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THE WIENER CRITERION OF REGULAR POINTS

FOR THE PARABOLIC OPERATOR OF ORDER a

MASAHARU NISHIO

§ 1. Introduction

Let R*+ί = Rn X R denote the (n + l)-dimensional Euclidian space

(n ^ 1). For XeRn+\ we write X = (x, t) with x e Rn and t e R. For an

a with 0 < a < 1, we write

L<«) = A- + (_ ΔY and Z> = - Λ-+ (-Δ)\
3ί dt

where Δ is the Laplacian on Rn and (— Δ)a is the α:-fractional power of

- Δ on i?\

The purpose of this paper is to establish the Wiener criterion of

regular points for L(a), where the division of the complement of a given

open set is naturally determined by the form of the elementary solution
ψί«) of n«).

Wia)(x t) = \^'n exp(- t\ξ\2a + ix-ξ)dξ t > 0

to t £ o,
where x-ξ denotes the inner product on Rn and \ξ\ = (?-J)1/2. Put ^a(|x|)

= FF(α)(Λ;, 1). Then ^α is decreasing on [0, oo), Wia)(x, t) = 2ί"w/2α^α(ί"1/2α|x|)

and ^α(r) is of order r~n~2a as r-> oo. Let Zo = (*0, ίo)€i2n+1. For fixed
^ > 1, p > 1 and non-negative integers £, m, we write

{(*o + xΛ- t); tk+ί £t£tU9 rm ^ r 1 / 2 β | * | ^ rm + 1},

where tk = ^-2βΛ/Λ, rw = ^/^+2«> for m ^ 1 and r0 = 0. The Wiener criterion

of regular points for L(α) is given by the following

THEOREM. Let Ω be an open set in Rn+ι and XQ a boundary point of

Ω. Then XQ is regular for the Dirichlet problem of Ua) on Ω if and only

if the following condition (w) is satisfied:
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164 MASAHARU NISHIO

(w) ^ ζ *V m c a P ( α ) (Afci«(Xo) n CΩ) = oo,

where cap ( α )( ) denotes the a-parabolic capacity of (•)•

From our theorem it follows immediately that a Poincare type con-

dition given in [6] is sufficient for regular points.

Furthermore our theorem gives another characterization of regular

points; that is, a boundary point Xo of Ω is regular if and only if

(wθ Σ / cap<β>(Afc(X0) Π CΩ) = oo ,

where P>1 and Ak(X,) = {XeRn+1; pk ^ W(α)(X0 - X) ^ pfc+1} For the

heat equation, L.C. Evans and R.F. Gariepy obtained an analogous Wiener

criterion of regular points (see [4], p. 295).

Finally we emphasize that the condition (w) is more convenient than

(wθ.

The author would like to thank Professor M. Itό for his encourage-

ment and helpful suggestions.

§ 2. W(α)-superharmonic functions and reduced functions

Put W(a)(x, t) = Wia)(x, - t). Then Wia) is the elementary solution of

L(α). For any s > 0, we define a positive measure P(

s

a) (resp. P(

s

a)) on

Rn+1 by

[fdP^ = ί f(x, s)W™(x, s)dx

ίresp. [fdP\a) = f f(x, s)W(a)(x, s)dx\

for every fe Cκ(Rn+ί), and we put P<α) = P£α) = ε (the Dirac measure at

the origin). Here Cκ(Rk) denotes the usual topological vector space of all

finite continuous functions on Rk with compact support. Then dP(

s

a) = 1

for every s ^ 0 and (P{

s

a))s^Q (resp. (P{

s

a))s^0) is the convolution semi-group

whose infinitesimal generator is — Lία) (resp. — L(α)).

DEFINITION 2.1. A non-negative function u on Rn+1 is said to be

Wia)-superharmonic (resp. Wr(α)-superharmonic) if the following two con-

ditions are satisfied:

(1) u is lower semi-continuous and u < oo a.e..

