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We define a notion of homotopy in the effective topos.

1. Introduction

This paper deals with a notion of ‘homotopy’ one can define in the effective topos of
Hyland (1982).

In recent years, there has been an upsurge of interest in connections between abstract
homotopy theories and type theory: see Gambino and Garner (2008), Warren (2008),
Awodey and Warren (2009), Voevodsky (2010), Van den Berg and Garner (2011), Kapulkin
et al. (2012) and Van den Berg and Garner (2012). A prominent area of focus is that
of (closed) model categories, first defined by Quillen (1967); for modern expositions
see Hovey (1999), Dwyer and Spalinski (1995) and Hirschhorn (2003). A closed model
structure on a category defines a notion of homotopy, and this is used in order to model
the identity types of Martin-Lof’s type theory. For a comprehensive recent account, see
Univalent (2013).

In this paper, the focus is on a topos that is often considered an oddity in the world of
toposes and chiefly useful for applications in logic. However, we show that it is possible to
think of the objects of this topos as spaces and understand the effective topos in geometric
(topological) terms.

It is shown that a sensible notion of ‘path object’, for every object of the topos, arises
out of the so-called ‘discrete reflection’. In the effective topos, the full subcategory of
discrete objects has been thoroughly studied (see, e.g. Hyland et al. (1990)). I remind
the reader that an object of the effective topos is called ‘discrete’ if it is a quotient of a
subobject of the natural numbers object. There are several equivalent characterizations of
the discrete objects, among which:

An object X is discrete if and only if the canonical map from X to the exponential X7 is an
isomorphism, where P(N) denotes the power object of the natural numbers.

Easy proofs of this and related facts may be found in Van Oosten (2008). The fact above
means that the discrete objects are defined by an orthogonality property, and hence enjoy
good completeness properties relative to the effective topos. In particular, the inclusion of
the discrete objects as full subcategory of the effective topos has a left adjoint, which is
called the ‘discrete reflection’.
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Part of the significance of the present paper is to provide a new and very concrete,
intuitive meaning to the word ‘discrete’. Indeed, my notion of ‘path’ will be such that:

1. An object X is discrete if and only if there are no nontrivial (= nonconstant) paths
in X.
2. The discrete reflection of X is (internally) the set of path components of X.

This should lead, hopefully, to a study of ‘topological’ properties of non-discrete objects.
For, the non-discrete part of the effective topos has not been studied nearly as extensively
as the discrete part (for example, the following question has, to my knowledge, not been
answered: which objects Y have the property that X — X7 is an isomorphism, for every
discrete object X ?).

Note, by the way, that the properties of ‘paths’ above imply that there is no connection
to the real line. Indeed, in the effective topos the object of real numbers is discrete. This
is nothing unusual in the study of abstract homotopy theory: after all, in the topos of
simplicial sets the standard interval has nothing to do with the real numbers object of the
topos (whose geometric realization is a discrete space). We are studying a notion which is
similar in spirit to the homotopy in a closed model category.

One may doubt whether the terminology ‘discrete’ for the objects of the effective topos
described above, was well-chosen. However, I do not feel that this paper is the place to
quarrel with established language.

We obtain sensible interpretations of standard notions from topology. For example,
an object is path connected if and only if its discrete reflection is isomorphic to the
terminal object; an object is simply connected if it is path connected and its fundamental
group is trivial. We shall see that these notions do not coincide: we have ‘circles’ whose
fundamental group is isomorphic to Z. We also define ‘spheres’.

In the final section of this paper, we define Hurewicz fibrations, strong deformation
retracts and homotopy equivalences in a natural way. We show that every arrow in the
effective topos has a factorization as a strong deformation retract followed by a Hurewicz
fibration. The resulting structure should satisfy Baues’ axioms for a fibration category
(there is still an embarrassing open question) and Van den Berg and Garner’s axioms for
a path object category.

