T. Kondo and T. Tasaka
Nagoya Math. J.
Vol. 101 (1986), 1561-179
THE THETA FUNCTIONS OF SUBLATTICES
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Introduction

Let 4 be the Leech lattice which is an even unimodular lattice with
no vectors of squared length 2 in 24-dimensional Euclidean space R*.
Then the Mathieu Group M, is a subgroup of the automorphism group
-0 of 4 and the action on 4 of M, induces a natural permutation repre-
sentation of M,, on an orthogonal basis {e;]1 < i < 24} of R*. For me M,,,
let 4, be the sublattice of vectors invariant under m:

A, ={xed|x"™ = x}
and 0,(2) be the theta function of 4,:

@m(z) = Z eﬂ”(x)

ZE€Am

where 4(x) = 4(x, x) and 4(x,y) (x, y € R*) is the inner product of R* with
Ue,;, e;) = 20,

One of the purposes of this note is to express 0,(z) explicitly by the
classical Jacobi theta functions 6,(z) (i = 2, 3,4) and the Dedekind eta-
function. The results are given in Table 2 of Section 2. Furthermore,
by using these expressions of 0,(z), we will prove the following theorem:

THEOREM 2.1. Let 0,(z) (me M,) be as above and let
m(2) = [] 7(t2)"
where 7(2) is the Dedekind eta-function

=) = q'/* ﬁ1 Q—-qg" (qg=e7")
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and m has a cycle decomosition []t* = 172" ... Then the functions
0,.(2)[n.(2) are modular functions which appear in a moonshine of Fischer-
Griess’s Monster [3].

For the statement of this theorem, we refer the readers to [3; p. 315]
and Remarks 2.1-2.2 in Section 2 of this paper. In Section 1, we explain how
to describe 0,,(2) in terms of Jacobi theta functions, where a presentation
(1.1) of the Leech lattice (cf. Tasaka [9]) and Table 1 which can be obtained
from Todd [11] will be very important. In Section 2 we will prove the
results in Table 2 and Theorem 2.1. We note that, in the proof of Theorem
2.1, Table 3 of [3] and a result of Koike [4] are useful. But the main
works of Section 2 are the calculations of Jacobi theta functions in which
several formulas between them are applied effectively. Some of these
formulas can be found in [6] and [7], but we will also use those which
may be new, for example

0.2)0,(72) + 6,(2)0,(72) + 0,(2)0(72)
= 2{0,(22)0,(142) + 0,(22)0,(142)} ,
dn(2)n(112) = 0,(2)0,(112) — 6,(2)6,(112) — 6,(2)0,(112)
(cf. (T15) and (T24) of Appendix respectively).

Such formulas are collected and proved in Appendix. In the proofs, Lemma
A.1-2 will be fundamental.

§1. Leech lattice and its sublattices
The Leech lattice 4 in the Euclidean space R* can be described as
disjoint sum in the following way;

(1.1) A= W AGex + L) U (ies + dex + Ly} .

Some explanations will be needed.

A) The set 2 ={1,2, ---, 24} is a 24-point set and ¥ C P(£) is the
(binary) Golay code on £2. For codes and Golay code, see [2] or [6].

B) The system of vectors {e;; i e £} is the orthogonal 2-frame of R*,
that is, denoting by 4(x) the squared length of a vector xe R* and by
4(x,y) the corresponding inner product of vectors x and y,

C) We put L = 3., Ze;, and for 6 = 0 or 1, we define
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(1.3) Ly={x=2 xe,eL; > x, =6 (mod 2)}.
Note that, after scaling by 1/4/2, L, is isomorphic to the (even) lattice
of type D,,.
D) For a subset X of 2, we put
(1.4) ey = Z’ e; .

E) The characterization of Leech lattice (cf. [1]) shows that the
lattice 4 defined by (1.1) is (isomorphic to) the Leech lattice. (See [9] p. 708).
Also the formula

(15) Uer + N xe) =2 315 +2 T ax + D + 41X
K 1€ A

is useful, where |X| denotes the cardinality of the set X.

The Mathieu group M,, is the subgroup of the symmetric group S, =
S(2) which leaves invariant the Golay code ¢. The element m of M,,
operates on the lattice 4 in natural way, that is, (e)" = e,, for ie Q.

Thus
(1.6) (3ex + Z xe)" = $ey, + Z Xi€im »
1.7 (feo + dex + Z xe)" = feq + ¥exn + D X .

In this way, the group M,, is a subgroup of the group -0 of Conway which
is the automorphism group of the Leech lattice 4. In view of [10] and
[3; p. 315], it is important to study the invariant sublattice 4, and its
theta function 0,(2) for all element m of -0. Here we restrict ourselves to
the element m of the Mathieu group M,,. That is, for twenty-one “rational”
conjugate classes of M,,, the theta functions 0,(2) of invariant sublattices
A4, will be expressed as homogeneous polynomials of Jacobi’s theta func-
tions.

For an element m of M, considered as an element of S,, let
(1.8) m = (U)U,) --- (U,)

be its cycle decomposition, where U, are subsets of 2, giving a disjoint
sum decomposition of 2, and (U;) are certain cyclic permutations on U,.
That is, if we write U; = {i;, i,. - - -, i,} in appropriate order, then (U)) =
(i, ---1i,). The class of m can be written as

m=lU1HU2lIUs1y
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where |U;| means the cardinality of U,. Thus m = 1°2° means that m is a
product of eight mutually commutative transpositions, fixing the remaining
eight points. Also m = 3° means that m is a product of eight mutually
disjoint cycles of length three, fixing no points, and so on.

From (1.6) and (1.7), it follows that x = }ey + > x.e; (or ¥y = Lle, +
ey + D1 y.e,) is invariant under m if and only if, first the code word X
(the subset X contained in the Golay code %) is invariant under m, secondly
x;,=x; (or y, =y,) if i, je U,, and finally > %, =0 (mod 2) (or >y, =1
(mod 2)). In this case, we have

in = Zk:IUklxi(k) )
(2

for example, where i(k) is a representative in each U,. On the other
hand, it is clear that a code word X is invariant under m if and only if
the disjoint sum decomposition £ = U U, is a refinement of the decom-
position 2 = X U(Q2 — X). We devide the subsets U, into four categories
with respect to the code word X. That is, if U, € X and |U,| is even,
then U, is called first category (type I). If U, € X and |U,| is odd, then
U, is called second category (type II). If U, C (2 — X) and |U,| is even,
then U, is called third category (type III). Finally if U, ¢ (2 — X) and
|U,] is odd, then U, is called fourth category (type IV).

Under these notations, the m-invariant vector x (or y) can be written
as

x = gex + Z Xily, (or y = ey, + tey + ZykeUk) ’
where the condition > x;, = 0 (mod 2) (or >y, = 1 (mod 2)) is rewritten as
22 x, + 22 2, =0 (mod 2) (or 2™y, + 2™y, =1 (mod 2)) .

