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Abstract

It is shown that if {C,,: n = 1,2,...} is a countable family of Hausdorff k^-topological groups with a
common closed subgroup A, then the topological amalgamated free product * Gn exists and is a
Hausdorff k^-topological group with each Gn as a closed subgroup. A consequence is the theorem of
La Martin that epimorphisms in the category of ku-topological groups have dense image.

1980 Mathematics subject classification (Amer. Math. Soc): 22 A 05; secondary 20 E 06, 54 D 30, 18
A 20.

1. Introduction

Let {Gn: n = 1,2,...} be a countable family of kM-topological groups, each
having a fixed topological group A as a closed subgroup. We show that * Gn, the
free topological product of {Gn} with A amalgamated, exists, is a (Hausdorff)
ku-group, and contains Gn as a closed subgroup for each n.

Katz and Morris [2,3,4] have already shown that an amalgamated product G
* H of ku-groups is ku whenever A is in a class of closed subgroups, including
those which are normal and those which are the product of a compact subgroup
and a central subgroup. Our theorem clearly contains these results, and moreover
yields another proof of La Martin's theorem that epimorphisms in the category of
kw-groups have dense range ([6]; see also [9] and [11]).
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U1 Topological amalgamated free products 415

| The proof of our theorem has similarities to Ordman's proof [10] that the free
j k-group on a t2 k-space exists and is a t2 k-group, and more especially to the
i proof of Brown and Hardy [1] that the universal topological groupoid on a

ku-groupoid exists and is kw.

2. The theorem

Recall that a Hausdorff space A' is a ku-space if it has the weak topology with
respect to some increasing sequence of compact subsets Xl c X2 c • • • with
union X; then we say that \JXn is a k ^-decomposition of X. A topological group is
a kj-group if as a topological space it is k u . The appendix of [1] contains a useful
list of the properties of ku-spaces.

Let {Gx. X G A} be a family of topological groups. Then we say that (A, {ix})
is a common subgroup of the Gx if A is a topological group and, for each A e A,
ix is a topological isomorphism of A onto a subgroup of Gx. We denote ix(A) by
Ax, and the isomorphism i^/'x1: ^4A -» -4^, where X, ju G A, is denoted by ix /1.
The common subgroup is c/osed if >lx is closed in Gx for each X.

The above isomorphisms, of course, simply serve to identify the various copies
of A in the Gx. In purely algebraic arguments involving the amalgamated product
it is often convenient to suppress these maps, and to regard A as a subgroup of
each Gx (cf. Chapter III, 12 of [8]); this can be done with advantage in the lemma
below. In topological arguments, on the other hand, it is desirable to use the maps
explicitly.

DEFINITION (cf. [2,3,4]). Let (A, {ix}) be a common subgroup of the topologi-
cal groups Gx, X G A. A topological group G = * Gx is the free product of {Gx}
with A amalgamated if

(i) Gx is a topological subgroup of G for each X,
( i ^Ux^x generates G algebraically, and

(iii) for any topological group H and any collection of continuous homomor-
phisms 4>x: Gx^> H which agree on A (that is <j>xix = ^i^ for all X and /u), there
exists a continuous homomorphism $ : G -» H which extends each <j>x.

THEOREM. / / (A, {/„}) is a common closed subgroup of the ku-groups Gn,
n G N, then * Gn exists and is a (Hausdorff) ka-group, with each Gn as a closed
subgroup.

A

Note that A is also necessarily a ku-group.
The proof of the theorem occupies almost the remainder of the paper.
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Let U= U nGn and W = U , ( / " = U,WB, where Wn = U ^ £/' (here U
denotes disjoint union (or the coproduct in the category of topological spaces),
and U" denotes the Cartesian product U X • • • X U of n copies of U). Clearly U
and W are /:u-spaces. Let G be the abstract amalgamated free product * Gn of
the Gn with the An amalgamated, and give G the quotient topology under the
map p: W -» G which sends ( g x , . . . , gn) to the product of glt..., gn in G. We
shall show that G has all the properties required by the definition. The key to
doing this is to show first that G has a (Hausdorff) kM-topology, and for this we
need the definition and lemma below.