Many questions remain for future work. Is there a model structure on the effective
topos with Hurewicz fibrations and homotopy equivalences as fibrations and weak
equivalences, respectively? What does the homotopy category of the effective topos look
like? It seems obvious that the construction of this paper can be performed in arbitrary
‘realizability toposes’. Is there a generalization to toposes coming from an arbitrary
tripos?

1.1. Preliminaries

For the sake of self-containedness, I give the definition of the effective topos as a category.
From now on, it will be denoted by &ff. You are referred to Hyland (1982) and Van
Oosten (2008) for further information.
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The category &ff is built on the notion of a computable function on the natural
numbers.

An object is a pair (X, ~) where X is a set and ~ is a function from X X X to the set
P(N) of subsets of N, usually written as x,y +— [x ~ y]. This function ~ has to satisfy
the requirement that there exist computable functions s (symmetry) and t (transitivity),
such that the following hold:

— if a € [x ~ y] then s(a) € [y ~ x],
— ifae[x~y]land b € [y ~ z] then t(a,b) € [x ~ z].
The set [x ~ y] is called the equality of x and y.

Given two objects (X,~) and (Y, =), a morphism (X,~) — (Y, =) is represented by
a function F : X x Y — P(N) for which there exist computable functions sty, sty
(strictness), rely, rely (relationality), tl (totality) and sv (single-valuedness), satisfying:

— if a € F(x, y) then sty(a) € [x ~ x] and sty (a) € [y = y],

— ifae F(x,y), b € [xX' ~x] and ¢ € [y ~ y'] then relx(b,a) € F(x',y) and rely(a,c) €
F(x, "),

— if a € [x ~ x] then tl(a) € U,y F(x,)),

— ifa e F(x,y) and b € F(x,)’) then sv(a,b) € [y =~ )'].

Two such functions F,G determine the same morphism (X,~) — (Y,=) if there is

a computable function ¢ such that whenever a € F(x,y), ¢(a) € G(x,y) (this is an

equivalence relation on functions which represent a morphism).

We shall write {(ay,...,a,) for the natural number which codes the finite tuple of natural
numbers (ay,...,a,) in some coding for which all the operations one wishes to perform
are given by computable functions: e.g. determining the length of a sequence coded by x,
computing the code of the sequence which is the concatenation of the sequences coded
by x and y, determining the ith element of the sequence coded by x, etc.

For an object (X,~) and x € X we shall often write E(x) for [x ~ x]. E(x) is called the
existence of x.

Example 1. Suppose (X,~) and (Y, ~) are objects of &ff and f : X — Y is a function
such that there exist computable functions ¢ and v satisfying:
— whenever a € E(x), ¢(a) € E(f(x)),
— whenever a € [x ~ X'], p(a) € [f(x) = f(x)].
Then the following function F represents a morphism (X, ~) — (Y, =):

F(x,y) = |J{(ab)lae[x~x1be[f(x)~yl}.

x'eX

Let us say that this morphism is induced by the function f.
Example 2. If (X,~) is an object of &ff, then a subobject of (X, ~) is determined by a
function F : X — P(N) for which there exist computable functions ¢ and y satisfying

— if a € F(x) then ¢(a) € E(x),
— ifa € F(x) and b € [x ~ X'] then y(a,b) € F(xX').
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The subobject determined by F is then represented by the object (X, ~') where
[x~"y] = {{a,b)|la€ F(x), b€ [x~y]}

Example 3. An assembly is an object (X, ~) which is such that [x ~ y] = ¢J if x # y. Hence,
an assembly is given by a map E : X — P(N). The assemblies are (up to isomorphism)
the ——-separated objects of Eff. An assembly is called canonically projective if E(x) is a
singleton for each x. These are (up to isomorphism) the projective objects of &ff.

Every morphism into an assembly is induced by a unique function on the level of sets,
as in Example 1.