Thus, denoting by %, the m-invariant subgroup (subcode) of the Golay
code ¢, we have

(1.9) A = 1) {Gex + Lo)n) U Gea + Fex + (L)}
(disjoint sum decomposition), where

(1.10) Lo)n = {2 Meew,; 230 2 + 257 %, = 0 (mod 2)},
(1.11) L)n = {22 e0; 220 ¥ + 220y =1 (mod 2)} .

Note that if the type II and the type IV are void then the set (L), is an
empty set. Thus if m does not contain cycles of odd length, then
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L9y A = Yg (3ex + (L)) ,
where, in this case
(1.10y L)y = 23 Zey, .

For a (discrete) point set X in Euclidean space R”, we define its theta
function O(X, z) = 0,(2) (with respect to the origin 0) as

0(X,2) = T e = T,

zeX

where z is a complex number such that Im(z) > 0 and q = e***, so that
lg] < 1. Note that we are interested in the cases where the right hand
side is convergent. It is easy to see that

(1.12) O(XUY, 2 =06X 2 +03Y,2),
for “disjoint sum” XU Y. And also
(1.13) X XY, z) = 0(X, 200, 2),

if X and Y are contained in mutually orthogonal (linear) subspaces.
Jacobi’s theta functions (theta zeros) are defined in the following way:

(114 0@) = 3 et = T,

(1.15) 0.(2) = Z (=1 g™,

(1.16) 042) = g,

where Im (2) > 0 and ¢ = e**. Here we define two more functions py(2)
and p,(2) as

(1.17) po(2) = 25",

(1.18) 0:(2) = X (=1,

n

It is clear that 6,(2), 6,(2) and p,(2) are the theta functions of Z, Z + } =
{n+%;neZ}, and Z + ], respectively. It is easy to see that Z — I has
p«(2) as its theta function, from its symmetry. Using these functions and
6,(2) and p,(2), we can express the theta functions of point sets of various
type.

Assume that m contains cycles of odd length. Then from (1.11), it
follows that, for Y = le, + ey + (L),
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Y=29(Z— Dey, + 22" (Z + Dev,
+{2Z — Dev, + 22 (Z + Dev,}i
Thus we have
(119)  6(Y, 2) = [[PV10p(2|U,|2)
X+ X ATV (2| Ul 2) — [TV V02| Uil2)}
for Y = le, + {ey + (L),. See the remarks below for the details. The
right hand side of this formula is independent of the code word X. So
the contribution of these sets to the theta function of 4, is |%,]| times
of (1.19).

For the set X= le, + (L), its theta function @(X, z) can be described
in the similar way. That is,

(1.20) O(X, 2) = [[® 02| U,| 2) X [[9 62| U.J2)
X & X [T 0:2| Uil 2) X 97 042| Uil 2)

if the type II is not void, and
(1.21) 0(X, 2) = [[® 6,2|U;|2) X [1""10,2| Uy 2)
X § X AT 6,2| Uil 2) + [ 62| Ui|2)},

if the type II is void. Note that if the type II and IV are void (that is,
m does not contain cycles of odd length), then

(1.22) (X, 2) = [ 6:2|Uc|2) X [ 02| U] 2) .

If the type I or III 'is void, the corresponding terms are to be replaced
by 1.

Summing up all these contributions, we get the theta function 6(4,, 2)
= 0,(z). That is,

(&) The theta function 0,(2) is expressed as the sum of terms given
by (1.19) and (1.20) (or (1.21) or (1.22)) for all code words Xe %,,.

Remark 1. The exact structure of invariant subcode ¥, for each m
is discussed in the subsequent paragraphs,

Remark 2. It is clear that 6,2)" is the theta function of Z" with
respect to the standard metric. The function 6,(2)" is the “theta function”
of Z™ with weight (—1)** at each point x = (x, x,, - - -, x,) € Z*. Thus
1(0,(2)" + 0.2)") is the “normal” theta function of (Z"),, and 1(6,(2)" —
0.(2)") is the one of (Z"),, where (Z"), ={x=(x, ---,x,)€eZ"; D 2%, =0
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(mod 2)}, for 6 = 0 or 1. Note that (Z"), is the even lattice of type D,.
Concerning to our 2-frame {e;}, as 4(e;) = 2, the theta function of
L = > Ze; is 6,(22)%, for example.

Remark 3. The theta function of (3 (Z + ¥Yer,), is derived in the
similar way. But, in this case, as

S (=gt =0,

this theta function is equal to §[][0.2|U,|z). The same reasoning is used
for the formula (1.19).

Remark 4. Similarly, for a natural number p, we define
(1.23) OP(2) = 0,(2)0,(p2) + 0,(2)0(p2) .

This is the theta function of (Ze + Zf) U {}(e + f) + Ze + Zf}, where {(e)
=1, 4(f) =p and 4(e,f) = 0. If p is a prime number such that p = 3
(mod 4), then this set is the integer ring of the imaginary quadratic field
QW — p), considered as a lattice in € = R X R in natural way. The cases
p=23,7 11 and 23 will appear in the next section.

We call 8-point subset X of £ an octad if X belongs to the Golay
code . Also 12-point subset belonging to ¢ is called a dodecad. Next
16-point subset belonging to ¢ will be called co-octad. A co-octad is
actually the complementary subset of an octad. The Golay code % con-
sists of one 0 = @ (the empty subset), 759 octads and co-octads, 2576
dodecads and one £ (the full subset). This will be written as

(1.24) % = 1(0) + 759(octad) 4 2576(dodecad) -+ 579(co-octad) + 1(2)
=1-+ 759 4 2576 + 759 - 1.

For each class m, the invariant subcode ¥,, is described in the similar
way, specifying its code words (octads, dodecads or co-octads) by its cycle
types. For example, if m = 1°2°) then

7, = 10} + {(1) + 14(2) + 56(1'29} + 112{(129}
() + 14(1°2Y) + 56(1'2)) + 1{0) .

This means that the set of octads in %, consists of one 1° (the fixed point
set of m), fourteen 2* and fifty-six 1'2*, for example. Also if m = 1°3%, then

@, = YO} + {6(1°3) + 15(1°3")} + 20{(1°8")} + {6(1'3) + 15(1'3"} + 12} .

https://doi.org/10.1017/50027763000000374 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000374

158 TAKESHI KONDO AND TAKASHI TASAKA

These can be obtained from the table of Todd’s paper [11]. In the Table
1, the description of ¢,, for each class m is given in this fashion. It is
notable that |%,| = 2°%, where s is the even integer determined in (1.8).
Using this table and (&), we can describe the theta function 6,(2) com-
pletely. (This will be done in the next section).

