Ergod. Th. & Dynam. Sys., (2021), 41, 3807-3820 © The Author(s), 2020. Published by Cambridge 3807
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (http:/creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use,
distribution, and reproduction in any medium, provided the original work is properly cited.
doi:10.1017/etds.2020.123

Isomorphisms between determinantal point
processes with translation-invariant kernels
and Poisson point processes

SHOTA OSADA

Institute of Mathematics for Industry,
Kyushu University, 744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan
(e-mail: s-osada @math.kyushu-u.ac.jp)

(Received 3 October 2019 and accepted in revised form 18 October 2020)

Abstract. We prove the Bernoulli property for determinantal point processes on R¢
with translation-invariant kernels. For the determinantal point processes on Z¢ with
translation-invariant kernels, the Bernoulli property was proved by Lyons and Steif [Sta-
tionary determinantal processes: phase multiplicity, bernoullicity, and domination. Duke
Math. J. 120 (2003), 515-575] and Shirai and Takahashi [Random point fields associated
with certain Fredholm determinants II: fermion shifts and their ergodic properties. Ann.
Probab. 31 (2003), 1533—-1564]. We prove its continuum version. For this purpose, we
also prove the Bernoulli property for the tree representations of the determinantal point
processes.
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1. Introduction and the main result
We consider an isomorphism problem of measure-preserving dynamical systems among
translation-invariant point processes on R? such as the homogeneous Poisson point pro-
cesses and the determinantal point processes with translation-invariant kernel functions.
The homogeneous Poisson point process is a point process in which numbers of
particles on disjoint subsets obey independently Poisson distributions. It is parameterized
using intensity > 0. From the general theory of Ornstein and Weiss [9], homogeneous
Poisson point processes are isomorphic to each other regardless of the value of r.
The determinantal point process is a point process for which the determinants of its
kernel function give its correlation functions. It describes a repulsive particle system
and appears in various mathematical systems such as uniform spanning trees, the zeros
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of a hyperbolic Gaussian analytic function with a Bergman kernel, and the eigenvalue
distribution of random matrices.

These two classes of point processes have different properties in correlations among
particles. For example, determinantal point processes have negative associations [4]. The
sine point process is a typical example of a translation-invariant determinantal point
process that has number rigidity [1]. In contrast, Poisson point processes do not have this
property because the particles are regionally independent. Nevertheless, we prove that they
are isomorphic to each other.

We start by recalling the isomorphism theory.

An automorphism S of a probability space (€2, F, P) is a bi-measurable bijection such
that PoS™! = P. Let Sg = {Sg : g € G} be a group of automorphisms of (€2, F, P)
parametrized by a group G. A measure-preserving dynamical system of G-action is the
quadruple (2, F, P, Sg). We call (2, F, P, Si) the G-action system for short.

Let (R, F,P,Sg) and (', F',P,S's) be G-action systems. A factor map is a
measurable map ¢ :  — Q' such that

Pogp ' =P, ¢ 0Sy(x) =S g0¢(x) foreachg € Gandae.x € Q.

In this case, we call (@', F', ", S') the ¢-factor of (22, F, P, S) or simply a factor of
(2, F, P, S¢). An isomorphism is a bi-measurable bijection ¢ : 2 — Q such that both ¢
and ¢_1 are factor maps. If there exists an isomorphism ¢ : Q — Q/, then (R, F, P, Sg)
and (@, F', P, S’ ) are said to be isomorphic.

Let (2, F,P,Sg) be a G-action system with a measurable map ¢ from (2, F)
to (€', F'). Then (', Fy, Py, S'é) is a G-action system. Here, (2, F4, Py) is the
completion of (€, o[¢], Po ¢~ 1), and st = {poSgo0 ¢! g e G). We also call the
G-action system (€2, Fo, Py, Sg) the ¢-factor of (22, F, P, S¢5).