2. Intervals and paths

Since, in &ff, the object of real numbers is discrete, it will come as no surprise that the
‘intervals’ defined here have nothing to do with the unit interval [0, 1] of real numbers.

Definition 2.1. Let A = {og,04,...} and B = {fo, f1,...} be two disjoint countable sets.
The generic interval of length n is the object (X, ~) where X = {oq,..., 0, Po,-..,Pn} and
~ is given by:

bi~el = () lu~al=@ifis)
B~ Bl = (i+ 1)} [Bi~Bl=Difid)
o ~ B = {{ii+ D} oo~ Bl = @il i #
B~ o] = (i + Lid} [Bi~ oyl = B if i #

This object is denoted I,,.

I prefer to visualize the object I, in the following way:

(n+1,n)

" (n,n+1) ﬂn
o (3.2)
2
(23)
2.1)
o1 ) Bi
(1,0)
%o o Bo
0 1 2 n n+1

That is, nontrivial equalities are given by labelled horizontal lines; elements on the same
vertical line have the same existence.
The following facts about I, are easily established and left to the reader.

Proposition 2.2.

1. Let K, be the canonically projective object ({oo, ..., %, fo,-- -, fn}, E) With E(o;) = {i}
and E(f;) = {i + 1}. Let [n + 1] be the canonically projective object (finite cardinal)
{0,...,n},E ) with E(i) = {i}. Then there are morphisms f,g : [n + 1] — K, given by
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f(i) = o, g(i) = B, such that there is a coequalizer diagram

f
M+ 1] —=K, ——1I,.
g
2. The object I, is =—-separated, and isomorphic to the assembly I, = ({0,...,n}, E) with
E() = {i,i+1}.

Fact (i) of Proposition 2.2 makes it easy to describe the exponentials (X, ~)'. For, we
have an equalizer diagram

(X, )l (X, ~)fr = (X, ~) ]

and hence, by the well-known formation of exponentials in the case that the exponent
is canonically projective, we see that (X,~)" has as underlying set the set of functions
from {ao,...,0m, Po,-.., s} to X, where the existence of such a function f is the set of
coded pairs (o,7) such that ¢ is a coded tuple {co,...,c,11) satisfying ¢; € E(f(o;)) for
0<i<nandc¢ € E(f(fi_1)) for 1 <i<n+1;and 7 is a coded tuple (ay,...,a,) such
that a; € [f(o;) ~ f(B;)] for 0 < i < n. The equality between two such functions f and g is
the set of coded tuples v = (dy,...,dn+1) such that d; € [f(o;;) ~ g(a;)] for 0 < i < n, and
di € [f(Piz1) ~g(Piz)] for 1 <i<n+1.

Definition 2.3. A morphism I, LA I,, is called order and endpoint preserving if the unique
Sfunction f :{0,...,n} — {0,...,m} which induces the corresponding arrow I, — I, (via the
isomorphism of 2.2 2) ), is order-preserving and satisfies f(0) =0, f(n) = m.

Proposition 2.4. Every order and endpoint preserving map I, — I, is surjective; hence
such maps exist if and only if n > m.

Proof. Consider f : {0,...,n} — {0,...,m}. If i € {0,...,m} is not in the image of f then
i #+ 0 and i # m (since f is endpoint preserving) so there must be an element j € {0,...,n}
such that f(j) <iand f(j+ 1) > i. But then, in I,,, E(f(j)) N E(f(j + 1)) = & whereas in
I, (j+1) € E(j))nE(j+ 1). So f cannot induce a morphism in &ff. O

Definition 2.5. Let (X, ~) be an object of Eff. The path object of (X, ~), denoted P(X, ~),
is defined as follows.
Its underlying set is the set of all pairs (n,f) with n € N and f is a function from
{00, Bos -5 0, Bu} t0 X.
Given two such pairs (n,f) and (m,g), the equality [(n, f) ~ (m,g)] between them is the
set of all coded triples (a,s,b) satisfying:
a. a € E(f) as element of (X,~)",
b. b € E(g) as element of (X,~)",
c. there is an order and endpoint preserving morphism ¢ : I, — I, such that s € [f ~ go] in
the sense of (X,~)""; or there is an order and endpoint preserving morphism ¢ : I,, — I,
such that s € [fo ~ g] in the sense of (X,~)".