Table 1
1% 1+ 759 + 2576 4 759 4 1
1%28 14 {1° + 14(2%) + 56(1*2)} + 112{1'2*} + {2° + 14(1°2*) + 56(1*29)} + 1
1°3° 1+ {6(1°3) + 15(123%)} + 20{1°3%} + {6(1.3°) + 15(1‘3%)} + 1
142°4* 1+ {128 + 2(4%) + 8(1°2-4)} + {4(1'4%) + 4(2°4%)}
+ {4* + 2(1'2°4°) + 8(1%2-4%)} + 1
1'5* 1 + 4(1%) + 6(1°5%) + 4(1.5%) + 1

1°223%6* 1 4 {1282 4 2(1-223) + 2(2.6)} + 4(1-2-3-6)
+ {2%6* 4+ 2(1-3-6%) + 2(1°2-3%6)} + 1

7 1+3(1.7+0+317)+1
1°2.4-8 1+ (1°2-4) + {2(4-8) + 2(1°2-8)} + (8) + 1
17112 14+04+21-11) +0+1

1.2.7.14 14+ @-T)+0+(2-14) + 1
1.3.5:15 1+ (3-5) + 0 + (1-15) + 1

1-23 1+04+0+0+1

212 1+ 15(24 + 32(2°) + 15(2°) + 1

3 1404143 +0+1

24" 14 {2 4 6(49) + 0 + {4* + 6247} + 1
4 1+ 3(4) 40+ 34" +1

6* 1+04+26)+0+1

22107 140422100 4+0+4+1

2:4.6.12 14+(2-6)+0+(4-12) +1

127 1+0+0+0+4+1

3-21 1+404+04+0+4+1

ExampLE 1.1. For m = 2%, we use (1.22) and
g, =14 15(2%) + 32(2°) + 15(2°) + 1.
So we have
0..(2) = 0,(42) + 15 X 6,(42)°0,(42)" + 32 X 0,(42)°6,(42)°
+ 15 X 0,(42)0,(42)° + 6,(42)"
= H(0:(42) + 9.(42)°)° + (0(42)° — 0.(42)°)°} + 326,(42)'0,(42)° .
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From (T4-6) of appendix, we have 6,(42)* + 6,(4z)* = 6,(22)* and 6,(42)* —
0.(4z)* = 0,(22) and 20,(4z)0,(4z) = 0,22)*. So we have
(1.25) 0,.(2) = 3{0,(22)" + 0,(22)* + 6,(22)"} .

ExampLeE 1.2. For the class m = 1°2°, the contributions of types
teo + tex + (L), is |9, = 2° times of

P = p(42F X Hp22F — 0,22,
by the formula (1.19). Using (T3) and (T8-9) and also (T11), we have
(1.26) 956P = 128 X 2-%0,(2)*(0,(2) — 02)") = 27°0,(2)" ,
For the calculus of remaining terms, we put
E(2) = }0,2)° + 0.2)° + 0.(2)} .
From code word {8} + {2} and {1°} + {2°}, we have
Q1 = 05(42)° X 3(022)° + 0,(22)°) + 0,(42)° X 30,(22)°

+ 30,(42)°0,(22)° + 10.(42)°(0,(22)° + 9.(22)°)
= E(22)(0,(42)° + 0.(42)°) .

From 14{2} + 14{1°2'}, we have

Q. = 70,(42)'0,(42)"(0,(22)° + 6,(22)%) + 70,(42)'0,(42)'0,(22)
= 14E,(22)0,(42)'0,(42)* .

From 56{1'2°} + 56{1'2°} and 112{1‘2‘}, we have
Q, = 280,(22)'0,(42)°0,(22)'0,(42)° + 280,(22)'0,(42)'0,(22)0,(42)*
+ 560,(22)'0,(42)'0,(22)*0,(42)*
= 280,(22)'0,(42)°0,(22)'0,(42)*(0,(42)* + 6,(42)*)*
= 10,(22)°04(22)° = Z50:(2)" ,

using (T4) and (T5). Summing up all terms, we have
0.,.(2) = E(22){0,(42)° + 140,(42)'0,(42)" + 0,(42)°} + JL:0.(2)"° .
As one can see easily from (T4-7) that
0,(42)° + 1460,(42)'0,(42)* + 6,(42)° = ${60,(22)° + 0,22)° + 0,(22)°},

so we have
5

_ e, 1 16
(1.27) 0,(2) = E(22) + v—2—5gﬂz(z) .
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§2. Conway-Norton’s conjecture

In this section, we will prove the following theorem:

THEOREM 2.1. For me M,, let 0,(z) be the theta function of the in-
variant sublattice A,, as in Section 1 and let

7@ = T] 7(t)"

where p(z) = ¢"* {521 (A — @*") (g = e*?) and m has a cycle decomposition
[1.t:=172"=.... Then the functions 0,(2)[1,(2) are modular functions
which appear in a moonshine of Fischer-Griess’s Monster constructed in [3].

Remark 2.1. In [3], the statement of this theorem was conjectured
for any elements of -0 (= the automorphism group of Leech lattice) [3; p.
315]. But Koike has checked that, for some elements of -0, similar state-
ments are not necessarily true.

Remark 2.2. In [4], Koike proved that, for all me M,, there exist
modular forms 6,(z) such that 6,(2)/1.(z) are modular functions which
appear in a moonshine of Fischer-Griess’s Monster. These modular forms

0..(2) exactly coincide with our theta-functions 0,(z) (cf. [4; Table I and
Table II]).

The proof of this theorem will be done by showing that 0,(2) can be
expressed as in the following Table 2 and then using Table 3 of [3] or a
result of Koike [4] (see Theorem 2.2 below). But for an element m of
M,, with a cycle decomposition 1*5*, this method does not work well and
so we will check the case m = 1*5* by comparing the Fourier coefficients
of our 0,(2) and Koike’s 4,(2) in [4].

Now we will give a table of expressions of 0,(z) by Jacobi theta
functions. Also, in this table, discrete subgroups I',, for function fields
C(0,.(2)/7.(2)) and the corresponding conjugacy classes in Fischer-Griss’s
Monster are given by using the notations in [3]. Also we use the follow-
ing notations:

(2.1) E(2) = 30,2 + 04(2)° + 0.(2)°}
= the theta function of the E,-lattice (cf. [6; p. 134])

(2.2) 0(2) = 0(2)0,(2)0,(2) = 29(2)’ (cf. (A22))

2.3) O®(2) = 0,2)0:(pz) + 04(2)0,(pz)
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Table 2

m

161

0.(2)

124
1828

1°8°
1274
1*5*

1°2'3°6*
17
1°2-4.8°
1711°
1.2.7-14
1-3-5-15

1.23

212

38

24

48

64

28107
2-4.6-12
12

3-21

E(2) — 130i(z)°
E(22) + 250,(2)"
= {2(0,(2)" + 0.(2)")} — §(0:(2)0.(22))°
09(22)° — §(01(2)6:(32))°
0,(22)"° — 56,(22)'0,(22)%0,(42)*
3(iPs + @ids + idh) 4 30Paiby(20505 + ©uPapidy
+ 20503) @, = 0(22), ¢, = 0,(102)
(09(22)0°(42))* — §(6:(2)0(32)0,(22)0,(62))°
00(22)" — $01(2)01(72)
04(22)°0,(42)" — $6:(22)'0,(42)0,(22)0,(42)°
OU(22)* — 109, — 0.0, + 0.6y 6, = 0,(112)
O (22)07(4z) — 30,(2)0,(72)0,(22)6,(142)
0 (22)0(102) — 3(22)y(62)
W(2) = 0.2)0,(52) — 0,(2)0,(52)
0(22) — 29,(2)
3(0:(22)" + 04(22)" + 0,(22)°) = 04(22)" — 301(22)*
E(32)
(3(6:(22)* + 0,(22)"))°
0,(42)°
0,(62)*
(2(0:(2)05(52) + 0,(2)0,(52)))°
69 (42)6%8z)
0,(122)*
O (62)

r,
1+ (14)

14-+ (14A)
3+ (34)
44 (4A)

54+ (5A)
6+ (6A)
T+ (TA)
8+ (8A)
11+ (11A)
144 (14A)

15+ (15A)
23+ (23A)
4+ (4A)
3/3 (3C)
4/2 (4B)

8/2 (8B)
12/3+ (12D)
20+ (20A)
12/24+ (12C)
24/6+ (24E)
21/3+ (21C)

The following theorem is a consequence of Koike [4; Proposition 2.2]
which is useful for our proof of Theorem 2.1.

