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ON THE NONCENTRAL DISTRIBUTIONS OF THE 
SECOND LARGEST ROOTS OF THREE MATRICES IN 

MULTIVARIATE ANALYSIS(1) 

BY 

SABRI AL-ANI 

1. Introduction and Summary. The central distribution of the second largest 
(smallest) root following the Fisher-Girshick-Hsu-Roy distribution under certain 
null-hypothesis has been derived in series form by Pillai and Al-Ani [6]. In this 
paper the noncentral distributions of the second largest roots in the MANOVA 
situation, the canonical correlation, and equality of two covariance matrices are 
obtained. Further, the distribution of the second largest root of the covariance 
matrix is obtained as a limiting case. The largest root and its noncentral distri­
butions have been considered already by Pillai and Sugiyama [7] for the situations 
stated above. However, in the present paper, the joint densities of the largest and 
the second largest roots are derived in all the above cases from which the distri­
butions of the largest roots can be obtained, although in more elaborate forms. 

2. Noncentral distribution of the second largest root in the MANOVA case. Let 
X be a p x n± matrix variate (p < nx) and Y a p x n2 matrix variate (p < n2) and the 
columns be all independently normally distributed with covariance matrix S, 
EX=M and EY=0. Then it is known that XX' = Si is noncentral Wishart with n± 

degrees of freedom and YY' = S2 is central Wishart with n2 degrees of freedom and 
the covariance matrix S, respectively. 

Let 0</1</2< • • • </p< 1 be the characteristic roots of S^Sj1; then the joint 
density function of / l 5 . . . , lp is given by Constantine [1], 

(2.1) c(p, ni, n2) exp (tr-n)|L|»|I-L|« U ft-/.) | 2 T H T W T ' 

where SI is the noncentrality matrix, ^M'Z^M, and L = diag(/1? , lp) and 
c(p, nu iia)=^9/2rp(v/2)/rp(p/2)rp(/i1/2)rp(/ia/2), ro = K*i-/>-I),n=i(n2-P-1), 
v=i(n1 + n2) and cK(L) are zonal polynomials defined in [3]. Consider the trans­
formation qi = ljlp-u / = 1 , . ..,/> —2, and decompose cK(L) = J,rtVat>vlP

:icv(L1) 
where Li = diag (/ l5..., lp _ i) and the summation is over the partitions T of kx and v 
of k2 such that &i 4- k2=k, and K is the partition of k, and az>v are constants defined 
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in [2]. Then the joint distribution of ql9 , #p_2> K-i-> h c a n be written in the 
form 

?(/p-i , /P) |Q|m | l -Q| | l - /p - iQi | - | l - ( /p . i I /P)Qi| 

( 2 '2 ) x n (ft-ft) i 2 y ^ n l l i 2 ^-/^/^xCvCQO, 

where Q = diag (ql9 . . . , ?p _ 2), Qi = diag (ql9..., qp _ 2, 1), and #(/p _ 1? lv) = 
c(p, nl9 n2) exp tr-&-lff{1) + ll*p-2xp+in%+p-\l-lp)

n^ By expanding |I-/p_iQi|n 

as well as |I-(/p_i | /p)Qi| and using the results from Khatri and Pillai [5] for 
multiplication of zonal polynomials, we write (2.2) in the form 

9(/p-i,/p)IQI"|i-Qinfa-fc) I 2kunKmfm 2 2((-»)^-^0 

x P f (c(/)/P.x/Zl/p) 2 «,. v » i 2 «f c,(Qi), 
J = 0 T,V <5 ( 1 , 7 ? , V ) 

where 77 and 8 are the partitions of s and l+s+k2 respectively such that TJ = 
(rjl9..., 7]p) and S = (8 l 5 . . . , 8P) where s=2f= i m> l+s+k* = 2f = 1 8,, £? are con-

(l.fl, v) 

stants defined in [5] and c(l) = (-l)l(2l)l/[(l\)22lx[21i](l)]9 where xt2il] is the degree 
of the representation [21*] of the symmetric group on 2/ symbols, and such that 
XM(1)=k ! UfKj (kt - kj - i+j)/Uf= x (kt +p - i) ! and #c=(k± > k2 > • • • > kp > 0). Now 
integrate (2.3) with respect to 0 <qx <q2 < • • • <qp-2 < 1 by the use of the lemma in 
[8], we get the joint density function of lp _ l5 lp in the form 