(2) For any s > 0, u ^ P(

s

a)*u (resp. u ^ P£°*w) on Rnn+\
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WIENER CRITERION OF REGULAR POINTS 165

We denote by Sa (resp. Sα) the set of all VP(a)-superharmonic (resp.

W(α)-superharmonic) functions and by Ma (resp. Ma) the set of all positive

Borel measures μ on Rn + ί such that W(a)μ < oo a.e. (resp. Wia)μ < oo a.e.),

where W(a)μ = W{a)*μ (resp. W(a)μ = W(a)*μ). Evidently Wia)μeSa (resp.

W(a)μ e Sα) for every μeMa (resp. μ e Ma).

Since lim,_0 ^Psα) = ε (vaguely), we have the following

Remark 2.2. Let u e Sa. Then for any (x, t) eRn+1,

u(x, t) = lim — Γ Pίβ)*w(Λ;, t)ds

= lim — Γ f w(x - y, t -
r-0 1 JOJRn

PROPOSITION 2.3 ([6], Proposition 2.10). Let ueSa (resp. Sa). Then

there exists uniquely determined (μ, c) e Ma X [0, co) (resp. Ma X [0, oo))

such that

u = W{a)μ + c (resp. u = Wia)μ + c) .

The measure μ in the above proposition is called the associated

measure of u.

COROLLARY 2.4. Let u e Sa and let μ be the associated measure of u.

If u£ W(a)v for some v e Ma, then u = W{a)μ.

Let ue Sa (resp. u e SJ. We say that u is a W(a)-potential (resp.

W{a)-potential) if u = iy(α)μ (resp. w = Ty(α)^), where // is the associated

measure of u.

For a finite continuous ueSa and a compact set K in 22Λ+1, we put

Q&u(Y) = inf {u(Y); i; e Sβ, i; ^ M on X}

and

= liminf Qiβ)M(

Furthermore for any u e Sa and any set A in 22n+1, we write

; u e Sα, u ̂  u, v: finite continuous, i ί : compact c A}.

For the justification of the above definition, we need to remark that

for any u e Sa) there exists (um)Z=i of finite continuous W(α)-superharmonic
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166 MASAHARU NISHIO

functions which converges increasingly to u with m f oo (see [6], Lemma

2.4, (2)). We have R^u e Sa and call R^u the W(α>-reduced function of u

to A. Similarly we define the W"rα)-reduced function R^hi e Sa of u (u e Sa)

to A.

PROPOSITION 2.5. Let ue Sa and let A be a set in Rn+\ Then we have:

(1) If AczRn X (α, oo) with some aeR, then R{fu is a Wia)-potential

(2) u = i?iα)w on A\ where A1 denotes the interior of A,

(3) The associated measure of R^u is supported by A,

In fact, since Wia)(x — y, t — a)dy = 1 on ί?n X (α, oo), Proposition

2.3 shows that w ̂  W{a)v on A for some v e Mβ, and hence Corollary 2.4

gives (1). The statements (2) and (3) are already known in [6] (see Remark

3.1, (2) and Proposition 3.7).

The analogous result to W(α)-reduced functions also holds.

PROPOSITION 2.6 ([6], Lemmas 2.7 and 3.5). Let ue Sa and let K be a

compact set in Rn+1 and (ωm)^=1 a sequence of relatively compact open sets

in Rn+ί with ωm+1 C ωm and i l L i ^ m = K. If u is finite continuous on a

certain neighborhood of K, then

limR^u = R^u a.e. and lim/iωm = μκ {vaguely),
ra->oo m-*oo

where μWm and μκ are the associated measures of Rl^u and of R{κU, re-

spectively.

Let u = Wia)μ (resp. u = W(a)μ) with μeMa (resp. μ e Ma) and let A

be a set in Rn+1. Then R(^u (resp. R^ύ) is a W{a)-potential (resp. Wia)-

potential) and the associated measure μf

A (resp. μ") of R^u (resp. R^u)

is called the VFfα)-swept-out (resp. W^(α)-swept-out) measure of μ to A.