A typical system with a discrete group action is a Bernoulli shift. A G-action Bernoulli
shift is a system formed from the direct product of a probability space over G and the
canonical shift. Ornstein [6, 7] proved that the Z-action Bernoulli shifts with equal entropy
are isomorphic to each other. We call a system (2, F, P, Sg) Bernoulli if (22, F, P, Sg) is
isomorphic to a Bernoulli shift. Ornstein and Weiss [9] extended the isomorphism theory
to amenable group actions. As a consequence of the general theory, all the homogeneous
Poisson point processes on R? are isomorphic to each other regardless of their intensity. We
call (2, F, P, Sga) Bernoulli if (€2, F, P, Sga) is isomorphic to a homogeneous Poisson
point process. We also refer to Kalikow and Weiss [2] for d = 1, who constructed an
explicit isomorphism between the time-one map of a homogeneous Poisson point process
and a Bernoulli shift with infinite entropy. In this paper, we do not consider to construct
explicit isomorphisms.

Let X be a locally compact Hausdorff space with countable basis. We denote by
Conf(X) the set of all non-negative integer-valued Radon measures on X. We equip
Conf(X) with the vague topology, under which Conf(X) is a Polish space. We call a Borel
probability measure p on Conf(X) a point process on X. We say that u is simple when
£({x}) € {0, 1} for each x € X for a.e. £ € Conf(X).
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Let u be a point process on X. Throughout this paper, we write the completion of
by the same symbol. We also write (Conf(X), u, T¢) as the G-action system made of the
completion of (Conf(X), B(Conf(X)), u) and a G-action group of automorphisms T¢.

A homogeneous Poisson point process with intensity » > 0 is the point process on R?

satisfying:
(1) £(A) has a Poisson distribution with mean r|A| for each A € B(R?);
(2) &(A1),...,E&E(Ax) are independent for any disjoint subsets Aq, ..., Ay € B(RY).

Here, £(A) is the number of particles on A for § € Conf(X) and |A| is the Lebesgue
measure of A.
A determinantal point process © on X is a point process associated with a kernel
function K : X x X — C and a Radon measure A on X, for which the n-point correlation
function with respect to A is given by

P, . xn) = det[K (i x )1y (L1)

for each n € N. See Definition 4.1 for the definition of the n-point correlation function. We
call u a (K, A)-determinantal point process. If the context is clear, we omit A, calling u a
K -determinantal point process. Throughout this paper, we assume that A is the Lebesgue
measure if X = RY,

Now, we state the main theorem.

THEOREM L1. Let K € L'(RY) be such that K (t) € [0, 1] for almost every (a.e.) t € RY.
Let 1% be a determinantal point process on R? with translation-invariant kernel K such
that

K(x,y) = A (RO ar, (12)

Then (Conf(RY), uX, Tra) is Bernoulli. Here, T, : Db Y bxtaforac R? and
Tre = {T,:a € RY).

We remark that the assumption for K in Theorem 1.1 implies the following conditions

(1)—(4) with X = R¢ and the Lebesgue measure A.

(1) K :X x X — Cis Hermitian symmetric.

(2) For each compact set A C X, the integral operator K on L2%(A, )) is of trace class.
(3) Speck c [0, 1].

@ K(x,y)=Kx—y,0).

Under assumptions (1)—(3), there exists a unique (K, A)-determinantal point process i
with the kernel function K [11, 13].

The K-determinantal point process p satisfying (1)—(4) above is translation invariant
because its n-correlation functions are translation invariant.

For determinantal point processes on Z? with translation-invariant kernel and the
counting measure, Lyons and Steif [5] and Shirai and Takahashi [12] independently proved
the Bernoulli property, the latter giving a sufficient condition for the weak Bernoulli
property under the assumption K : Z¢ x 74 > C satisfying (1), (2), Spec(K) C (0, 1),
and (4). We recall that the weak Bernoulli property is stronger than the Bernoulli property.
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Lyons and Steif [S] proved the Bernoulli property for the case K satisfying (1)—(4).
Theorem 1.1 is its continuum version.

One of the ideas in [5] is using the dbar distance, which is a metric on the set of
Z4-action systems; the Bernoulli property is closed under this metric [8, 9, 14]. However,
the dbar distance does not work for systems with infinite entropy because entropy is
continuous with respect to the dbar distance. In general, a translation-invariant point
process on R has infinite entropy. Therefore, we cannot apply the dbar distance to
our case. Therefore, we construct point processes on a discrete set that approximate the
determinantal point process on R?. We prove the Bernoulli property of the discrete point
processes. In turn, we can prove the Bernoulli property of the determinantal point process
on RY via its tree representations [10].