THEOREM 2.2. Let m, 0,(2) and I',, be elements of M,, functions and
discrete subgroups of SL(2. R) defined in the following table respectively.

Then 6,(2)[7.(2) is a generator of a function field corresponding to I',, which
is of genus 0:
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m 0,.(2) I,
1°2¢ 302" + 62" 2+
163° O®(22)° 3+
12223'6* O(22)0®(42)) 6+
1°7 O (2z) 74+
1711° O (22)* 11+
1.2.7-14 OM(22)0(42) 14+
1-3-5-15 0®(22)09(102) 154
1-23 O(22) 23+

Proof. We see from Table 3 of [3] that [, is of genus 0. Let d(z; A)
be the theta function of an even integral, positive definite matrix A:

0(z; A) = >, eri=¢'z4m (n = the degree of A)
rcZn

A result of Koike [4; Proposition 2.2] implies that a generator of a func-
tion field for I",, can be expressed in terms of 4(z; A), where

2111
1200 (2 1 ) B
A=11020] @ U pryp) =371 o).
1002

These are positive definite symmetric matrices associated with a lattice
of type D, or lattices of the ring of integers of Q(v'— p) (cf. Remark 2
or 4 in §1) and so we have

(*) 0(z; A) = §(0(2)' + 0.(2)") or O0©(22)

respectively. Now Theorem 2.2 follows from Koike’s result and (x).

q.ed.
Now we will begin the proof of Theorem 2.1.
(1) Let m = 1*2°. Then by (1.27), we have

@ 0u(2) = E22) + 2 02)° .
On the other hand, we have, putting 6, = 6,(2) (i = 2, 3, 4),
E(22) = 4 2} 0.22)
= (65 + 146301 + 6D/16 by (T5-6)

and
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mm(2) = 0,2)°60.(22)°/256 by (T20) & (T22)
Then, by using (T7) and (T11), we get
@m(z) + 9677m(z) = {%(‘93(2)4 + 64(2)4)}4 .

Then from Theorem 2.2 we get Theorem 2.1 for m = 182°.
Now we will give another proof of Theorem 2.1 for m = 1°2°. We have

E(22) = (6; + 14056 + 09)/16

= 0,22)° + {i(6; — )} (T7)
= 0,22)° + 03/16 (T11)
= 9(2)"[7(22)° + 167(22)"[n(2)". (T20) & (T22)

Then from this and (#), we get directly
0.(2)[1m(2) = 7(2)"[1(22)" + 40967(22)* [7(2)** + 32

which is a generator for 24 by Table 3 of [3].
(2) Let m = 1°3°. Set

o, = 0,(22) and ¢, = 0,62).
By the statement (5) in Section 1 and Table 1, we have
#) 0.(2) = $H(ds)® + (0}
+ 6 X 3030:008 + 15 X $(0:0)%(0s00) + 20 X 3(0eeps?s)’
+ 6 X 30u0303¢s + 15 X 3(0:0.)"(0:00)° + $(pue)’
+ 64 X H{p22)'pi(62) — p(22)p(62)} .

Now we will show
(%) 0,.(2) = 09(22)° — 367,.(2) (m = 1°3)

which, by Theorem 2.2, yields Theorem 2.1 for m = 1°3°. In the proof of
this equation, the identity

(T12) 0:(2)0:(32) + 0,(2)0,(32) = 0,(2)0,(3z2)

will be useful. Now we will calculate parts of the right hand side of (%)
in the following (i), (ii) and (iii).

(i) #{(po(22)04(62))° — (0(22)p:(62))’}
= 2—7(6292)3{(ﬁ3é3)3 - (040‘4)3} (TS_Q)
= 2—7(6292)3{(0393 — 04634)3 + 3036‘3049‘4(63{;3 - 6494)}
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= 27{(6:,9,)° + 3(6.5,)60,0,0.0,} (T12)
= HP:0:0sP:)" + F(P:0o050) (9u00)’ (T4) & (T7)
= 3{3(@:0:)(0s05)" — 20u000:0:)" + () (u0)'}  (T12) .

(i1) 6 X Heufleids + Pidapsh)
= 30:0:0:0o((0:p0)' + (PuB:)* — (05 — @D(g5 — ¢}
= 30:0:0:0{ (@) + (0300)" — (9305 — 0202)'} (T11) & (T12)
= 12(0:3)"(9s¢s)" — 18(0afufss)* + 12(0202) (s ps)*

(iii) Haf)® + (@:0:) + (0u00)°}
=i§‘{($02¢2)6 + (%Sﬁs)s — (9’3@3 - 902$52)6} (T]-z)

By (i), (ii) and (iii), we get

0.(2) = (¢:2)° — 3(:22)"(pups)
+ 51(0202) (0303)" — 34 paotpsps)’
+ 51(0:00) (030s)" — 3(0uP2)(@58)° + (9585)°
= (0ufr + 0:0)° — 90:0:0:05(0s05 — u0)*
= (@2 + 0305)° — 90:02040:(0400)’
= 09(22)° — 367,.(2) .

Then it follows from Theorem 2.2 that 0,.(2)/9,.(z) (m = 1°3°) is a generator
for 3+.

(3) Let m = 1'2°4*, By (&) in Section 1 and Table 1, we have

0.(2) = 3(0,22)* + 0,(22)")0,(42)*0,(82)*
+ 160,(22)'0,(42)6,(8z2)*
+ 2 X 16,(82)%(0,(22)* 4+ 0,(22)")0,(42)*0,(82)*
+ 8 X 10,(22)%0,(42)0,(82)0,(22)*6,(42)0,(82)*
+ 4 X 30,(42)*0,(82)(0,(22)" + 0,(22)")0,(82)*
+ 4 X $0,(22)'0,(82)"0,(42)*0,(82)"
+ 30,(82)"(0,(22)" + 0.22))0(42)°
4 2 X 160,(22)*0,(42)*0,(82)0,(82)*
+ 8 X 30,(22)0,(42)0,(82)°0,(22)"0,(42)0,(82)
+ 160,(22)'0,(42)0,(8z2)*
+ 32 X $p(82)'p(42)°(0y(22)" — 04(22)") .