PROPOSITION 2.7. Let μ, v e Ma. If W{a)μ ^ Wia)v on a certain open

set containing suppfμ], then W{a)μ ^ W{a)v on Rn+1 and \dμ ^ dv. Here

supp [μ] denotes the support of μ.

Proof. The first required inequality follows from Proposition 3.11 in

[6]. To show our second required inequality, we may assume that supp [μ]

is compact. Let ω be a relatively compact open set in Rn+ί with ω D

supp[μ] and λ the associated measure of R{

ω

a)l. Then Corollary 2.4 and

Proposition 2.5, (2) give Wia)λ = 1 on ω, so that
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WIENER CRITERION OF REGULAR POINTS 167

ϊdμ = f Wa)λdμ = ί W^μdλ ^ f W^v dλ = f W^cfc ^ f cfo .

The analogous statement to W(α)-potentials also holds. In particular,

we have the following

COROLLARY 2.8. Let μeMa and let A be a set in Rn+ι. Then [dμ'A <

dμ, and if supp [μ] C A\ then μ'A = μ.

PROPOSITION 2.9 ([6], Proposition 3.8). Let μβMa and v e Ma. Then

for a set A in Rn + \ we have

ί W^μ'Adv = f W<a)μdv'l and W^μf

A{X) = f W^ε'γ>A(X)dμ(Y) ,

where we denote by εγ and by εYtA the Dirac measure at Y and the W{a)-

swept-out measure of εγ to A, respectively.

Proposition 2.9 gives the following

COROLLARY 2.10. Let A be a set in Rn+1 and let u, v e Sa. Then

R?(u + v) = R^u + R{

Λ

a)v.

Proof We may assume that A is compact (see the definition of RA

a)u).

Let ω be a relatively compact open set with ω Z) A. Since R{

ω

a)u and R{

ω

a)v

are W{a)-potentials, Proposition 2.9 gives

R^(Ria)u + Ria)v) = R(

A

a)Rίa)u + R(

A

a)Rίa)v.

This and Proposition 2.5, (2) imply our required equality.

DEFINITION 2.11. Let Ω be an open set in Rn+1 and XQ a boundary

point of Ω. Then Xo is said to be regular (for the Dirichlet problem of

I (*0 on Ω if

lim ε'ίtCΩ = εXo (vaguely).
e β z i

PROPOSITION 2.12 ([6], Propositions 4.1, 4.2). Let Ω be an open set,

XQ a boundary point of Ω and K a compact neighborhood of XQ. Then Xo

is regular on Ω if and only if i?^Cβl(Xo) = l

For irregular points, the following remarkable statement holds.

PROPOSITION 2.13. Let E be a closed set in Rn + 1 and XoeRn + ί. If
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< 1, then

mf{R(

E

a)

nul(XQ); U: neighborhood of Xo} = 0.

For the proof, we shall use the following

LEMMA 2.14. Let u e Sa and let K be a compact set and A a set in

Rn+ί with K c A. Denote by μκ and μA the associated measures of R^u

and of R(

A

a)u, respectively. If u is finite continuous on a certain neighbor-

hood of K and RA

a)u = W{a)μA on Rn+\ then

μκ = μA\κ + (μA\cκ)κ λ)