(r,. l ((p-Dli^-^v^piiM^, Q Î 2 ^ ^ 

(2.4) x i2{(-»y*i}P2V(0//!©2«..^1^'i+* i»2 «f ca(ip-i) 
S = 0 ?? J = 0 T.V (5 ( 1 , 7 ? , V ) 

Further, integrate (2.4) with respect to lp, then the density function of /P_! can be 
written 

c1(p,«1,fia)«5xp(tr-n)/»?1-»+*-«p + «'a | 2 n f f n f f a ^ 

x 2 2{(-»yri}'2(c(0Ml,atJitl
1+

k*B(!P-1, Um+p+kt-Im+l) 
s = 0 n 1 = 0 T,V 

(2.5) 
x 2 *f Q(Ip-i)(("i-l)(p-l)/2+^ + /+A:2) 

<5 ( l . n . v ) 

x(rp_i((»ii-l)/2, S)/r,-i((«i+/»-l)/2, 8)) 

where 
B(a, b;c,d) = jlx'-Kl-xY-^x; 
CI(P,«I, »a) = v'-irl(yft)rp.1(ip-DP)iTtKftj2)r/ftai2). 
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It may be pointed out that the density function of the largest root can be obtained 
from (2.4) by integrating it with respect to lp _ 1 over the range 0 < lp _ x < lp, however 
a simpler form has been given in [7]. 

Let £2 = 0 in (2.5) then the central case is of the form 

c^nunjlpr1^-2***1»2 I 2{(-n)Jsl}Pf{c(n/ll}lit\ 
s=o n i = o 

(2.6) xB(lp^,l;m+p-l;n + l)2 8? * A - 0 ( ( * i - l ) C p - l ) / 2 + * + /) 
ô <i,n) 

where 8 is the partition of l+s, (2.6) has been obtained by Pillai and Al-Ani [6]. 

3. The distribution of the second largest root in the canonical correlation case. 

Let the columns of I * I be n independent normal (/?+#)-dimensional variâtes 

(p<q) with zero means and covariance matrix 

/Si i S1 2 \ 
\2Ei2 S22/ 

Let R=diag (rl9 r2,..., rp), where rf,..., r% are the characteristics roots of the 
equation 

\X1X
f
2(X2X'2)-

1X2X[--r2X1Xi\ = 0 

and also P=diag (pl9 p2,..., pp) where p2,..., pp are the characteristics roots of 
the equation 

I S i A V S i a - p ^ u l = 0. 

Then, the density function of rf,..., r2 is given by Constantine [1] in the following 
form 

c(^ /?^) | I -P 2 | w / 2 |R 2 | ( g - p - 1 ) / 2 | I -R 2 | ( n - p - q - 1 ) / 2 n (rf-rf) 

(3.1) 
$ y (»/2)K(H/2)KCK(R2)CK(P2) 

A * (<7/2)KA:!cK(Ip) 
where 

I>/2)7T'2'2 

c("' * ? ) rp(^/2)rp
P((« -q)i2)rp(P/2) 

By using the same transformation, namely ^=ff/rf,_ l9 /= 1, ...,/?—2 and the same 
method as in §2, the joint density function of r2_ l5 r% can be shown to have the 
following form 
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c1(n,p,q)\I-PY2(4-i)Uq~p~1Kp~"+ip~2)ip+1)}'2(4yq+P~3)'2 

vn-,2Vn-P-,- l ) /2 V V (»/2)K(«/2)KCK(P2) ». y(Cp + g + l - « ) 2 ) , 
M pJ A t (q/2)Kk\cK(lp) a i si 

x"ï {cWKr?)1} 2 a,. ^DM' 2 _ x)
s + '+ k* 2 g! cô(Ip _ J 

1 = 0 T,V ô (l ,r?,v) 

x (fe-1)0»- lM+s+l+kW^dq-l)/2, Sfl/IWfe+p-1)/2,3), 

where cx{n,p,q)=^-^Yp_1{{p-\)j2)Yp{nl2)ITp{ql2)Yp{{n-q)ll). Now, integrate 
(3.2) with respect to rp then the density function of r2_i can be written in the form 

c1(«, jp,?) |I-P2 |n '2(^_1) ( («-p-1 ) ( p-1 ) + ( p-2 ) ( ! '+ 1 ) î '2 

x | y (n/2Unl2)KcK(P2) | ^ ( p + g + l - n ) / 2 ) „ p y 2 , c ( / ) / / „ 
/c=o K? w/2)Kfc! cK(Ip) s = o v s- 1 = 0 