Let ¢, = 6,(22). By (T1-2) and (T5-6), we have
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02(82) = (903 - 804)/ za 03(82) = (903 + (,04)/ 2
0(42)° = (93 — ¢D)[2,  04(42)" = (i + ¢D)/2

Then, expressing 0,(2) by ¢, and ¢,, it is not difficult to see

4.2 4

0,.(2) = 03* + oig — Folot = 0¥ — Seipiel = @i — 207,
since 71,(2) = ¢iipi/16 by (T20) & (T22). Then, by using

(T21) 04(2) = 9(22)°[7(2)n(42)"

we get
0.(2)[1a(2) = 7(22)*[7(2)*n(42)" — 20 ,
which is a generator for 4+ by Table 3 of [3].
(4) Let m = 1°2'3%6>. By (&) in Section 1 and Table 1, we have

0..(2) = 3{0,22)°0,(62)° + 0,(22)'0,(62)"}0,(42)0,(122)*
+ 30,(22)°0,(62)0,(42)*0,(122)*
2 X $0,(22)*0,(42)0,(62)0,(22)0,(62)0,(122)*
2 X 30,(42)0,(122)0,(42)0,(122){0,(22)’0,(62)* + 6,(22)"0,(62)*}
4 X 10,(22)0,(42)0,(62)0,(122)6,(22)0,(42)0,(62)0,(122)
$0,(42)°0,(122)*{0,(32)°0,(62)* + 0,(22)°0,(62)*}
2 X 10,(22)0,(62)0,(122)%0,(22)0,(42)*0,(62)
2 X 10,(22)%0,(42)0,(62)%0,(122)0,(42)0,(122)
+ 360,(22)%0,(42)0,(62)%0,(122)*
+ 16 X 30,(42)°0/(122){0,(22)°0,(62)" — 0:(22)’0,(62)} .

Then the calculations similar to the case m = 1°3° yield

+ o+ o+

0,(2) = (09(22)0(42))" — (0:(2)0:(32)0,(22)0,(62))"
= (09(22)09(42))* — 129,.(2)

as 7.(2) = (02)0,(32)0,(22)0,(62))’/16 by (T20) & (T22).
The details are omitted, just noting that the formal (T12) should be
used. Now Theorem 2.1 for m = 1°2°3%6* follows from Theorem 2.2.

(5) The cases m = 1°7%, 1.2.7-14 and 3-21. Dealing with these cases,
the formulas (T15-16) and (T19) will be particularly useful. Set

o, = 0,(22) and ¢, = 0,(14z).

Then we have
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0X2)0(72) = s + @33 — i,
which can be derived from (T15-16).
(5-1) Let m = 1°7°. By (&) and Table 1, we have
@m(z) = %{(§03¢3)3 + (¢4¢4)3} + %502@2«03953)2 + %«92952)2503953
+ Heag)® + 8 X F{oo(22)°0(142)° — p,(22)°p,(142)"} .
By (T8-10), (T15-16) and (T19), we have
(0/(22)p)(142))* — (0,(22)p,(142))’
= %‘(ﬂoz(ﬁz + 30y — €04§54)2(§92¢2 + 00 + 2504954)
and then we get easily
@m(z) = (§02¢2 + s P %«02952 + iy — 904954)(504954)2
— O7(22)" — 67,(2)

where, in the last equality, we used (T15-16) and (A22). Now Theorem
2.1 for m = 1’7 follows from Theorem 2.2.

(5-2) Let m =1-2.7-14, By (&) and Table 1, we have
0,.(2) = ${0,(22)0,(142) + 60,(22)0,(142)}0,(42)0,(28z2)
+ 30.22)0,(142)6,(42)0,(282)
+ 10,(42)0.(282){0,(22)0,(142) + 0,(22)6,(142)}
+ 360,(22)0,(42)0,(142)0,(282)
+ 4 X bp(42)0/282)(p(22)pi(142) — p(22)p,(142)}
= oo + @by + 0.0.}{0,(42)0,(282) + 0,(42)0,(282)}
+ 20,(42)p/282){022)p,(142) — p,(22)p,(142)} -

Then, by (T3) and (T19), we get
0,.(2) = %{%952 + @65 + 904(,34}@(7)(42) + %(‘%ézy
= %(502952 + @3@3 + S02¢2 + 035 — 0292)@(7)(42) + %(‘929‘2)2
= 0M(22)0M(42) — 10,0,0:0,
= B(22)0D(42) — 2,.(2) .

Then Theorem 2.2 implies that 0,(2)/7,.(2) is a generator for 14+.

(5-3) Let m = 3-21. By (&) and Table 1, we have
O.(2) = 3{0,(62)0,(422) + ‘94(62)‘94(422)}+%02(6z)‘92(422)
+ {04(62)p,(422) — 0,(62)p,(422)} .
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Then, by (T15-16) and (T19), we have
0.(2) = 0,(62)0,(422) + 0,(62)0,(422)
= 0" (62) .
Let f(z) = ©7(22)'[n.(2) (n = 1°7°). Then we have
f(32)""* = 09(62)[pu(2) = On(2)[7u(2)  (m = 3-21)
This means that 0,(2)/y(z) is a generator for 21/3+4 (cf. Table 3 of [3]).
6) Let m = 12.4.8. By (&) and Table 1, we have

0,.(2) = ${0,22)* + 0,(22)"}0,(42)0,(82)0,(162)*
+ 36,(22)%0,(42)0,(82)0,(162)*
+ 2 X $0,(82)0,(162){0,(22)" + 0,(22)*}0,(42)0,(162)
+ 2 X 40,(22)*0,(42)0,(162)0,(82)0,(162)
+ 30,(162)*{0,(22)* + 0,(22)*}0,(42)6,(82)
+ 10,(22)%0,(42)0.(82)0,(162)*
+ 8 X Hof22) — p(22F)p(42)p,(8)p(162) .

Calculating parts of the summation, we have

(i) (1st term) + (3rd term) + (5th term)
=04(42)"{0,(82)" + 0,(82)"}

(i) (2nd term) + (4th term) + (6th term)
= 10,(22)°0,(22)0.(42)"

(iil) (7th term) = 16,(22)%6,(22)0,(42)".

Thus we have

0,.(2) = 0,(42)"(0,82) + 0,(82)}
— 30,(42)°6,(82)0,(82){0,(82) + 0,(82)} + 30,(22)*0,(22)0,(42)°
= 0,(22)°0,(42)* — £0,(42)"0,(42)0,(22)0,(22)°
= 0,(22)°0,(4z)° — 67,,(2) .