Proof. By Proposition 2.5, (1), R^u = W(a)μκ. Take a sequence

(ωm)m=1 of relatively compact open sets in Rn+ί such that ωm+ι dωm and

nm"=iC£)m = K. Since supp [μκ] C K C ωmy we have (μκ)'am = μκ (see Corol-

lary 2.8). Since u ^ WMμA ^ W(a)μκ on Rn + \

Ritu ^ R£W<a>μΛ ^ Wia)μx on Rn+\

and by Proposition 2.6, we have limm^0Oi?^)VF(α)μA = W(a)μκ a.e. By Pro-

position 2.9 and Corollary 2.8, we have

where ω0 = i?w + 1. Since W^a){μA\ωkC]Cωk+^ is finite continuous on ωk+ί9 Pro-

position 2.6 gives

lim W^{μAl^JL = W<«KuAUc«t+yκ a.e.
ra->oo

for every /ί ^ 0, which implies

= W^μA\κ + W"(μA\oxYκ a.e.,

so that

Wtoμx = Wl'>(μΛ\x + (μA\oκ)'κ) On Λ" + I

1) For a Borel measure μ and a Borel set A in Rn+1, we denote by μ \A the Borel
measure defined by μ \A(E) = μ(2? Π A) for every Borel set E in β71"^1.
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(see Remark 2.2). Hence by Proposition 2.3, our required equality holds.

Proof of Proposition 2.13. We may assume that E is compact, Xo — 0

(the origin) and that i?^α)l(0) > 0. Let μ be the associated measure of

R^l. Then R^l = W{a)μ. For any τ > 0, we write μτΛ == /ί|Λ»x(_Γf00) and

γ = R^l(0) and j9 = inf {i?<?^l(0); £/: neighborhood of 0}.

Assume β > 0. Then there exists a compact neighborhood U of 0 such

that

Putting d = j3(l - Γ)/4, we choose τ > 0 such that Wia)μT>1(0) < 5. Set F
( - oo, -

c = inf {W^εY(0); Y = (y, s) e E, s ^ - τ} > 0 and δ' = c ( 1 ~

Then there exists a compact neighborhood V of 0 such that V C ί7 Π

and for any l e y and Ye E Π F,

Denoting by εr,#nF the associated measure of -R^nF^^r* w e have

for every YeE Π F, so that by Proposition 2.9, we have

Kμr,dεnv() £ / r > 2 ()

Let y be the associated measure of i?^ ( Γ U F ) l . Since (vτιίyEf]F = (μt,i)Έc\F —

0,2) Lemma 2.14 shows that vTf2 and μTt2 are equal to the associated meas-

ure of R&nA, that is, vt>2 = μΓt2, which implies W(α)^rtl < W^μτΛ on J?n+1.

Hence Lemma 2.14 gives

2) The notation vτ<i is the same as μVtt ( i = l , 2).
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= β ,< δ + W

which is a contradiction. Thus Proposition 2.13 is shown.

§ 3. The ^-parabolic capacity

Let if be a compact set in Rn+1 and put

φω = {μ e Ma; supp [μ] C K, W^μ £ 1 on Rn+1}.

LEMMA 3.1. For a compact set K in Rn+\ we denote by μκ and by

vκ the associated measures of R^l and of JR^l, respectively. Then we

have

); μ 6 Φ^}

and

μκ = fevκ = sup ̂ dμ; μ e Φ

Proof Let /̂  e Φχ}. Then for any relatively compact open set ωZD K,

Proposition 2.7 shows that W{a)μ <; R(

ω

a)l on i?n + 1 (see also Proposition

2.5, (1), (2)). By Proposition 2.6, we have W^a)μ <; W(α)//X a.e., and hence

W(β)μ ^ W ( β ) ^ on Rn+1 (see Remark 2.2). On the other hand, by Propo-

sition 2.5, (3), μκ 6 Φ(χ\ These imply the equality (1), and by Proposition

2.7, we have dμκ = sup< d//; μeΦ^ >. Let ω be a relatively compact

open set in Rn+\ and denote by μa and by yω the associated measures of

j?iα)l and of jR£β)l, respectively. By Proposition 2.5, (1), (2),

^ = R&WMμM and ^ y x = J B ^ ^ x ; . on Rn+ί.

Since W(α)//ω = W{a)vω = 1 on α>, Proposition 2.9 shows the equality dμκ

= rf^. Thus Lemma 3.1 is shown.

We shall define the ^-parabolic capacity in the usual manner.

DEFINITION 3.2. For a compact set K in Rn+\ we put

cap (a)(K) == sup ίϊdμ; μe Φ£}j .

Then we have the following
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PROPOSITION 3.3. Denote by X the totality of compact sets in Rn+ί.