To prove Theorem 1.1, we apply the general theory given by Ornstein and Weiss [9]. We
quote them in the form applicable to the R¢- and Z?-actions. We also refer to [8] for the
7~ and R-actions, and [14] for the Z9-action.

The outline of this paper is as follows. In §2, we recall notions related to the Bernoulli
property. In §3, we introduce the kernel functions that approximate the determinantal
kernel K in Theorem 1.1 uniformly on any compact set on RY. In §4, we introduce the
tree representations of the determinantal point processes on R?. We combine these rep-
resentations with the kernels introduced in §3. The tree representations are determinantal
point processes on Z¢ x N and are translation invariant with respect to the first coordinate.
In §5, we prove the Bernoulli property of the tree representations using the properties of the
dbar distance introduced in §2. In §6, we prove Theorem 1.1 using the Bernoulli property
of the tree representations.

2. Notions related to the Bernoulli property
In this section, we collect properties of point processes without determinantal structure
and notions related to the Bernoulli property.

We first recall the notion of monotone coupling. For ¢ = {¢!}.czq € {0, nz
(i =1,2), we write ¢! <¢2 if ¢! < ¢? for each z € Z4. We equip {0, 1}Z' with the
product topology. We call a continuous function f : {0, 1}Zd — R a monotone function
on {0, 12" if ¢! < ¢2 implies that £(¢1) < f£(¢2). Let BB be the Borel o-field of {0, 1}Z°.
For probability measures ¢ and v on ({0, I}Zd, B), we write u < v if for each monotone

function f,
f fdp < / £ dv.
0,1y 0,1y

Let v; and v, be probability measures on {0, 1}Zd. We say that a probability measure y on
{0, I}Zd x {0, I}Zd is a monotone coupling of v; and v, if the following hold.

(1) y(A x {0, )2y = v (A) for A € B.

@) y({0, 112" x B) = vy(B) for B € B.

3 ydEL ) efo, 1 x .17 ¢t <2y =1,

LEMMA 2.1. (E.g.[3]) For probability measures wu and v on {0, I}Zd, the following
statements are equivalent.
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1 =
(2)  There exists a monotone coupling of i and v.

We naturally regard a simple point process 1 on Z¢ x N as a probability measure on
{0, I}ZdXN , denoted by the same symbol u. We write u < v for simple point processes
and v if the corresponding probability measures on {0, I}Zd *N satisfy ;1 < v. We introduce
the notion of monotone coupling for simple point processes on Z¢ x N from that of the
corresponding probability measures on {0, 1}ZdXN in an obvious fashion.

Fix N e N. We set [N]={l,...,N}. Let Q" ={QN, : (z.1) € Z? x [N]} be a
partition of Z¢ x N such that

N {{(z, D) forl e [N — 1], o

Qar = {(z,m)eZd xNym =1} forl=N
for each (z,[) € Z? x [N]. For £ € Conf(Z? x N), we set
@01 €) =g (o¥)=1)-
Let wy : Conf(Z¢ x N) — {0, I}de[N] denote the map
§ = {0 () ez xin)- 2.2)
We denote the image measure v o @, ! by vy for a point process v on Z¢ x N.

PROPOSITION 2.2. Let jx and v be simple point processes on Z¢ x N. Assume that jn < v.
Then uy < vy.

Proof. By assumption and Lemma 2.1, there exists a monotone coupling y of u and v.
Let yy (5, 1) =y o (wn(£), wy(n))~!. Then yy is a monotone coupling of px and vy.
From this and Lemma 2.1, we obtain the claim. O]

We recall the notion of being finitely dependent, which is a sufficient condition for the
Bernoulli property. See, e.g., [S].

Definition 2.3. Let 2 be a countable set.
(1) A probability measure v on QZd is called r-dependent if, for each R, S C 74,

inf{d(z, w); z € R, w € S} > r = o[ng] and o [ng] are independent.

Here, d(z, w) is the graph distance on Z¢ and mg : Q2 — QF is the projection

given by {w;},c7¢ > {@;}:er.
(2) v iscalled finitely dependent if v is r-dependent for some r € N.