Using (T21), we get
0u(2)[na(2) = 7(22)'7(42)'[7(2)"(82)" — 6
which 1s a generator for 84 by Table 3 of [3].
(7) Let m = 1?11}, Set
o, = 0,22) and ¢, = 0,(222).
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By (&) and Table 1, we have

0,(2) = %{(%@)2 + (§D4¢4)2} +2X %502952%953 + %(902952)2
+ 4 X H(0:(22)0,(222))" — (0:(22)0,(222))°}
= %(902¢2 + 503953)2 + %03630464 + %azéz(ﬁaés - 6464)
where, in the second equality, we used (T7) and (T8-9). Now using
(0 + 00" = (00, + (0.0, + (00} (0.(2) = 0,(112))
which can be easily derived from (T-6), we get
@m(z) = (9029272 + (/)39233)2 - %{(02'92)2 + (0363)2 + (64(94)2}
+ 36,000, + 16.0.0.0, — 6.0,)
= (e + @ss) — %(02‘92 - 6393 + ‘9494)2
= 09(22)" — 47,(2)
where we used (T24). Then it follows from Theorem 2.2 that 6,(2)/7.(2)
is a generator for 114-.
(8) Let m =1.3.5.15. By (&) and Table 1, we have
0.(2) = 3{0:(22)04(62)0,(102)0,(302) -+ 0,(22)0,(62)6,(102)0,(302)}
+ 30262)0,(102)6,(22)65(302) + 56.(22)0.(302)0,(62)6,(102)
+ 0,(22)0(62)0,(102)04302) + 4 X 3{00(22)p,(62)0,(102)p,(302)
— 0:(22)p:(62)0,(102)0,(302)} .
Applications of Schréter’s formula, which are similar to those in Example

A3-4 of Appendix, yield that the last term of the above summation is
equal to

0,(62)0,(102)0,(22)6,(302) + 6422)0,(302)0,(62)0,(102).
Also repeated applications of the formula (T12) yield

0,(22)0,(62)0,(102)8,(302)
= 0,(22)0,(62)6,(102)0.(302) + 6,(22)6,(62)0,(102)6,(302)
— 0422)0,(62)0,(102)0,(302) — 0,(102)0,(302)6,(22)0,(62) .

Then it is easy to see
0,.(2) = 09(22)0(102) — §9(22)y(62)

where (2) = 0,(2)0,(52) — 6(52)0,(2).
Using (T25) (and (T1-2)), we get
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0,.(2) = 69(22)0%(102) — 67,.(2) .

Now it follows from Theorem 2.2 that 0,(2)/7.(z) (m =1.3-5-15) is a
generator for 15+4.

(9) Let m =1-23. By (&) and Table 1, we have

0.(2) = HO.22)0,(462) + 0,22)9,(462)} + $6,(22)0,(462)
+ 2 X Hpo(22)0,(462) — p.(22)0,(462)} .

Now we want to prove
) On(2) = O¢(22) — 27,(2) .
For that purpose, we have to show

() p(2)0i(232) — pi(2)p:(232) — H{0:(2)0:(232) + 64(2)05(232) — 0.(2)0.(232)}
= — 29(2/2)9(3*2)

from which (#) clearly follows.

Applications of Schréter’s formula yield that the left hand side of (x)
is equal to

— 2qa(q)a(q™)

where
alq) = 0(¢*, ¢*) + ¢°0(q%, ¢*) — qb(q", ) — q*0(q™, q*) .
On the other hand, it is not difficult to see
¢""(2) = T (=1'q"" = o(q) .

Thus we get (#), which, by Theorem 2.2, implies that 0,(2)/7.(2) is a
generator for 23+.

(10) Let m = 2. By (1.25), we have
O.(2) = 3{0:22)" + 04(22)" + 0.(22)"},
As 0,22)" — 6,(22)* + 6,(22)* = 0 by (T11), we see

0,(22)" — 6,(22)"* + 6.(22)"
= —3(0,(22)4,(22)0,(22))*
= —487,(2) ,
Thus we get

On(2) = 0,(22)" — 247,(2)
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and so
O(2)1m(2) = n(22)*[7(2)*n(42)" — 24
which is a generator for 44 by Table 3 of [3].
(11) Let m = 3% By (&) and Table 1, we have
0,.(2) = }{062)° + 0.(62)°} + 14 X 36,(62)'05(62)* + 10,(62)°
+ 16 X 3{0,(62)° — 0:(62)°} .
Set 4, = 0,32). Then it is easy to see
0.(2) = 65 — 6301 + 63

= 305 + 09 + 36 — G2y

= (65 + 65 + 65

= E382).

As is well known, E(2)*/9(2)* = j(2) — 720 is a generator for 1+ (=SL(2, Z))
and so 0,(2)/7.(2) is a generator for 3/3 (cf. Table 3 of [3]).
(12) Let m = 2'4*. Then we have
0,.(2) = 0,(42)'0,(82)" + {0(42)'0,(82)" + 602(82)263(42)403(82)2}
+ {0.(82)'0,(42)* + 66,(42)'0,(82)°0,(82)"} + 0,(42)0,(82)°

= (0:(42)" + 0,(42)")(0:(82)* + 60,(82)°0,(82)° + 64(82)")

= (0(42)" + 6,(42)")’

= {%(03(22)4 + ‘94(22)4)}2
Let f(2) = 3(0:(2)" + 0.2)")*[9.(2) (n = 1°2°). Then f(2) is a generator for 2+
by what we have already proved and we have f(22)"% = 0,(2)/7.(2) (m =
2¢4*). This means that 0,(2)/7,.(2) is a generator for 4/2+ by Table 3 of
[31.

(13) Let m = 4°. Then we have

0(2) = 0,(82)° + 30,(82)°65(82)" + 36:(82)"0:(82)" + 0,(82)°
= (0482)" + 0,(82)")°
= 0,(42)° .

So we have
O.(2)[1m(2) = n(42)" n(22)"1(82)"
which is a generator for 8/2+ by Table 3 of [3].
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(14) Let m = 6. Then we have

0,.(2) = 0,(122)* + 26,(122)°0,(122)° + 6,(122)*
= (0,122)" + 0,(122)°)
= 0,(62)* .
So we have
0,(2)/nm(2) = 7(62)"[1(32)°7(122)°
which is a generator for 12/3+ by Table 3 of [3].
(15) Let m = 2°10>. Then we have
0.(2) = (0,(42)6,(202))° + 20,(42)0,(202)0,(42)0,(202) + (0:(42)0,(202))*
= (0,(42)05(202) + 0,(42)6,(202))*
= 1(0,(2)65(52) + 0,(2)0,(52))" .
Set §, = 6,(52). Then, by (T25), we have
0,.(2) + 49,(2) = %(030‘3 + 04é4>2 + %(6394 - 640‘3)2
= 16 + 6@ + )
= 0,(22)%0,(102)* .
Thus we get
0.(2)[1.(2) = 17(22)*7(102)°9(2)'n(42)"7(52)'(202)" — 4
which is a generator for 20+ by Table 3 of [3].
(16) Let m = 2.4.-6-12. Then we have

0,.(2) = 0,(42)0,(122)0,(82)0,(242) + 0,(42)0,(122)0,(82)6,(242)
+ 6,(82)0,(242)0,(42)0,(122) + 0,(42)0,(122)6,(82)0,(242)
= 09(42)0®(8z) .
Let f(2) = (0®(22)0®(42))*/5.(2) (n = 1°2?3°6°). Then f(z) is a generator for
6+ by what we have already proved and we have f(22)"* = 0,,(2)/7.(2)
(m = 2-4.6-12). This means that 0,(2)/7,.(z) is a generator for 12/2+ by
Table 3 of [3].
(17) Let m = 12°. Then we have
0..(2) = 04(242)" + 0,(242)°
= 60,(122)* .