Then cap(α)(i£) defined on X is a Choquet capacity.

Proof. Evidently cap(α)(0) = 0 and cap (a)(iΓ) is increasing. Let KeX.

Then Proposition 2.6 shows that for any 3 > 0, there exists a relatively

compact open set ωδ with ωδ D K satisfying dμκ > dμωδ — δ, where μκ

and μωδ are the associated measures of i?^°l and of Rffl, respectively.

By Lemma 3.1, we obtain that cap(α)(if) is right continuous. We shall

show that cap(α)(if) is strongly subadditive. Let Ku K2 e JΓ and let ωx and

ω2 be relatively compact open sets in Rn+ί with ωx z> Kx and ω2 Z) K2. By

Proposition 2.5, (2), we have

B&W + B&W ^ «iί 1 + B £ l on ωt U ω2.

By Proposition 2.7, Lemma 3.1 and the right continuity of cap(α°(iΓ)> we have

{Kx U K2) + cap^> (Kx Π if2) ^ cap(«^ (^) + capίβ>

which shows the strong subadditivity of cap(α) (K). Thus cap(α;(iΓ) is a

Choquet capacity.

Recalling the definition of VF(α)-reduced functions and the above proof,

we see the following

Remark 3.4. Let ί\ and F2 be two closed sets in Rn+\ Then

P(«) 1 _L 7?(«) 1 <Γ P(α)1 4- P^α)1 nn P n + 1

DEFINITION 3.5. For a set A in i?n+1, we put

capiα)(A) = sup{cap(α>(K); A Z) K e

and

cap^α)(A) = inf{cap^α)(ω): A C ω: open set}.

We say that A is capacitable if cap£α) (A) = cap£° (A). In the case that A

is capacitable, we write cap(α° (A) = cap£α) (A) and call cap(α) (A) the a-

parabolic capacity of A.

By Proposition 3.3 and the Choquet theory (cf. [2], p. 158), every an-

alytic set in Rn+1 is capacitable.

Noticing the form of Wia) and Proposition 2.3, we see that for any

λ > 0, Sa is stable for the <x-parabolic dilation τλ: (x, i)-+(λx, λ2at) on Rn+\

that is, for any ue Sa, uoTλe Sa. Furthermore for any compact set K in

Rn+\ we have
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where Kλ = {τλ(X); XeK} and μκ and μKλ denote the associated measures

of Rκ]l and of i2j?jl, respectively. Therefore we have the following

PROPOSITION 3.6. For any compact set K in Rn+ι and λ > 0, we have

cap(«> (Kλ) = λn

Remark 3.7. Let β be a Borel set of Rn X {α}, where a e R. Then

the thermal capacity of B3) is equal to the n-dimensional Lebesgue

measure of B (see [7], p. 355). Similarly the of-parabolic capacity of B is

also equal to the ra-dimensional Lebesgue measure of B.

§ 4. The Wiener criterion of regular points

First we shall show the following

LEMMA 4.1. Put φa(\x\) = W(a)(x, 1). For any r0 > 0, there exists a

constant C(r0) > 1 such that for r0 <̂  r < oo,

C(ro)-V—2« ^ ^β(r) ^ C(ro)r-»-2α.

Proo/. Put ψa(t) = W(a)(x, t)dv(x), where v is the uniform measure

on {xeRn; \x\ = 1} with dk = 1. Then ψα is positive and finite contin-

uous on (0, oo). Hence it suffices to show that 0 < limu0(d/di)ψa(t) < oo,

because φa{r) = r"TCψα(r-2α). In the proof of Lemma 2.1 in [6], we already

obtained the equality

A. ψa{t) = - (2π)-M/2 Γ f |f I" e x p ( - β|f ?)v(ξ)dξdσ"t(s),
dt JO jRn

where (σ")t^Q is the one sided stable semi-group of order a on R (see [1],

p. 74) and where v denotes the Fourier transform of v. Since σ" converges

vaguely to ε as 11 0, it suffices to show that

0 < l i m f - (2π)-n/2 f \ξ\2a exp ( - s\ξ\2)v(ξ)dξ) < oo .