Let Pihy(M) be the set of translation-invariant probability measures on [M ]Zd. For
x,y €24, define x < yifx; <y fori =min{j =1,...,d;x; #y;}. For P, Q C Z¢,
weset P < Qifx < yforallx € Pandy € Q.

Definition 2.4. (Very weak Bernoulli) We call v € Py, (M) very weak Bernoulli if for
each € > 0, there is a rectangle R C Z¢ such that if, for any finite set Q = {x1, . . ., xn} <R,
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there exists an A C o] satisfying (2.3) and (2.4),

v( U A) >1—e¢, (2.3)

AeA

1
inf  EY [ﬁ » 1{Xﬁéyz}} <e forAe A (2.4)
ZER

yel(v|g,valr)

Here, v4 denotes the conditional probability measure under A, vig = v o JTEI, and vy |gr =
VA © nlgl. Furthermore, I"(v|g, v4|g) is the collection of the couplings of v|r and v4|g,
and ((X;)zer» (Yo)zer) € [MIR x [M]R.

LEMMA 2.5. (E.g.[5]) Ifv € Pin(M) is finitely dependent, then v is very weak Bernoulli.

The very weak Bernoulli property is equivalent to the Bernoulli property for elements
of Pinyv(M).

LEMMA 2.6.[8,9, 14] For v € Piny(M), the following statements are equivalent.

(1) v isvery weak Bernoulli.
(2) v is Bernoulli.

From Lemma 2.5 and Lemma 2.6, we obtain the following result.
PROPOSITION 2.7. (E.g.[S5]) Ifv € Pin(M) is finitely dependent, then v is Bernoulli.

Let  and v € Py (M). Define d : Piny(M) x Piny(M) — [0, 1] by

vy = inf (.)€ (M1 x [M1E; g0 # o). 2.5)

el'(u,v)
Then d gives a metric on Piny (M). The Bernoulli property is closed under d.

LEMMA 2.8. [8, 9, 14] Let v and {v, : n € N} be elements of Pny(M). Suppose that
lim,, o0 d(vy, v) = 0 and that each v, is Bernoulli. Then v is Bernoulli.

We quote Theorem 5 in II1.6 in [9].

LEMMA 2.9. [8, 9] Let (2, F, P, Sza) be an ergodic system. Let {F, : n € N} be an
increasing sequence of Sya-invariant sub-o-fields. Let \/, . Fn be the completion of
0 [U, ey Ful- Assume that {F,, : n € N} satisfies (2.6) and (2.7):

\/ Fn="F. (2.6)
neN
the F,-factor is Bernoulli for each n. 2.7

Then (2, F, P, Sya) is Bernoulli.
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PROPOSITION 2.10. Let (Conf(Z? x N), v, Tya) be ergodic. Let v be simple. Suppose
that there exists a sequence {v, : r € N} of point processes on Z¢ x N such that

v N is Bernoulli for eachr and N € N, 2.8)
lim d(v,n,vy) =0 foreach N € N. (2.9)
r—o00

Here, v, y =V, © w&l andvy =vo w&l. Then v is Bernoulli.

Proof. Recall that QN = {QQ/I (2, ) €Z? x [N]}is a partition of Z4 x N. Here, Q?{l
is defined in (2.1). Then Q" becomes finer as N — oo and V ven OV separates points
of Z¢ x N by construction. Here, \/ o QV is the refinement of partitions {Q"}yen.
From this, we obtain that {o[@wy]}yeN is increasing and \/ ~Nen O] separates points
of Conf(Z4 x N). Hence, {o[wy]}nen satisfies (2.6).

From the assumptions (2.8) and (2.9) and Lemma 2.8, vy is Bernoulli. Hence,
{ol@mn]}nen satisfies (2.7).

From the above and Lemma 2.9, the claim holds. O

3. Approximations of the determinantal kernel
In this section, we introduce three approximations of the kernel K introduced in (1.2).
Forr > 0, let w, : RY — R be the product of the tent function such that

d
wy(x) = [ [ = xj1/m) a1 <r ().