Remark. It may seem, since our intervals have variable length, that we are modelling a
kind of ‘Moore-path’. However, this is misleading: the nature of the equality relation on
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P(X,~) precludes that we have a function: P(X,~) — N giving the length of a path (here,
N denotes the natural numbers object in the effective topos).

Proposition 2.6.

i. The construction of P(X, ~) extends to a functor P : &ff — Eff which preserves finite
limits.
ii. The object P(X, ~) comes equipped with well-defined maps:

s (source), t (target): P(X,~) — (X,~)
¢ (trivial path): (X,~) —» P(X,~)

* (composition of paths): P(X, ~) X(x~) P(X,~) — P(X,~), where the domain is
the pullback

P(XaN) X(X,~) P(Xa N) I P(Xs N)

l )

(7) (converse path): P(X,~) — P(X, ~).

With these data, P(X,~) is an internal category in £ff which has a contravariant
involution which is the identity on objects.

Proof. 1 leave most of this to the reader. That P preserves products is a consequence
of the equality relation we defined on P(X,~), which ensures that we ‘can assume that
two paths are of the same length’, i.e. for (n, f) representing an element of P(X,~) and
a € E(n,f) we can, for each m > n, find a canonical element (m, f’) and an element of
[(n.f) ~ (m, f)].

For functions f : {«, Bo,.--,0%m, fn} — X and g : {oo, fo, .-, P} — X let f =g :
{00, By« - Uytms Pntm ) — X be the function defined by

f*gwo={f“” P<n

g(%i—n)i>n

[y i<n
AR {ngai>n

Then composition of paths is represented by the function which sends a triple (n,f),
(m, g),(k,h) to the set of coded 4-tuples {a,b,c,d) such that a € E(f), b € E(g), ¢ €
[f(Bn) ~ g(x)] and d € [(k,h) ~ (n+ m, f * g)]. Here E(f), E(g) refer to the existence of
(X, ~)", (X,~) respectively.

Composition is strictly associative. It is another consequence of the particular equality
on P(X,~) that the trivial (constant) paths are strict identities for composition. L]
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For the following proposition, I find it convenient to visualize paths in (X, ~) in the way
of the picture for I,;; so if f : {00, fo,--.,0m, fn} — X represents such a path, x; = f(«;) and
yi = f(Bi) and (o,1) € E(f) in the sense of (X,~)", s0 ¢ = {(co,...,Cnp1), T = {aq,...,an),
we picture f as

x}‘l n yn
X1 Y1
X
0~ Yo
Co C1 C s Cn Cp+1

Such a path proceeds (in X ) by alternately taking a horizontal and a vertical step: a
horizontal step involves an equality in (X, ~), a vertical step involves an element in the
intersection of the existences.

Proposition 2.7. There is a morphism P(X,~) xx~) P(X,~) L PP(X,~) such that
s(L(f,g)) = f * g and H(L(f,g)) = g

Proof. We do this for the special case that g is constant; the generalization to the
statement in the proposition is straightforward and left to the reader.