If a == 1/2, then

Wia)(x, t) = Γ(n + I\t{π(\xf + f) H)/2

3) This means the capacity of B with respect to (d/dt)—Δ defined in the same
manner as the α-parabolic capacity of B.
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(see [1], p. 74), and hence we may assume a ^ 1/2. Let (gs)s^0 be the

Gaussian semi-group on Rn and choose a function / on Rn of class C°°

satisfying 0 ^ / ^ 1, supp[/] C {xeRn; \x\ < 1} and / = 1 on a certain

neighborhood of the origin 0. In the proof of Lemma 2.1 in [6], we al-

ready obtained

- f(x))\x\-n-2a+*))*gs*m,
where

Cn a t = - 4-^-»/«

Having

J((l - /(x))|x|-TC-2α+2) = 2αr(n + 2a - 2) on {x e

and

(f(x)\x\-n-2a+2)*v = O

on a certain neighborhood of 0 in Rn, we conclude

lim ( - (2π)-n^ f |?|2« exp ( - s\ξf)ΰ(ξ)dξ) = «4«;r"'2

Thus Lemma 4.1 is shown.

Our main theorem is the following

THEOREM. Let Ω be an open set in Rn+\ XQ a boundary point of Ω,

λ > 1 and p > 1. Then XQ is regular for the Dirichlet problem of L(a) on

Ω if and only if the following condition (w) holds:

(w) witP: = Σ fρ-n cap ( α ) (Ak,m(XQ) Π CΩ) = oo ,

w /iere

(*, - 0; ί*+i ^ t^ tt, rm ^ r 1 / 2«|x| ^ r m + 1 } ,

kfn, rm = pmκ»+2*> for ra ^ 1 ατid r 0 == 0.

Since W(α)(x, ί) = r n / 2 e0 e(r 1 / 2 e |x |), we have the following

Remark 4.2. For any yeAfc)m(X0)? we have
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where Co is a constant depending only on n and #.

Proof of Theorem. By using a suitable translation if necessary, we

may assume that Xo is the origin 0. Put Ak>m = Ak>m(0) and £Jfc,m = Ak,m

Π CQ. By the strong subadditivity of cap(α) (K) on jf, it suffices to prove

the following

( *) 0 is regular for the Dirichlet problem of L(α) on Ω if and only

if the condition (w) holds for λ = p and p (that is, wPtP = oo).

In fact, if λt and λ2 satisfiy 1 < λx < λ2 < λ[ for some integer /, then

we have

(2λιy
iwX2tP ^ wiltP ^ λ2(l + ΐ)whfP

for every p > 1.

Assume that the condition (w) for λ ~ p and p > 1 does not hold.

Namely 2Γ,w=o^fc~w cap(α) (Ektm) < oo. For a compact neighborhood C7 of

0, μ and μfc>m denote the associated measures of RcΊjnul a n ( i °f ^S.mπ^l

respectively. Then by Lemma 3.1, (1), we have

so that

= Σ f W^eγ(0)dμκ,m(Y)

^Coίf Σ |9*-"cap< ' ( ^ , m n U),

where Co is the constant in Remark 4.2. Hence i?g2nσ-l(0) < 1 for a suf-

ficiently small [7. This and Proposition 2.12 imply that 0 is not regular.

Assume that 0 is not regular. Denote by Z and Z+ the totality of

integers and that of non-negative integers, respectively. For any keZ+

and me Z+ with m I> 1, we put

i)eRn+1; 0 <t£ p - 2 a k / n , λ . p™««+ι«)-

J

l_ _ * _

and
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Λ.o = {(*, - t) e Rn+1; p-2*w» £ t <; ^-2«fc/»}.