J=1

We denote by w, its Fourier transform
d sin wrt;\ 2
wr(t) = / w, (X)X gy = 4 1_[ ( ]) .
d . Tt
R j=1 J

Let K € L'(RY) be such that K (¢) € [0, 1] for a.e. t € RY. Set K, (1) = K * W, (r). Then
K. (1) € [0, 1] fora.e.t € RY. Let

.&@J0=f(&®Akmkhmﬂ“w, 3.0)
R‘l
&@JOZ/ K, (D) =01 gy, (3.2)
Rd
K, (x, y):f (K (1) V K (1)) =91 gy, (3.3)
Rd

Here, a A b = min{a, b} and a VvV b = max{a, b} for a, b € R, respectively. Then X ., K,
and K, satisfy (1)—(4) before Theorem 1.1.
For K : X x X — C, we denote O < K if K is non-negative definite as an integral
operator on L2(Rd) and K| < K» if K» — K is non-negative definite.
LEMMA 3.1. LetK,, K,, and K, be as (3.1), (3.2), and (3.3), respectively. Then
K, <K<K, (3.4)
K, <K <K, (3.5)
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Proof. By construction, we see that
K, AK(@1) < K1) < K (1) vV K(1),
K (1) AK(1) < Ko (t) < K, (1) v K (D).

From (3.1)—(3.3) combined with the above inequalities, we obtain (3.4) and (3.5). O]

4. Tree representations of determinantal point processes
In this section, we introduce the tree representations of determinantal point processes on
R¢. Then we apply them to the determinantal point processes associated with the kernels
introduced in §3. Before doing so, we recall the definition and well-known facts about
determinantal point processes.

Let © be a point process on X. A locally integrable symmetric function p” : X" —
[0, o0) is called the n-point correlation function of u (with respect to a Radon measure A
on X) if

E(A;)! i
l_[ (E(A) —ny)! e ik P (x1s - xp)A(dxy) < - A(dxp) 4.1)
s Al

for any disjoint Borel subsets Aj, ..., Ay and for any n; e N, i =1, ..., k, such that
Zf-‘: (i =n.Let K : X x X — C. We call  a determinantal point process with kernel
K and Radon measure A if the n-point correlation function p” of p with respect to A
satisfies (1.1) for each n.

Assume that K : X x X — C satisfies

K(x,y) = K(y,x), (4.2)
Spec(K) C [0, 1], 4.3)
K 4 is of trace class for any compact A C X. 4.4)

Here, K in (4.3) is an integral operator on L?(X, ) such that K f (x) = fX K(x, y)A(dy)
and K4 in (4.4) is its restriction on L2(A, 1). Then there exists a unique determinantal
point process on X with kernel function K.

Next, we introduce the tree representations of the determinantal point processes. Let X
be the determinantal point process on RY with kernel function K satisfying (4.2)—(4.4).
First we introduce a partition of R? and the associated orthonormal basis on L>(R?). Let

= {P, : z € Z¢} be a partition of R such that each P, is relatively compact and

Piw=P +wforz,we VAR

Here, A+ x ={a+x;ac A} for ACR? and x e R?. Let ® = dp = {21} yezd xn
be an orthonormal basis on LZ(R?) such that su pp¢;; C P; and

Grtwi(x) = @71 (x — w). 4.5)
For the kernel function K above, let K® : (Z4 x N) x (Zd x N) — C be such that

K% I w,m) = /Rd p b1 (K (x, y)pwm(y) dx dy. (4.6)
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LEMMA 4.1. Assume that K satisfies (4.2)—(4.4) with respect to L*(R?). Then K®
satisfies (4.2)—(4.4) with respect to the counting measure on Z¢ x N.

Proof. By assumption and (4.6), K ® satisfies (4.2) and (4.4). Equation (4.3) follows
from [10]. O

From Lemma 4.1 and the general theory in [11, 13], there exists a determinantal point
process VK% on Z4 x N associated with K®. We call vK-® the tree representation of X
with respect to .