So, we wish to show that there is L : P(X,~) — PP(X,~) such that sL = idp(x,~) and
tL = ct:

P(X,~) —E>PP(X,~) P(X,~) —>PP(X,~)
k is tl it
P(X: N) (X9 N) c > P(Xn N)

First we show that there is a map Ly : (X,~)* — ((X, ~)™) with these properties. It is
induced by the function /) which we now describe:
Suppose f represents an element of (X, ~)%:

X
L — Yk
X1 Y1
X0 Yo
€o C1 &) s Ck Ck+1
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Then /i(f) is the path (fo,po,...,fr,pr) defined inductively. Let fo = f. Now suppose
inductively that f; is the path

Xk “u Vi
Xit+1
Xi Vi
Xi o Xi
Xi o Xi
Ci Ci Ci s Ci Cit+1 s Ck Cle+1
Then we can take a horizontal step, obtaining p;, which is
Xk o Yk
Xi+1
Yi— Vi
“it-1
yl ﬁ yl
Yi—JYi
“it-1
Cit+1 Cit1 Cit1 s Cit+1 Cit1 s Ck Ck+1

We have (aj,...,d;,¢iv1,...,¢t1) € [fi ~ pi]. Subsequently, we take a vertical step,
obtaining f;r; from p;. Clearly, p; is the constant path at y,. This defines the function /.

In order to see that /; really induces a morphism (X,~)* — ((X,~)*)*, suppose
f,g represent elements of (X,~)"* and y = (yo,...,7x+1) € [f ~ g]. If f is the sequence
(X0 Y05 - - - Xk» i) and g 1s (2o, Wo, - - -, Zk, Wk), then yo € [Xo ~ zo], yi € [xi ~ zi]N[yi—1 ~ wi—i]
for 1 <i<k, and yi1 € [y ~ wi].

Then if Zx(f) = (fo,Po,---» fx.Px) and Zx(g) = (go, ho,- - -, gk, hx), one sees by induction
that y € [fo ~ gol, that (yi,..., 7 Vi+1,-- -5 Vk+1) i an element of [f; ~ g] N [pi-1 ~ hi—1]
for 1 <i<k,and (yig1,...,7ks1) 18 in [pr ~ h]. So if p; = (Vis ..., Vi Vitls---» Vks1), then

p = (pos--spk+1) € [Lk(f) ~ Ci(g)].

So we have a well-defined morphism L, : (X, ~)* — (X, ~)%)!x.
The next step is to see that the maps L, extend to a map L : P(X,~) - PP(X,~): that
is, that they interact well with the equality relation on P(X, ~).
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Let / be the function which sends (k,f) (where f represents an element of (X, ~))
to (k,Zk(f)). We have to see that there is a computable function ¢ such that whenever
a € [(k,f) ~ (m,g)] then ¢(a) € [/(k,f) ~ £(m,g)]. From a we can computably extract k
and m and hence their maximum; say this is m. Then we only have to consider order and
endpoint preserving maps I,, — Ix. Such a map is a composition of maps ¢; induced by
functions ¢; : {0,...,k + 1} — {0,...,k} of the form: t;(i) =i for i < j, and ¢;(i) =i —1
otherwise. Then the resulting map (X,~)% : (X,~)* — (X,~)* is induced by the
function s; which sends

f = (x()’yo’"'?'xk’yk)
to

Si(f) = (X0, Y05+ +»Xj5 X3 Xy Vjs Xjs1s -+« > Xks Vk)-
Suppose, a € [(k,f) ~ (k + 1,g)] so (ignoring irrelevant information) a € [s;(f) ~ g]
in (X,~)1. From a we find elements a; € E(s;(f)), ax € E(f) and a3 € [/k41(sj(f)) ~
Zk+1(g)] (the last since /11 induces a morphism as we have seen). It suffices therefore to
find an element of

[k, k() ~ L1 (s5())]

which does not depend on j.
Now from the definition of /} it is clear that if Zx(f) = (fo, o, .- -, fx, k) then

Zir1(si(f)) = (5j(f0), 5j(€0)s - - -» 8 (f ), 5()> 5 (f 1), 8(g))s $i(fj1)s -5 8(8k))
=5i(sj(f0),5j(g0), - - -» 8j(fk), sj(gr))-

So from a3 we find an element of

[Zk1(s5(f)) ~ (sj(fo)s-- ., 5i(gr))]

and successively elements of [s;(f;) ~ fi], hence (by the equality of function spaces) an
element of

[(sj(fo)s---»s(gk)) ~ (fos--->&k)]-
Combining, we get the desired element of [/x11(s;(f)) ~ Zi(f)]. ]

3. Discrete and path connected objects

In the effective topos, an object is called discrete if it is a subquotient of the object of
natural numbers N. The object N is the canonically projective object with underlying set
N, and E(n) = {n}. The following characterization of the discrete objects is taken from
Van Oosten (2008), 3.2.20.