Choose a fixed joe Z+ with j 0 2^ 2 and jf0 > ((n + 2α)2/2α) log, (djd2), where
d, = ^/(n + 2α)+lM + 1

Z + χ Z + ; p,qeZ, Ak + JoP>m+Joq Π Λ

If (ft + jfop, 70g) e Λ,o? then p = 0 and g 2> 0. If m ^ 1 and (ft + Jop> ^ + io?)

e Λk>m, then p ^ 0 and

(n + 2a) log, d2 + 2ajΰp/n < jo(q — p) < (n + 2α) log^ dj + 2ajop/n ,

so that g — p ^ 0 and for any j e Z+, there exists at most one pair (p, q)

e Z X Z such that q — p = j and (ft + j op, m + jQq) e Λkt7n, because

n

Put

where Co and C(i/o~1/π) are the constants in Remark 4.2 and in Lemma

4.1 for r0 = ip~1/n. Then for any (ft, m) e Z + X Z\ YeAk>m and l e

*+*p.»+iβ«> n crk,m, W(

In fact, for any Y = (y, -s)eAlc>m and X = (x, - ί) e Ak+JoP>m+Joq Π

CΓ&!m, W(α)εF(Z) = 0 if s ^ ί. Assume s > t. If m = 0, then ί ^ p-w+h)/»

< p-ww £ s, so that s — t^ -̂2«ffc + iv»(i __ ^o-2"/"), and hence

= (s - t)-n/2aφa((s - ί r 1 / 2 1 * - y|)

If m ^ 1, then ^ Z ^ + ^ - ^ + D / * ^ | ^ | ^/0<™+1)/(«+2«)-fc/Λ

J and hence |x — y\ ^

.̂ίϊm/<«+2«)-f*+i)/«> s o t k a t (s - t)-1/2«\x - y\ ^ i p " 1 / n . Therefore Lemma 4.1

and Remark 4.2 give

= (β - t)-n/lΛφa((s - 0" 1 / 2 α |^ - y|)
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Thus our required inequality holds.
By Propositions 2.12 and 2.13, we choose a compact neighborhood U

of 0 such that AiR^u^Φ) < 1/2. For any r > 0, μr denotes a positive
measure on Rn+1 defined by

\fdμr = f f{x, - 2)dx

for every fe Cκ(Rn+ί). Then for |x| ^ r and t > - 2, we have

w( V(χ, 0 = f W(a)(χ -y>t + 2)dy > V2 >

because

f w^(x -y,t + 2)dy = ί dP^ 2 = 1.

Since limr__ W(a)μr(0) = 0, we can choose r > 0 such that Ajί^
where Γr = {(x, ί) e i?π+1; |x| ^ r, ̂  - 1}. Hence

1 - AMwvrΛO) ^ 1 - ^(Λ&WlίO) + i?^l(0)) > 0

(see Remark 3.4). We take a fixed (iJ)eZ+ X Z+ with i,j <U For
(p, g ) e Z + χ 2 + , we set &p = jQp + ί and m9 = joq + j . Put

F = U (̂ *,,mff Π (C7 U O and F P i ί = £fc2),We Π (f7 U Γ r ) .

Then for any (p, q), (p\ q')eZ+ X Z + , we have

Fp',q' = ^•fc2) + (p/-p)j0,we+(Q'-9);0 Π C β Π (C/ U Tr) .

For (p? g) e Z+ X Z+, we write

IP,q = {(P', 9θ e Z+ X Z+ (Ap, m,) e Λp,fWβ,}

and

K, = {(P7, 90 e Z + X Z + ; (ftp, mρ) e ̂ v , v , (p7, qf) Φ (p, g)}.

For (p, q) e Z+ X Z+, we denote by μPtq the associated measure of R^ 1
and by μ the associated measure of i?£°l. By Proposition 2.5, (1), we have
RMl = W^μ. For any (p, g) e Z+ X Z\ (p\ qf) e Ip§q and any Fe FpW, we
have

A^^MO) o n F M ,
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and hence

W{a)ε'γ,Fptq ^ A.W^εy^W^μ^ on Rn + ί .

This and Proposition 2.9 give

W^(\J(0)W^μPtq on Λ» + 1 .