LEMMA 4.2. [10] Let 7w : Conf(Z? x N) — Conf(Z%) be such that

i) =Yy n(iz) x N)s..

ze74
Then, for A € o[{t € Conf(Z? x N); £(P,) =n};z € Z%, n e N],
vE® o rla) = X (A).
Proof. From [10, Theorem 2, p. 427], we easily obtain the claim. O

We apply the tree representations for the translation-invariant kernels on R¢ introduced
in §3.

Assume that K is given by (1.2). Then K is translation invariant. Hence, by construc-
tion, K ® is translation invariant with respect to the first coordinate 74 . From this, we see
that v&-® is translation invariant with respect to the first coordinate.

Define K f’, qu’ , and E;D similarly as (4.6) with replacement of K with K., K,, and
K, in (3.1)—(3.3), respectively. By construction, K - K, and K, satisfy (4.2)—(4.4). Hence,
K% K?, and f;b satisfy (4.2)—(4.4) with respect to the counting measure on Z¢ x N by
Lemma 4.2. Furthermore, K ;b, K ;D , and ffb are translation invariant with respect to the
first coordinate Z2.

Let Ef @ er ’(D, and i,K ® be K. f) - Kr(I> - and ff)-determinantal point processes,
respectively. We remark that a determinantal point process v on Z¢ has no multiple points
with probability 1. Hence, we can regard v as a probability measure on {0, I}Zd. We quote
the following result.

LEMMA 4.3. [4] Let K; :Z¢ x 78 — C satisfy (4.2)~(4.4) (i =1,2). Assume that
K1 < Ka. Let vEU and vE2 be the determinantal point processes with K1 and K,
respectively. Then there exists a monotone coupling of vK1 and vK2.
Applying Lemma 4.3, we obtain the following result.
LEMMA 4.4. Let ng’q’, pK.® U,K’(D, and Uf"b be determinantal point processes on
7% x N as above. Then
vE® < K2 KD 4.7)

K.® K& _ —K,®
vl St v 4.8)
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Proof. Recall that ® is the orthonormal basis of L2(R?) given in (4.5). Let U :L2(RY)—
L2(Z¢ x N) be the unitary operator such that U (¢; ) = ez, Where {€z n}(; n)ezd <1 18 the
canonical orthonormal basis of L(Z? x N). Then, by Lemma 1 in §3 of [10], we see that
K® = UKU~!. From this and Lemma 3.1, we obtain

K® <K® <K’ 4.9)
K? <K? <K, (4.10)
From (4.9) and (4.10) combined with Lemma 4.3, we conclude (4.7) and (4.8). ]

—® Lo .
Recall that K®, K®, and K, are translation invariant with respect to the first

Dy
coordinate. Hence, gf P er ’q>, and Uff -® are also translation invariant with respect to the
first coordinate. We regard Ty« = {T,:a € 74} as a translation on Conf(Z? x N) such

that

Ta: ) Sy ) S¢itasy foraelZd.

1 1

Then (Conf(Z? x N), vE-® T,4), (Conf(Z4 x N), vE-®, T,4), (Conf(Z4 x N), vX-®, T,a),
and (Conf(Zd x N), Vf(’q’, Tya) are Z4-action systems.

5. Bernoulli property of (Conf(Z¢ x N), vE-®, T,4)
We continue the setting of §4. Let K® be the kernel defined by (4.6). Let v&-® be the
K ®-determinantal point process as before. The purpose of this section is to prove the
Bernoulli property for (Conf(Z? x N), v&:®, T,4).

Let @wy be the map defined by (2.2). Let ({0, 1}ZdX[N],vfl’Vq>,TZd) denote the
wy-factor of (Conf(Z? x N), vE® T,4). Here, T4a in ({0, 1 Z!XIN], ”f&®’ T,a) is the
shift of {0, I}ZdX[N I'such that for each a € Z4,

Ta: o ={o 1} nezix vy = @zratl cezdxiny-

We also denote @ y-factors of (Conf(Z?¢ x N), v&-® T,4), (Conf(Z4 x N), vE® T,
and (Conf(Z? x N), TK-®, Tya) by ({0, 2N v K& Ty0), (0. )75V K2 70,

and ({0, 1}ZdX[N], Vfl’\;b, Ta), respectively. We shall prove that ({0, I}ZdX[N], vﬁ’d), Tya)

is Bernoulli.