So we get
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0,(2)/nn(2) = 1(122)°[1(62)'n(242)*
which is a generator for 24/6+ by Table 3 of [3].

Now we have proved Theorem 2.1 for all elements of M, except for
an element with a cycle decomposition 1'5*. For such an element we argue
as follows.

Let m = 1'5*. Firstly we see from (5) and Table 1 in Section 1 that
0,.(2) is as in Table 2. Secondly it is not difficult to see that the invariant
sublattice 4,, has a discriminant 5* and so 0,(2) is a modular form of
level 5 and weight 4 (with a trivial character). Furthermore, it is known
that the vector space of such modular forms is 3-dimensional (cf. [5;
Theorem 2.23]). Thus the coincidence of the first three Fourier coefficients
of two modular forms of level 5 and weight 4 will imply that such two
modular forms must be identical. On the other hand, in [4], Koike proved
that there exists a modular form 64,(z) of level 5 and weight 4 such that
0.(2)/7.(2) is a generator for 5+. Then, by direct computations, we see
that the first three Fourier coeflicients of our 0,(z) and Koike’s 6,(2)
certainly coincide (cf. Table II of [4]). Thus we must have 0,(2) = 8,(2).
This completes the proof of Theorem 2.1.

Appendix. Schroter’s formula

We define
(A1) 6(x, q) = 2, x"q"™ .

nezZ

This power series in g has the convergent radius 1, for any non-zero x.
If we put g = e™, we have

(A2) 0(2) = 2.q" = 06(1,9),
(A3) 0(2) = 219" = ¢'0(q, @) ,
(A4) 0(2) = 22 (=D"q" =0(-1,9 .
Note that we define g"* = e™**/* for a natural number a. It is easy
to see that
(A5) 6(—q,q)=0.

Also one can easily represent the functions 6,(v, z) of two variables v
and z by the functions 8(x, @), where 1 < o« < 4. On the other hand, for
q = e**, defining
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(A6) o2 = 29",

(A7) p2) = 2. (=gt

we have

(A8) p(2) = q"*0(q"", @) and p(2) = ¢"*0(—q"", q) .
From definition, it is clear that

(A9) o(—x, —q) = 0(x,q) ,

(A10) 6(x7", q) = 0(x, q) ,

(A11) 0(xq*, q) = (xq)"'0(x, q) ,

(A11y 6(xq~% q) = xq'0(x, q) .

Note that the formula (A1l) (and (All)) is derived from the calculus

Z anann2 — (xq)—l Z x(n+1)q(n+1)2.
We fix a natural number «. In the definition (Al), writing n = am
+ p (0 < p < @), we have the following

Lemma A.1. For a natural number «, we have
a—1

(A12) 0(x, @) = 2. x°q"0(x"q**, q') .
p=0

ExampLE A.1l. For o = 2, putting x = +1 or +q, we have

01, q) = 0(1, ") + q0(¢", ¢*) ,

0(—1, q) = 6(1, ¢*) — q0(¢", q") ,

6(q, q) = 0(¢*, ¢") + q°0(¢*, 9*) = 26(¢’, q) ,
0=0(—q,q) =0, q) — ¢, q") .

Note that, from (A2), (A3) and (A4), the first two formulas are equivalent

to
(T1) 05(2) = 6.(42) + 0,(42) .
(T2) 04(2') = 63(42) - 02(42) ,

respectively. The third one can be written
(T3) 20,(42) = 0,(2) ,
using (A8).
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The following lemma is refered as “formula of Schréter” in Tannery
and Molk’s “Elements de la theorie des fonctions elliptiques” (n° 285).
LemmaA A.2. (Schréter). Let a and B two natural numbers. Then
(A13) 0(x, g)6(y, g°)

a+B -1

= 2, YaPOayg®, ¢ 0Ty g, g Py
e
Proof. In the summation

0(x, q)0(y, @°) = 2 2. x"y g™

we put
n=m+@+pPo+p ©O=p<a+§
where ¢ runs over Z. Also we put g = m + fo. Then
am® + fn* = (a + B¢’ + 2By + afla + B)o* + 2afpo + fo*,
and also we have
X"yt = (xy)H(x" Py )y’

Thus it is easy to see that (Al3) holds. q.e.d.

ExampLE A.2. (Duplication). In (A13), puttinge==1andy = +x,
we have

0(x, @ = 0(=*, ¢)0(1, q°) + xqb(x*q*, ¢°)(q’, q°) ,
0(x: Q)a(_x’ q) = 0(—352, q2)0(_1’q2) .

Specializing x = +1 or +q, we have (1, q)* = 6(1, ¢*)* + q6(q*, ¢, 6(—1, g)*
= 0(1, ¢*} — q0(¢’, ¢*)° and 6(q, @) = 26(q*, 9*)0(1, ¢°), noting that 6(¢*, ¢*) =
q-%(1, ¢», for example. Also we have 4(1, ¢)0(—1, q) = 6(—1, ¢°*. These
are equivalent to

(T4) 0,(2)* = 20,22)0,22) ,
(T5) 0,(2)° = 04(22)" + 0,(22)" ,
(T6) 0,(2) = 0,22 — 6,22)*,
(T7) 0,(2)0,(2) = 0,22) .

Now putting x =0 = +1 and y = q, we have 6(3, 9)0(q, q) = 20(3q, ¢°)"
From these, we have
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(T8) 204(22)" = 0,(2)04(2) ,
(T9) 20,(22)" = 6,(2)0,(2) .
Also we can derive

(T10) 00(22)0,(22) = 270,(2)0,(22) .

Returning to the first formula in our example, we substitute x by +x or
+xq. Then we have

0(x, @) + x*q0(—=xq, ) = 6(—=x, @)' + x°qb(xq, )" .
If we put A =46(1, ¢, B=0(¢°q"), X =0(x%q" and Y = 6(«°¢% q°), this
is equivalent to
0(x, @' + x°q0(—xq, q)' = (A* + ¢B)X* + x°qY")
In the above formula, specializing x = 1, we have
(T11) 0,(2)' = 6,(2)" + 6,(2)*.
Note that (T11) can be also derived from (T4), (T5) and (T6).

ExampiE A.3. In (Al13), putting « =3 and =1 and x = +1 or *=¢*
and y = =1 or +q, we have
6(1, ¢*6(1, )
= 0(1, ¢9(1, ¢") + q'0(q", ¢"0(q*, ™) + 296(q*, ¢")6(", ¢*),
6(—1, ¢)(—1, q)
= 0(1, ¢")0(1, ¢") + q'0(q*, ¢")6(q", ™) — 2q0(q’, ¢)0(a", ¢*) ,
0=0(—9" q)(—q, q
= 0(¢*, ¢)0(1, ¢*) + ¢*0(1, ¢"9(q", q*) — 20(q*, 9)0(q’, ¢*) ,
o(q’, a°)0(a, @)
= 0(q", ¢V0(1, ¢*) + q0(1, g)6(q", ¢*) + 26(q*, 9")6(d", q") .