Proposition 3.1. An object (X,~) of &ff is discrete if and only if there is a computable
function ¢ such that for all x,x’" € X we have: if n € E(x) N E(X') then ¢(n) € [x ~ x'].
This is the case if and only if (X, ~) is isomorphic to an object (Y, ~) for which we have

E(y)NE(Y') = & whenever y # y'.

Let &ff; be the full subcategory of £ff on the discrete objects. £ff, is a very rich category:
it contains all of ‘constructive mathematics’.
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The inclusion functor &ff; — &ff has a left adjoint which preserves products: the
discrete reflection.

Definition 3.2 (Van Oosten (2008), 3.2.19iii)). The discrete reflection of an object (X, ~),
denoted (X, ~)qy, is the object with underlying set | ).y E(x), and with the following equality:
[n ~ m] consists of all coded sequences

0 = <n07 aop, ni, ..., N, d, nk+1>

satisfying: for each i < k there are x;,y; € X such that n; € E(x;), niy; € E(y;) and
ai € [x; ~ yi].
The universal arrow n : (X,~) — (X, ~)q is represented by the function

H(x,m) = U [n ~ m].

neE(x)

It is easily verified that 5 is always an epimorphism. Now from the definition of P(X, ~)
in the previous section it should be obvious that the kernel pair of # is just the image of
the map (s,t) : P(X,~) — (X,~) x (X, ~). Furthermore, since &ff, is a full subcategory
of £ff we have that 5 is an isomorphism if and only if (X, ~) is discrete. Summarizing:

Proposition 3.3.

i. An object (X, ~) of &ff is discrete if and only if it is internally true that there are no
nonconstant paths (i.e. the map c : (X,~) — P(X,~) is an isomorphism).
ii. The discrete reflection is, internally, the set of path components.

We shall therefore call an object path connected if its discrete reflection is isomorphic to
1, the terminal object of &ff.

4. Homotopy and fundamental group(oid)

Two maps f,g : (X,~) — (Y,~) are homotopic if there exists a homotopy from f to g,
that is: a map H : (X,~) — P(Y,~) such that sH = f and tH = g. By composition of
paths, converse paths and constant paths, homotopy is an equivalence relation.

For paths in (X, ~) there is the further notion of endpoint preserving homotopy. This is
an element H of PP(X,~) such that both P(s)(H) and P(t)(H) are constant paths. The

picture is:
s(s(H)) —— 1 t(s(H))
P(s)(H) H P(t)(H)
s(t(H)) t(t(H))

t(H)
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Composition of homotopies is ‘vertical composition’:

s(s(H)) ——— (s(H)) s(s(H)) adll H(s(H))
P(s)(H) H P(t)(H)

SUH)) — o WH) = H=*G
P(s)(G) G P(1)(G)

s(t(G)) o t(t(G)) s(t(G)) o t(t(G))

We also have ‘horizontal composition’: if P(t)(H) = P(s)(G) then the pair (H, G) is actually
a path in the object P(X,~) xx~) P(X,~) and we have H o G = P(*)(H, G):

s(H) s(G) s(H)*s(G)
H ‘ G = HoG
t(H) t(G) t(H)*1(G)

which is a homotopy from s(H) * s(G) to t(H) * t(G).

It is easy to see that the map L from Proposition 2.7, satisfying sL(f) = f and
tL(f) = ct(f), preserves the endpoint: P(t)(L(f)) = c(t(f)).