LEMMA 5.1. Let gf’q), K@ er’q), and if’cb be determinantal point processes on 74 x N

. K® Ko K@ —K,® . .
as in Lemma 4.4. Let VN UN Vs and VN be their wy -factors, respectively. Then

K,®

_K,®
2r,N

K.,®
SUN’ EUva

K, ® K, ® —K,®
Br,N = vr,N = vr,N :

Proof. From Proposition 2.2 and Lemma 4.4, we obtain the claim. U

LEMMA 5.2. ({0, XN K Ty is Bernoulli.
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Proof. We identify {0, 1) !N with [2V1%* and v*;” with an element of Piny(2V),

respectively. We shall prove that er ],ch is finitely dependent. For this, it only remains to

prove that v,K s finitely dependent because ({0, I}ZdX[N 1 U,K 1,V<1>, Tya) is the wy-factor

of (Conf(Z4 x N), er’q), Tga).
Let d be the graph distance as before. Let ry > 0 be such that for each z, w € Z4,

d(z,w) > rg = inf{|lz; —w;l;i=1,...,d} >r.
For P, Q C 74 x N, we define a pseudo-distance by
d(P, Q) = inf{d(z, w); (z,1) € P, (w, m) € Q}.
Let P, Q C Z% x N be finite sets such that d(P, Q) > ry. Then
K2z, l;w,m)=0 for(z,l)€ P, (w,m)eQ. (5.1)
For P C 7% x N, we define a cylinder set by
17 = {w € Conf(Z? x N); w({(z. 1)}) = 1 forall (z.1) € P}.
By construction, 17 N 1€ = 1PYC, Therefore,
K21 N12) =052(1PY9)
= det[K,® (2, I; w, m)](z).wmePUQ

= det[K,. (z, I; w, M)y, wmyep detlKL (2, 15 w, m)] (), wmyc0
= KPP K219, (5.2)

The third equality follows from (5.1).
Let R, S C 74 be such that d(R x N, S x N) > rg. From (5.2) and the 7-A theorem,

vE®AnB) = vE* AWK (B)

for each A € o[nrxN] and B € o[ms«r]. Hence, vr[fj’\,q} is ro-dependent.
From this and Proposition 2.7, the claim holds. O

LEMMA 5.3. Foreach N,

. 7. K.® K,®
Tim dvy v/ = 0. (5.3)

Proof. Because d is a metric on Py (M),

7. K.® K, 7. K.® Ko 7. K.® Ko
d(VN sV N ) < d(Er,N » Uy )+ d(ﬁr,N sV N )s 5.4
- Kd K.® - Kd —K.®  Kd —K.®
d(vy Vi ) <d(vy ,vr’N)—i—d(vr’N VN ). (5.5
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From Lemma 2.1 and Lemma 5.1, there exists a monotone coupling yn of gf 1’\;1) and v ﬁ 2

By definition (2.5) of d, we deduce that
AP on®) < yv@r. 02) 1 @10} x {1}) # wr({0} x {1}) for 3 € [N1})

< Y wnl(@i, )5 01({0) x {I}) # @2({0} x {IH)

I€[N]
= > op @ (0} x 1) = 1) = vf T (@20} x 1) = D). (5.6)
I€[N]
The last equation follows from the fact that y is a monotone coupling of gf ]’;D and v 1’6 @

. Ko K,® K,® —K,® K,.® —K,®
Because of Lemma 5.1, (5.6) is true for (gr’N VN ), vy, VN ), and (vr’N VN ).

From this combined with (5.4) and (5.5), we obtain

dowg® vin < Y I @0} x 1) = 1) — iy (@2({0} x {1}) = 1)}
le[N]

= Y %0} x 1) = 1) — 2P (@2({0) x {1}) = 1))

le[N—-1]

+ 5P ({0} x N\[N]) > 1) — 5P ({0} x N\[N]) > 1). (5.7)

K, ®

The last equation follows from the definitions of vX-® and v&-®.