For convenience, first define fi: U -* N by setting fi(g), for g e U, equal to
the (unique) n e N for which g e Gn.

DEFINITION. An n-tuple ( g 1 , . . . , g n ) e W is reduced if gy e G a ( g ) \y4 a ( g y ) J

y = 1 , . . . ,» , and if fi(g7) ^ Q(gy + 1), y = 1 , . . . , « - 1.

L E M M A . L e / (gu ...,gn) and (hl,...,hm) be reduced elements of W. Then,

writing w(j) = « ( g y ) forj=l,..., n, we have p(gv ...,gn) = p(hv ...,hm) if

and only if

( i) n = m,

(ii) Q(hj) = w(y), j = 1,... , n, and

(iii) KlSi e ^u ( i) .

n l « ( ) , ( ) ()

"n iu(n-l),u(n)("n-l ' " ' 8n-l)8n = 1-

Moreover, ( i ) , ( i i ) a«</ (ii i) together imply that p(gx,...,gn) = p(hx,...,hm),

whether or not ( g 1 ? . . . , gn) and (hv..., hm) are reduced.

PROOF. Suppose p(gv...,gn) = p(hv..., hm). By Chapter I of [8], we see that
p(gv ..., gn) and p(hx,...,hm) have lengths n and m, respectively, in G, so that
n = m, proving (i).

Let Sk (k e N) be a complete set of left coset representatives for Ak in Gk,
with the representative of Ak always taken to be 1. Recall that for all k, I e N,
ik(a) and / / (a) are identified as elements of G, for each a e A. In the group
<Mi), s e t

and in the group Gu(j), j = 2,...,«, set

(2) 'uo-i).»(J,-)(a,--i)gy = */fly-
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Then from the well-known algebraic structure of G [8], we see that, in the group
G> g\Si ''' Sn ~

 sisi ' ' ' 5nfln> an^ t r i a t the latter is the (uniquely-defined)
normal form of gxg2 • • • gn. Computing the normal form of hxh2 • • • hn simi-
larly, we see that (writing Q'(j) = ®(hj), j = 1, . . . ,«) we have

(3) * i = * i « i { s i e S u , )

and, for j = 2 , . . . , n,

(4) «»'o-i).«'o-)(«;-i)A> = s'ja) (
so that / I 1 / I 2 • • • hn has normal form s ^ • • • s'na'n. Since each element of G has
a unique normal form, we must have Sj• — s'j, j = 1 , . . . , n, and an = a'n, and so
u(j) = u'(j) for each j , proving (ii).

Combining (1) and (3) then shows that A ^ = (a j )" 1 ^ e Au(X), and from
repeated combination of (2) and (4) it follows that h~xiljl(j^l)>iS{j-){h~\l •••

gj-i)gj = (a'jY1^ G A
au)> J = 2> ••• '"• T h u s ( n o t i n g t h a t (««)"lfl

n = !) w e s e e

that (iii) is true.
The remainder of the proof of the lemma follows along similar lines, again

using the normal form, and the details are left to the reader.

PROPOSITION. The graph T of the equivalence relation defined by p {that is, the
set {(w, w')GWX. W: p(w) = p(w')}) is closed in W X W.

PROOF. Clearly W X W has the weak topology with respect to the sets
Wn X Wn, and it suffices to show that rn = T n (Wn X Wn) is closed in Wn X Wn

for each n. The proof is by induction on n. We point out that the proof will not
make use of the fact that the Gn are ku; Hausdorffness is the only topological
condition required.