(3.3) x ^ a , , ^ . , ) » » ^ . , , i ^ + p - i ^ + ^ - Z j C i i - j - g + l ) ^ 
T.V 

x 2 «f c,(ip_1)((?-i)0'-i)/2+5+/+*a)(rI,_1((?-i)/2,8)/rII_1 
Ô a,v,v) 

x((?+/>-1)/2, 8)). 
4. Noncentral distribution of the second largest root of SxSj1 . Let Sx and S2 be 

independently distributed as Wishart W{nup97^^) and W(n2,p,^2), respectively. 
Let the characteristics roots of S j S j 1 and S ^ j * be denoted c< and Ai? /= 1,...,/? 
and such that 0 < cx < c2 < • • • < cp < oo and 0 < Ax < A2 < • • • < Xp < oo. 

Let gi = Sci/(l + 8ci), i=l,...,p; S>0 and G = d iag(g l 5 . . .,gp), and W = 
diag (A l5..., Xp), then the distribution of gl9..., gp is given by Khatri [4] in the 
following form 

(4.1) c(p, m, «)|SW|-*"i|G|»|I-G|» EI (ft-ft) 2 2 W ^ - f ^ ^ W , 

where w, n, and v as defined in §2. Then, as before, we can obtain the joint density 
function of &,_! and gp in the following form 

(4.2) 
x 2 2(r),cCKL(

(
8

Tr)"1) 2 2« -» )^ ' } "ïcQ)HWP 
k = o K K.tKyi) s = o v 1 = 0 

x2Xrf£*Ji ' i+*»Z «f c.(IP-i)((«i-!)(/>-l)/2+s+/+*2) 
T,V <5 (l.tf.V) 

x ( r p _ x((Wl -1 ) /2 , 8)/rp _ !((»! +p - l ) /2 ,8) . 

Now, integrate (4.2) with respect to gp, the density function if gp_i can be written 
in the following form 
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C&, " i , «2) |3W| - i n ^ - D - K p ^ x p + m | ^ ( " ^ - ( g W ) - 1 ) 

x t 2 ((-»)>!} 2 WO//!) 2 a^gji'^te,-!, l; 
S = 0 77 Z = 0 T,V 

x m + ? + f c i - / ; n + l ) 2 g? c,(IIJ_1)(("i-l)(/'-l)/2+s+/+A:2) 
<> (l.n.v) 

x (rp_!((«!-1)/2, 5)/r((«1 + j P-1)/2, 3)). 

5. The distribution of the second largest root of a covariance matrix. The 
distribution of the characteristics roots, 0 < œ1 < • • • < œp < oo, of XX' depends only 
upon the characteristic roots of S and can be given in the form (James [3]) 

(5.1) k(p, »)|S| -"iWil-fcxpC-i tr WJ} Et ( « • - « M ^ - S - 1 ) , WJ 
<>/ 

where jfc(p, n)=7rip2/2ipnrp(n/2)Tp(p/2). 

It may be pointed out that the form (5.1) can also be viewed as a limiting form of 
(4.1), when n2 -> oo. 

However, by methods similar to those in the previous sections, the density 
function of the second largest root yJ,_1 = co2)_1/2 can be written in the form 

k1(P,n)\ii\-*vp>j;»+<>-*»>+»>*e-'>-i f 2 n ^ S r 2«..v 
k = 0 K KlCK[l) T > v 

oo / l \ s p - 2 /C2 

(5-2) x 2 2 4 r " 2 c(0yp+-'i+fc* 2 2**,v2 «f a4-2)[rP-2 
s = 0 r? •»! 1 = 0 i = 0 ô u (<5,l,r?) 

x ((/i-2)/2, H)irp-2((n+p)/2, nWtop-i, °°; w+^+^i-jO-yp-! 
x 7(yp _ !, oo ; m +p + kx -j-1)], 

where bôt v are constants defined in [5], 8 and /x are the partitions of i and /+/+.? 
respectively. 

ki(p9n) = *(^, i i)rp . a((p-2)/2)rp_ a((p + l ) / 2 ) / ^ - ^ a , 

and 

I(a,b;c) = f Xe"1 «r* d!x. 
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