z, t) is supported in B (zo, r), where B (zo, r) denotes the tent of the
ball B(zo, r), then

sup e~ Fa(z)]
>0

< H (sup |€_tL05(Z)|)XB*
Ll

t>0

=1L+ 1,

1 + H (sup |e_tLa(z)|>x(B*)v
L

t>0 Ll

where B* = B(zg, 2r).
By the Holder inequality, we get

2 1/2
I < |B*|‘/2(/ (sup |e—“a<z)|> dz) < |B*I"? ||| 2.
n\t>0

By the self-adjointness of Q,L and Lemma 11 we have

leelz2 = sup / a(2)B(2) dz

181l 2<1

oo dt\—~
= sup /(/ Q,a(Z,l)—>ﬁ(Z)d2
1811,2<1 Jer \Jo !

+o0 L _ dt
= sup / / Qya(z, )B(z) dz—
O Cﬂ t

181l,2<1

+o00 1> dt
= sup / / a(z,)Q;B(z)dz—
0 Cn t

181l 2<1

+oo dz dt\/?
sup (// Ia(z,t)l2 )
1Bl 2<1\JC" Jo 4

‘oo dzdt\'?
X(//o |0FB(2))? ; )

|BI~'2|1Bl,2 < |BIV2.

IA

IA

This proves I} < C.
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By Lemma 7 we can prove
sup

L oo L
e’ / 0,
s>0 0

+00 dt
= sup ek / (—L)te La(z, t)T‘
0

s>0
oo dt
=sup/ (—tL)e~$HLq(z, t)—'
s>01J0 t
Too g dt
= sup / (—)((s+r>L>e—“+’)La(z,t)—'
s>01J0 s+t

+oo dw dt
“nlf () [ et e

- /+°° t s+ < |z—w|2>| ( t)|dw dt
su s exp| ————= )|a(w,
T b 0 s+t Jon P (s +l)2 t

< sup /+OO d (s+t)_2”<l+M)_(n+l)l (w t)ldw a
T s>0Jo s+t Jon ( +t)2

ssup</ /(s+t) 4"<1+ 2) ( ) )
s>0 (s+1) s+t t

dw dt\'"?

x(/ /|a<w,z>|2 - )
0o JB t

r 172
§|B|”2|z—zo|2"+1(f /tdwdt)

0 B

< Crlz — zo|7®"D,

Then we have
L <Cr / Iz —zol @D az < C.
(B*)¢

When f e L'(C") we can prove the result as in [2, Proposition 14]. In fact, we let
fr = TZL,,{ f, k=>0. Then, by f € L'(C") and Lemma 6, we know f; € L3(C™) and

ISL fxll1 < ISL f1l- By the case of f € L'N L% we get
I felgy cny S ISL ficllr < ISL A
By the monotone theorem, we have
Ik = fullgy = ISF(fi = fdllgr — 0 when k, n — 4o00.
Therefore { fi} is a Cauchy sequence in H Ll (R?) and there exists geH g (RY) such that

lim fi=g inH}(RY).

m——+00
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As
lim fr=f in(BMOL)",
k—+00
we know f =g € H} R and || fll 1 cny S ISLfll -
This gives the proof of Theorem 3. O

We define 5% £ (z) by

— +00 dwdt\'?
SL<f)(z>=(fo /lz_wl<m|Q%f<w>|2m) ,

where o > 0. Then in the same way as the proof of Theorem 3, we can prove the
following result.

COROLLARY 12. A function f € HLI((C”) if and only if its area integral fzf €
LY(C") and f € L' (C") . Moreover;

Iy ~ USTF g

Now we can give the proof of Theorem 4.

PROOF OF THEOREM 4. Firstly, by Lemma 7, we can prove that there exists a positive
constant C such that for any atom a(z) of H I{ (C™), we have

IGrall,r < C.
For the converse, by Corollary 12, it is sufficient to prove
157 fllr < CIGLS NIt (12)
Our proof is motivated by [5]. Let

F@) () =@e L), Viz,s)=e*LF(2),

then
V(z, $)(t) = e L@t £)(2) = (e T £)(2).
Therefore
+00 +oo
f IV (z, $)(0)|*t dt = / |(3e”CFIL £)(2) %t dt
0 0
+00
= / (3L f)(2) 2t — 5) dt.
Hence

—+00 +0o0
sup / |V (z, $)(0)|*t dt < / |(Bre " E1f)(2) [t dt = (GL f (2))>.
0 0

s>0
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Let X = L2((0, 00),  dt), then

sup le L F(2)llx = G f(z) € L'(C™).

s>0

Therefore F € H)]( (C") and here H,l( (C™) can be seen as a vector-valued Hardy space.
This shows that S 12F (z) € LY(C"), where

5 +oo . 5 dw dt\'?
SiF(z) = A o lO; F(w)llxm .

+o0 dw dt
(S%F(z))zzf / 10 F ()% T
0 |z—w|<2t t

+00 o0 dw dt
= lt(—=L)e "EF(w)(s)|*s ds
-/(; /zw|<21 /(; 2+l

+00 “+00
/ / / [(=L)?e™SHDL £ () 211721 dw dt ds
0 0 |[z—w|<2t

+0o0 +00
/ [ / (=L)2e L F(w)|?(r — )™ 's dw dt ds
0 s lz—w|<2(t—s)

+ t
/(; 0 Jz—w|<2(t—s)

+oo  pt/2
/ / / I(=L)2e™ 'L F(w)|2(t — 5)' ™ "'s dw ds dt
0

0 |z—w|<2(t—s)

+oo  pt/2
/ / / I(=L)2e™'L f(w)|?t'=2"s dw ds dt
0 0 |z—w|<t

1 [to°
= / / (—=L)2e™'E F(w)|?3 2" dw dt
0 lz—w|<t

By

3

(=L)2e™ L F(w))?(t — 5)' s dw ds dt

v

%

8

L dwdt 1%
8 /0 /Izw<t |Q?f(w>|2 2ntl g(Sif(Z))z’

we get Si feL'(C"). Then f € H Ll (C™) follows from Corollary 12.
This completes the proof of Theorem 4. O
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