Using this map L and horizontal composition, one readily verifies that there is, for each
f € P(X,~), and endpoint preserving homotopy from c(s(f)) to f * f.

Definition 4.1. Let (X,~) be an object of &ff and x : 1 — (X,~) a base point. The
fundamental group of (X,~) with base point x, or n;((X,~),Xx), is the set of endpoint
preserving homotopy classes of paths from x to x, with composition of paths as operation.

The fundamental group is in fact a group: composition is well defined on homotopy
classes by horizontal composition, and strictly associative, the constant path on x is
the unit, and ]7 is a two-sided inverse for f. As usual, if (X,~) is path connected the
fundamental group does not really depend on the base point and we can omit it.

Definition 4.2. An object is simply connected if it is path connected and its fundamental
group is trivial.

We can also define, for each (X, ~), the fundamental groupoid of (X, ~): its object of
objects is (X, ~), its object of arrows is the object of endpoint preserving homotopy classes
of paths.

As an example, I now briefly discuss ‘circles’. A circle, naturally, is constructed by
identifying the endpoints of an interval.

Definition 4.3. The circle C, is defined by the coequalizer diagram

1—=1I,——C,
n
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Proposition 4.4. For n # 2, the object C,, is separated. In fact, Co = C; = 1 and for n > 2,
the object C, is isomorphic to the assembly ({0,...,n — 1}, E) with

E00)={0,1},....E(n—=2)={n—2,n—1},E(n—1) = {n —1,0}.

Proof. Straightforward calculation. U]
One can show that the object C,, which has 2 points, is not separated.
Proposition 4.5. For each n > 2, n1(C,) = Z.
Proof. This follows standard lines. First one defines the ‘line’ R: it is the object (Z, E)
with
Em)={2n—1,2n+1}n>0
E(0)={0,1}
Em)={-2n—-2n—2} n<0
One observes that R is simply connected and that the map R — C, given by m+— m mod n
is a ‘universal covering’: it has the unique path lifting and homotopy lifting properties.
Consider both R and C, as equipped with the base point 0. The map from 7((C,,0)
to R, sending a homotopy class of a path to the target of its lifting, is well-defined and

gives a bijection from 7;(C,,0) to Z. Composition of paths corresponds under this map
to addition, so the required isomorphism is there. |

Of course, in &ff we also have ‘tori’ T, = C, x C, and since we can prove that m; is
a functor from &ff. (the category of objects of Eff with a base point, and base point
preserving maps) to the category of groups and preserves products, we have

(T, = ZxZ

for n > 2.
Similarly, we can discuss (at least finite) ‘wedges of circles’. ‘Spheres’ would be quotients
of cubes (products of intervals).

5. Homotopy equivalences and Hurewicz fibrations

Definition 5.1.

a. An arrow f : (X,~) = (Y,~) embeds (X, ~) as strong deformation retract into (Y, ~)
if there is a map F : (Y,~) — P(Y,~) with the properties:

i. sF=idy~),
ii. the diagram
(X,~) ——=P(X,~)
fl \LP(J")
(Y.~) ——=P(Y,~)
commutes, i.e. for x € (X,~), F(f(x)) is the constant path on f(x),
iii. the map tF factors through f.
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b. An arrow f : (X,~) — (Y,~) is a homotopy equivalence if there is an arrow g : (Y ,~)
— (X, ~) such that fg is homotopic to id(y ~) and gf is homotopic to id(x ~).

Clearly, every embedding as strong deformation retract is a homotopy equivalence.

Proposition 5.2. The map ¢ : (X,~) — P(X,~) embeds (X,~) as strong deformation
retract into P(X, ~).

Proof. Use L. ]

Definition 5.3. Given f : (X,~) — (Y,~), denote by C; the object defined by the pullback
square

Cr—(X,~)
Lk
P(Y,~) —— (Y, ~)
So, Cy = {(o,x) € P(Y,~) X (X,~)[s(x) = f(x)}.
Let vy : P(X,~) — Cy be the map defined by the commutative diagram

P(X,~) —— (X, ~)

T

ie. vi(w) = (P(f)(w),s(w)).