Thus we have 8(q% ¢*)0(q, @) = 46(q¢% q")0(q% q*), for example. Now it is
easy to show that

(T12) 0,(32)0,(2) — 0.(32)9.(2) = 0,(32)0,2) ,
using (A2), (A3) and (A4). (cf. [7] p. 175). Also we have

(T13) 0,(32)0(2) + 0,(32)0,(2)
= 2(0,(42)0,(122) + 0,(42)0,(122)) = 20 (42) .
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In (A13), now we put a = =2, x =q and y = —¢q. Then we have

0(q, ¢)0(—q, ¢°) = 6(—q*, ¢){6(1, ") — q'0(¢", 9*)}
= 0(—q", ¢90(—1, ¢") .

This formula can be written as

(T14) 0(22)p:(22) = p,(42)0,(42) .
In this case, the other formulas to be obtained are equivalent to (T8) and
(T9).

ExampPLE A.4. The case « =7 and B =1 is quite similar to the case
a=3 and =1 Putting X =61, 9, q) + 0(—1, ¢V0(—1, q), we see
that

X =201, ¢®0(1, ¢*) + 29"0(¢°, ¢*0(q”, q*°) + 44'0(q*, ¢*)0(q%, q*)
Also we have

o(q’, 4)0(a, q) = 26(¢°, ¢)0(L, ¢*°) + 29"°6(1, ¢)0(q*, q*)
+ 49°0(¢", ¢°)6(q*, g*) -
Multiplying the latter term by ¢?, we have

(T15) 0,10,(2) + 0.12)0.(2) + 0.T2)042)

= 2{0,(22)0,(142) + 6,(22)0,(142)} = 20"(22) ,
(T16) 0,72)0,(2) + 6.(72)0,(2) — 0.72)0,(2) = 26,(22)0,(142) .

Note that, from Lemma A.1, we have
0, ¢°) = 0(1, ¢°) + oq°0(q’, ¢°) ,
with § = +1. Using also the formula
6(6q, ¢°) = 0(q", ¢°) + 690(q", q°) ,
and (A8), we can show that
(T17) 0(72)05(2) — 0,(72)0,(2) + 6(72)0,(2) = 4p((22)p,(142) ,
(T18) 0(72)04(2) — 0.(72)0,(2) — 0,(72)0,(2) = 4p,(22)p,(142) .
Thus we have shown that
(T19) 0(22)p(142) — p,(22)p,(142) = 27'0,(72)0(2) .

The case « =11 and B =1 is similar to our example. But it is queer
that we can not find pretty formulas in the case a =5 and = 1.
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Jacobi’s triple product theorem is described in the following way.
The infinite product

0

(A14) T(x,q) = [ @ — xq")

n=

is absolutely convergent for |g| <1 and for any x. As the function of x,
T(x, q) has its zeros at x = ¢~", for all natural number n. It is easy to

see that
(A15) T(x, —q) = T(x, ¢)T(—xq7, ¢) ,
(A16) T(x,q) = (1 — xq)T(xq, q) .
LEmMA A.3. (Jacobi) The following triple product theorem holds:
(A17) ox, q) = T, ¢)T(—xq™", ¢)T(—x"'q", @) .

The proof is omitted. In this notation, the Dedekind’s eta function
is represented as

(A18) 7(2) = ¢/*T(, ¢,

for g = e**. Also our theta functions 6,(2), 6,(2) and 6(z) are represented
as infinite products, specializing x = +1 or ¢q in (Al7):

(A19) 0(2) = T(1, ¢)T(—q"", ¢,
(A20) 0(2) = T(1,¢9T(q™", ¢,
(A21) 02) = 2¢'"*T(1, ¢)T(—1, ¢°) .

Note that T(—q7%, ¢*) = [[(1 + ¢**"), and
T@ha)=111-¢"") and T(—q* ¢)=2T(-1¢)=2[[1+q¢").
As [TA+ ¢ X 1A+ ¢") X [[(Q—¢"") =1, we have
(A22) 0:(2)04(2)04(2) = 2q"*T(1, ')’ = 27(2)’ .
ExampLE A5, As [ — ¢ ) =]1Q —¢gv/T] Q@ — ¢*), so that

T q)=TQ9TQA,q)".

Also as [[ (1 +¢™) =[] QA —¢")/[] (1 — g¢"), so that
T(-1,¢9 =T ¢YTA, ¢)".

Lastly we also have
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T(—q q) =T 9 'TA, ¢yTQA, ¢ .

These give the following formulas:

(T20) 0.(2) = 29(22)"(2)~' = 2{1-'2%},
(T21) 04(22) = n(22)'9(2)"n(42)~* = {17247},
(T22) 0,(22) = 7(2)'9(22)"' = {127} .

We calculate 6(—q, ¢°) by (A17). Then we have
o(—q,q) = T(1, ¢"T(q* ¢)T(q ™", ¢) = T(Q, ¢) .
This shows that
(T23) q"°0(—q, ') = 7(2) ,

with ¢ = e*>. On the other hand, 8(—q, ¢°) = >, (—1"¢*”**", from defi-
nition. (This gives Euler’s identity)

ExampLE A.6. We consider the case « =11 and p=1. Just as in
Example A.4, we calculate X = 0(1, ¢")0(1, q¢) — 6(—1, ¢")0(—1, @) and Y =
0(q", ¢")0(q, ). From these we have

X — ¢'Y = 44{8(¢", ¢*) — 9'0(a", ¢} X {60(a", ¢ — q*0(@", )} .

On the other hand, to the function 6(—gq, ¢*), applying (A12) with
a = 2, we have

0(—q, ¢°) = 6(¢*, ¢*) — q°0(q", q**) .
Thus we have shown that
(T24) 0,(112)0,(2) — 0,(112)0,(z) — 6,(112)0x(2) = 47(z)y(112) .

The case « =5 and g =1 is different from the other cases. Here
we calculate

o(—1, ¢)0(1, @) — 6(1, ¢)0(—1, q) = 496(—¢*, ¢")(—q", ¢) .
Using (T23) direclty, we have
(T25) 0,(52)0,(2) — 0,52)0(z) = 417(22)n(10z) .
Finally we make a mention of the formulation of theta formula.

LEmMA A.4. For the function 6(x,q), the following ‘“‘theta formula”
holds:
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(A23) 0(er, ) = rb(e*, ef) ,
(A24) £ = e X v/ —plz,

where « and 8 are complex number such that Re(8) <0, and p6 = a* and
a0+ 1'B=0. That is, 6 = r’/f and T = aia/p (or ¥ = —nia/B). Note also
that we assume Re (v — gjz) > 0.
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