For (z, 1) and (w, m),
KS Gl w,m) — KO 1w, m))| (5.8)

= ‘ / {Kr(x,y) — K, (x, 9)}21(X)pwm () dx dy
R4 x R4

< / B,y (e y) — K, () 620 () om ()] dx dy
R4 x R4

/ IKr(x, y) — K. (x, 21 () pwm (V)| dx dy. (5.9
SUPP@_,; XSUPPPuw,m

Because K, , K. . € LIQOC(R‘I x R) and ¢, and ¢y, ,, are orthonormal bases on L2(RY)
with relatively compact support, the Schwarz inequality implies that

B 12
(59) < ( / K, (x.y) — K, (6, )| dix dy) . (510
SUPPGz,1 XSUPPPw,m

Because K, — K in L'(R?) as r — oo, K, and K, converge to K uniformly on any
compact set. Hence, the right-hand side of (5.10) goes to 0 as » — oco. This implies that
(5.8) goes to 0 as r — o0o. Hence, for each compact set R C Z¢ x N,

max{|K o (z, 1y w,m) — K®(z. l; w,m)| ; (z. 1), (w,m) € R} — 0 asr — oo.
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From this and Proposition 3.10 in [11],

oK@ VK K eakly as r — oo. (5.11)
Finally, (5.7) and (5.11) imply (5.3). [

THEOREM 5.4. (Conf(Z? x N), v&-® T,4) is Bernoulli.

Proof. From Proposition 2.10, Lemma 5.2 and Lemma 5.3, the claim holds. U

6. Proof of Theorem 1.1
The purpose of this section is to complete the proof of Theorem 1.1.
We quote a general fact of isomorphism theory.

LEMMA 6.1. [8,9] Let (', F', ', S a) be a factor of (2, F, P, Sya). If (2, F, P, Sya)
is Bernoulli, then (', F', ', S';a) is Bernoulli.

Forn e N,let P, ={P,;:z € 7%} be a partition of R? such that

d zi  zi+1
P”’Zzl_[[zn_l—r én—l ) z2=Q1,...,2) € Z%.

i=1

LetIp, : Conf(R?) — Conf(Z%) be such that

£ Y E(P2)d:

ze74

Thenlp, o T (§) =T, o p, (§) foreach z € Z¢ and & € Conf(RY). Let uf =puX o n;nl.
Then (Conf(Z9), u} , T7a) is the T p,-factor of (Conf(RY), u*, Tya).

LEMMA 6.2. (Conf(Z%), u’;ﬂ, Tya) is Bernoulli.

Proof. Let @, = {¢?,l}(z,l)eZd><N be an orthonormal basis on LZ(R?) such that
d);‘erJ(x) = d);”l(x —w) and supp ¢Z, = P,.. Let v&-® be the tree representation of
wX with respect to ®,,. Let 7 : Conf(Z¢ x N) — Conf(Z%) be such that

N> ) =y n(iz} x N)s..

ze74d

By construction, 77 o T.(n) = T. o () for each z € Z¢ and n € Conf(Z¢ x N). From
Lemma 4.2,

Hence, (Conf(Zd),,ugl,TZd) is the m-factor of (Conf(Z? x N), UK"D,TZd). From
Theorem 5.4, (Conf(Z¢ x N), vK-®, Tya) is Bernoulli. From this and Lemma 6.1, the
claim holds. O
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LEMMA 6.3. (Conf(R%), uX, Tya) is Bernoulli.

Proof. By construction, the sequence of partitions {P, : n € N} is increasingly finer
and separates the points of R4, From this, we obtain that {o[II p,1}JneN is increasing
and \/neN o[Ilp,] separates the points of Conf(Rd). Putting this result together with
Lemma 6.2 and Lemma 2.9 implies the claim. U

We quote Theorem 10 of II1.6 in [9].

LEMMA 6.4. [9] For an R%-action system (2, F, P, Sga), let Sya ={Sy : g € 7%} be the
limitation on 74-action of Spa. If (2, F, P, Sya) is Bernoulli with infinite entropy, then
(2, F, P, Sga) is Bernoulli.

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. From Lemma 6.3, (Conf(R%), uk, Tya) is Bernoulli. Because
the restriction of uX on [0, 1)¢ is a non-atomic probability measure, the entropy
of (Conf(RY), uX, Tza) is infinite. Putting this and Lemma 6.4 together implies the
claim. O
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