The map f is called a Hurewicz fibration if the map v; has a section.

Our definition of ‘Hurewicz fibration’ is equivalent to the standard one for topological
spaces (this is usually considered a theorem: a map is a Hurewicz fibration if and only if
it has a Hurewicz connection), and is a rewrite in a language with no interval, but only
path objects.

Proposition 5.4. Every arrow f : (X,~) — (Y,~) in &ff factors as an embedding as strong
deformation retract, followed by a Hurewicz fibration.

Proof. This follows the usual definition for topological spaces. Factor f as
(X,~) —=C; —=(Y,~)

where 1(x) = (x,c(f(x))) and n(x,w) = t(w). Analogously to the embedding (X,~) —
P(X,~), 1 is easily seen to be an embedding as strong deformation retract. For the other
map 7, we have to show that the map

,P(
Py T ¢

has a section.
The object C; is internally defined as

Cr = {((x,0),n) € C; x P(Y,~) | f(x) = s(w), t(w) = s(n)}.
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A typical element of P(Cy) is a pair («, H) where o is a path in (X,~) and H is a path in
P(Y,~) with P(s)(H) = P(f)(«), so f(s(x)) = s(s(H)).

Now for ((x,w),n) € C, we have to find («, H) such that s(H) = w and P(t)(H) = 5. But
we can use Proposition 2.7 again: let « be c(f(x)) and H be the path from o to w * 5 such
that P(s)(H) is constant on f(x) and P(t)(H) = 5. So indeed, = is a Hurewicz fibration. []

Remarks

1. In an old paper by Strem (1972) it is shown that there is a closed model structure on
the category of topological spaces in which the fibrations are the Hurewicz fibrations,
the weak equivalences are the homotopy equivalences and the cofibrations are the
‘Hurewicz cofibrations’, that is in our terminology: all maps which have the left lifting
property with respect to all maps P(X) > X. I have not been able to find good
factorizations as Hurewicz cofibrations followed by trivial fibrations, and I doubt they
exist.

2. Baues (1989) proposes the following relaxation of the notion of closed model structure:
the notion of a fibration category. It is a category together with two classes of maps, the
fibrations and the weak equivalences satisfying the following requirements (in stating
them, I assume that we work in a category with pullbacks):

F1.Every isomorphism is both a fibration and a weak equivalence; fibrations are closed
under composition and weak equivalences satisfy the 2-out-of-3 property.

F2.Fibrations are stable under pullback and weak equivalences are stable under
pullback along fibrations. Also, trivial fibrations (that is: fibrations which are
also weak equivalences) are stable under pullback.

F3.Every arrow factors as a weak equivalence followed by a fibration.

F4.Call an object cofibrant if every trivial fibration into it has a section. For each
object X there is a cofibrant object QX and a trivial fibration QX — X.

The structure we described on &ff with homotopy equivalences as weak equivalences,
and Hurewicz fibrations as fibrations, satisfies at least F1, F3 and F4. That F4 holds
is an easy consequence of the observation that every Hurewicz fibration which is also
a homotopy equivalence, must have a section, so every object is cofibrant. As to F2, it
is straightforward from the fact that the functor P preserves pullbacks, that Hurewicz
fibrations are stable under pullback. That homotopy equivalences are stable under
pullback along Hurewicz fibrations is something I strongly feel should be true (the
Strem model structure is ‘right proper’), but have not been able to prove.

3. In Van den Berg and Garner (2012), Van den Berg and Garner develop the notion of a
path object category. It is a matter of reading through the axioms to see, that they are
satisfied in our homotopy interpretation in Eff. Therefore, by that paper, our results
imply that there should be a model for the intensional identity types in Martin-Lof
type theory.
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