Hence, by Proposition 2.9 and Lemma 2.14, we obtain that for any (p, q)

eZ+ x Z+,

Σ

(P'>q')elp,

+ Σ
( ' ' ) 7

+ Σ
f ' θ 7

Putting A2 = 1 — AiJBg^η^uΓ^lίO) > 0, we have

A2W^μp,q(0) ^ W^μ\Fp,q(0) + Co Σ f ^-W*+1

<p'»<z')e/£,β J

(see Remark 4.2), because supp [ ( ^ | F / 3 ^ p J C FP ) ( ? and J

,'.β') ( s e e Proposition 2.5, (3) and Corollary 2.8). Therefore

c0 Σ Σ f ̂ '-

Cφ Σ Σ 0»
p',g' = O (kp,mq)eΛkp\mq

(P>q)Ψ(p',qf)

' 0 l

+ (C0iO)v° - i)-1 Σ w<»(μ\p,j(o)

where A3 = 1 + (Cop)\ph - I)" 1. Thus Lemma 3.1, (2) and Remark 4.2 give
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g p> <*-«+1-'cap<«>(tfΛ1,+4,Λ,+, Π (U U Γr)) ^ Q>ArIA,W««>Aί(0) < oo .

Since i, j are arbitrary, we have

w (£ f c,m ΓΊ (E7 U Γ r)) < αo .

On the other hand, {(k, m)eZ+ X Z+; Ek,m Π C(C7 U Tr) Φ φ) being finite,

we obtain that

α> (EktM Π C(£7 U Tr)) < oo .Σ Pk~

Thus the strong subadditivity of cap(α) (K) shows that wPtP < oo. This

completes the proof of our main theorem.

COROLLARY 4.3. Let Ω be an open set in Rn+\ p > 1 and Xo a bound-

ary point of Ω. Then XQ is regular if and only if the following condition

(wθ holds:

(W) Σ p« cap<«> (Ak(X0)Σ
k=0

where Ak(XQ) = {XeRn+ί; pk ^ W^(X« - X) ^ /+1}

Proof, By the subadditivity of cap(α)(if), we have wPtP = oo provided

that (wθ holds, and hence by our theorem, the "if" part holds. The

"only if" part is proved in the same manner as in the proof of the " only

if" part of our theorem.

By generalizing a Poincare type condition for regular points given in

[6], we have the following

COROLLARY 4.4. Let Ω be an open set in Rn+y and Xo = (xQ, tQ) a

boundary point of Ω. If there exists a Borel set B in Rn with positive

Lebesgue measure whose oc-tusk T^(B) at XQ is contained in CΩ, then Xo

is regular for the Dίrίchlet problem of L{a) on Ω.

The α-tusk Tg(B) of B at XQ = (x0, t0) is the set {(x0 + px, ί0 - p2a);

xeB, 0 < p ^ Po} for some pQ > 0.

Proof. We may assume XQ = 0 and p0 = 1. Choose p > 1 and an

integer mQ ^ 1 such that the Lebesgue measure of B Π {x e Rn (x, — 1) e

AQ,mo} is positive, where Akf7n is the set in Rn+ί defined in our theorem for

λ = p and p (k,me Z+). For the simplicity of the notation, we put B' =
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B n {x e Rn; (x, - 1) e A0,Wo} and A'k>no = T£ (B) Π Ak,no (k e Z+). By Re-

mark 3.7, we have

cap<*> (A0>mβ) ^ cap<"> ({(*, - 1); x e B'}) > 0.

Since τp-*/»CAί,mo) = A^,Wo for every k ^ 1, Proposition 3.6 gives cap(α)(A£,mo)

= ô"fc cap(α) (A'0ιmo), which implies that wPtP = co. Thus our theorem shows

Corollary 4.4.

In [6], we proved an analogous assertion for a nonempty open set in

place of B.

Remark 4.5. It is an open question if the Wiener criterion of type

(w) for (3/9*) - Δ holds.
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