Now W1X W1 = U X U = U jkGj X Gk, and it is clear that

, / { ( g , g ) : g e G , . } , j = k,
m ( G , X Gk)= . /

which is closed for all j and k, as each G, is Hausdorff and At is closed in each
G,. Hence Tj is closed in WlX.Wl.

Suppose that Tn_l is closed in Wn_l X Wn_x for some « > 2. We proceed to
show that Yn is closed in Wn X Wn. This will be done by decomposing Wn X Wn

into a disjoint union of smaller subspaces, and by showing that the intersection of
Fn with each of these is closed. To this end, we introduce some definitions.

For kx, . . . , kn G N define K(kx, . . . , kn) to be the set of
(gl, . . . , g n , h 1 , . . . , h n ) ^ G k i X • • • X G k a X Gki X ••• x G k n s u c h t h a t
g j , . . . , gn, hx,...,hn satisfy all the conditions listed in (iii) of the lemma. It is
straightforward to check that K(k1,...,kn) is a closed subset of the above
product.
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Also for kx,..., kn e N, we define certain classes of functions from subsets of
Gki X • • • XGk into Wn_l as follows. First, if for any p(\ < / > < « — 1), k and
kp + 1 are equal, we define \^>--*»> = X^ by X/I(g1, . . . , gn) =
(«i> • • •. (g ,£ ,+ i ) . • - . g j e ^ _ 1 for each ( g l , . . . , g j e G^ X • • • X G v the
multiplication taking place in Gk . And second, if (g 1 ? . . . , gn) is such that g^ lies
in Ak , we define /*<,*"••••A:») = ^ by

for p — 1, . . . ,« — 1, and |A*i---*«) = ^ by

By means of these three classes of functions we can describe all possible
reductions of a non-reduced n-tuple in Wn to a (reduced or non-reduced)
(n — l)-tuple. Further, it is clear that, for each p (and each kv..., kn), each X^,
Hp and vp has closed domain and is continuous.

Now we see easily from the definition of Wn that Wnx Wn= U G',-J
m, where

the disjoint union is over all i, j < n and (for each fixed / and j) all positive
integers lv . . . , / , , ml,...,mj, and where G','/m is shorthand for (Gti X • • • XG,)
x (Gm, X • • • X Gm ) (with / standing for ( /1 ; . . . , /,) and m for ( w j , . . . , my)). To
show that Tn = T C\ (Wn X Wn) is closed in Wn X Wn, it therefore suffices to
show that YJiJ

m = T n G,1;̂  is closed in G\J
m for all /, ; , /, m. We need to

distinguish four cases: (a) /, j < n; (b) / = n, j < n; (c) / < n, j = n\ and (d)
i =j = n.

In case (a), G\% in fact lies \*Wn_x*Wn_x, so that r/;> = T n G;;4 = ^ ^
n GJ;^, which is closed in GJ ̂  by the inductive assumption.

In case (b), we claim that Tj^ = Uo(o X t)~x(rn-i)> where t is the identity on
Gmx

 x ' • ' x < ^m' a n d where a runs through all the functions of {[ip: p =
\,...,n - \},oi {vp: p = 2,...,«}, and of {X^: p satisfies lp = lp+l} (with the
superscripts (lv . . . , / „ ) assumed). For if (w, w') e F/'^ (with / = n, j < n), then
w must be non-reduced, since p{w) and /'(w') have the same length; and then
one of the functions a just listed, when applied to w, gives w" e Wn_l

satisfying p(w) = p(w"), so that (a X i)(w,w') = (w",wr) e rn_!- Thus Tj;J,
c U(a X i ) " ^ ^ . ! ) . Conversely, if (o(w),wr) e Tn_l for some (w,w') e G^,
then we must have p(w) = p(o(w)), so that (w,w') G F/'^. Hence F/^ =
Uo(a X t ) " ^ ^ . ! ) , as claimed. Since all the functions a X 1 are continuous on
closed subsets of G','Jm, and since Tn_l is closed in Wn_1 X Wn_l by assumption,
it follows that F/^, is a finite union of closed sets, and is therefore closed in G)J

m.
Case (c) is obviously dealt with similarly.

Finally, consider case (d). If (w, w') e F/;^, then since the lengths of p(w) and
p(w') are equal, w and w' are either both reduced or both non-reduced. If, for
any p (1 < / ? < « ) , we have /^ =£ mp, then it is clear from the lemma that T','Jm can
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contain no pairs (w, w') in which w and w' are reduced. An argument like that for
case (b) then shows that Tj;£, = Uo T(a X T ) " ^ ^ - ! ) , where a runs through the
functions specified in case (b), and T runs through a set of functions specified
analogously, with (assumed) superscripts (ml,...,mn). It follows (with the as-
sumption lp ¥= mp for some p) that T','Jm is closed. Now suppose that lp = mp for
p = l,...,n. We claim that under this assumption F/;^ = K{lv. . . , / „ ) U
UO T(a X r)~l(Tn_1), with a and T as above. To prove this, consider (w,wr) G F/-^.
If w and w' are reduced, then the lemma shows that (w, w') e K(lx,..., /„), while
if w and w' are not reduced, then (H>, W') G (a X T ) " 1 ( F M _ 1 ) for suitable a and T,

as earlier. Conversely, if (w, w') e ^ ( / l 5 . . . , /„), then the last part of the lemma
shows that (w,w') G F/;^, while (w,w') e (a X T)'1(Ta_l) implies that (w,wr) G
F/'^, much as in case (b). Therefore F/-^ is again a finite union of closed sets, and
hence is closed.

Thus Tl-J
m is closed in G'fj

m for all i, j , I, m, whence Fn is closed in Wn X Wn.
The proposition now follows by induction.

From Proposition 4.25 of [7] (or Proposition A.I of [1]), we may immediately
deduce the following result, using the fact that W is a ku-space.

COROLLARY. With the quotient topology determined by p, G is a (Hausdorff)
kw-space.

Continuity of the group operations in G now follows by a standard argument
(cf. [1], [7]) which uses the facts that p: W -» G and pXp: WxW^>GxG
are both quotient maps of ku-spaces ([1], [7]). It also follows routinely that G has
the universal property required of it by the definition. It thus remains only to
show that the restriction of p to Gy is a closed embedding, for each j . This is
achieved by a simple inductive argument, modelled on that given above, which
shows that if C is a closed subset of Gj for any j , then p~1(p(C)) is closed in W,
so that p(C) is closed in G. The outline of this argument is as follows. Write
A = p-\p(C)). Now i n W , = U m(A n Gm), and clearly A n Gm is C if
m = j , and is i} m(C n Aj) otherwise. Therefore A n Wl is closed. We now
assume that A n Jfn_[ is closed for some n > 2 and show that A n Wn is closed.
To do this, it suffices to show that A n (Gkj X • • • XG^) is closed for every
choice of k1,...,kne N. But it is easy to see that A n (Gki X • • • xG t ) =
UoCr'HA n Wn_l), with the functions a as defined earlier, and so the result
follows.

This completes the proof of the theorem.

As mentioned in the introduction, we can now provide a new proof of the
following result of La Martin [6]; our proof is a topologized version of the
original proof ([5]; see also [9]) that epimorphisms of groups are surjective.
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COROLLARY. Epimorphisms in the category of (Hausdorff) k ̂ -groups have dense
image.

PROOF. Let / : H -» G be an epimorphism of ku-groups, and let A be the
closure of / ( / / ) in G; thus A is a ku-group. Now let <>1? </>2 be the two natural
topological isomorphisms from G into the topological amalgamated free product
G * G. Clearly </>x and <J>2 agree on, and only on, A. Hence 4>lf = <j>2f, and so,
since / is an epimorphism, 4>x = <j>2. This implies that A = G, that is, that f(H)
is dense in G.
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