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New Characterizations of the Weighted
Composition Operators Between Bloch
Type Spaces in the Polydisk

Zhong-Shan Fang and Ze-Hua Zhou

Abstract. We give some new characterizations for compactness of weighted composition operators
uCϕ acting on Bloch-type spaces in terms of the power of the components of ϕ, where ϕ is a holomor-
phic self-map of the polydisk Dn, thus generalizing the results obtained by Hyvärinen and Lindström
in 2012.

1 Introduction

Let Dn be the polydisk of Cn with boundary ∂Dn. The class of all holomorphic func-
tions on the domain Dn will be denoted by H(Dn). Let ϕ(z) = (ϕ1(z), . . . , ϕn(z))
be a holomorphic self-map of Dn, and let u(z) ∈ H(Dn). The weighted composition
operator is defined by

uCϕ( f )(z) = u(z) f
(
ϕ(z)

)
,

for any f ∈ H(Dn) and z ∈ Dn. When u = 1, it is the composition operator, and we
often write Cϕ instead.

For p > 0, the Bloch type space Bp consists of those f ∈ H(Dn) such that

‖ f ‖p = | f (0)| + sup
z∈Dn

n∑
k=1

(1− |zk|2)p
∣∣∣ ∂ f

∂zk
(z)
∣∣∣ <∞;

with this norm, Bp becomes a Banach space. When p = 1, it is the classical Bloch
space.

It is important to provide function-theoretic characterizations of when ϕ induces
a bounded or compact weighted composition operator on various spaces. For general
references on the theory of weighted composition operators, we refer the interested
reader to [1, 11, 15]. Recently, there has been great interest in studying composition
operators between Bloch type spaces. For example, see [2, 5, 6, 8–12, 14]. There are
still many unsolved problems that are of interest to numerous mathematicians.

In [7], Manhas and Zhao obtained new estimates of essential norms of weighted
composition operators between Bp(p 6= 1) and Bq in the unit disk. And a few
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months later, by using different methods, Hyvärinen and Lindström [3] obtained
similar estimates. They were the first to give the estimate of essential norm for the
case p = 1. They characterized the essential norm in terms of two different integral
operators and ϕm.

The goal of this paper is to extend the results in the unit disk to the polydisk. The
higher dimensional case will be a little bit different. Some properties are not easily
managed; we need some new calculating techniques. The proofs in this paper are
partially based on [3, 7].

Throughout the remainder of this paper, let N be the set of positive integers, I =
{i ∈ N : ‖ϕi‖∞ = 1} and J = { j ∈ N : ‖ϕ j‖∞ < 1}. Constants C are positive and
may differ from one occurrence to another.

2 Some Lemmas

In this section, we present some lemmas that will be used in the proofs of our main
results in the next section. The proof of the following lemma can be found in [13,
Lemma 2.2].

Lemma 2.1 Let p > 0,m ∈ N and 0 ≤ x ≤ 1. And let

Hm,p(x) = xm−1(1− x2)p, rm =
( m− 1

m− 1 + 2p

) 1/2
(m ≥ 2).

Then for m ≥ 2, Hm,p has the following properties:

(i)

max
0≤x≤1

Hm,p(x) = Hm,p(rm) = (
2p

m− 1 + 2p
)p(

m− 1

m− 1 + 2p
)(m−1)/2,

that is,

lim
m→∞

mp max
x∈[0,1]

Hm,p(x) =
( 2p

e

) p
;

(ii) Hm,p(x) is decreasing on [rm, rm+1], and

lim
m→∞

mp min
x∈[rm,rm+1]

Hm,p(x) =
( 2p

e

) p
.

We proceed as in [3, Lemma 2.1(d)]; the following lemma is obtained, and we
sketch the proof for the sake of completeness.

Lemma 2.2 Let m ∈ N and 0 < x < 1. And let

Gm(x) =
xm

log e
1−x2

, rm =

√
m
2 log m

2

1 + m
2 log m

2

, r̃m =

√
me
2 log me

2

1 + me
2 log me

2

(note that rm < rm+1 < r̃m). Then for m ≥ 9, Gm has the following properties:

lim
m→∞

log(m) max
r9≤x<1

Gm(x) = 1,(i)

lim
m→∞

log(m) min
rm≤x≤r̃m

Gm(x) = 1.(ii)
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Proof For 0 < x < 1, we denote Gm(x) defined in the assumption. As in [3,
Lemma 2.1], it is easy to see that whenever f ′(x) = 0 and m ≥ 9, rm < x < r̃m.
Therefore, for any rm ≤ x ≤ r̃m, we have

log(m)Gm(x) ≥ log(m)
( m

2 log( m
2 )

1 + m
2 log( m

2 )

) m
2
(

log
(

e +
me2

2
log(

m

2
)
))−1

,

log(m)Gm(x) ≤ log(m)
( me

2 log( m
2 )

1 + me
2 log( m

2 )

) m
2
(

log
(

e +
me

2
log(

m

2
)
))−1

.

Straightforward calculation shows that the two estimates tend to 1 as m → ∞. This
completes the proof of the lemma.

Lemma 2.3 ([10, Theorem 2]) Let p, q > 0, u ∈ H(Dn). Suppose that ϕ =
(ϕ1, . . . , ϕn) is a holomorphic self-map of Dn, and uCϕ : Bp → Bq is bounded. Then
the following statements are true:

(i) 0 < p < 1, uCϕ : Bp → Bq is compact if and only if

(2.1) lim
ϕl(z)→∂D

|u(z)|
n∑

k=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p
= 0

for each l ∈ {1, . . . , n};
(ii) p = 1, uCϕ : Bp → Bq is compact if and only if

lim
ϕ(z)→∂Dn

n∑
k,l=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

1− |ϕl(z)|2
= 0,

and

lim
ϕ(z)→∂Dn

|u(z)|
n∑

k,l=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

1− |ϕl(z)|2
= 0;(2.2)

(iii) p > 1, uCϕ : Bp → Bq is compact if and only if

lim
ϕ(z)→∂Dn

n∑
k,l=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p−1
= 0,

lim
ϕ(z)→∂Dn

|u(z)|
n∑

k,l=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p
= 0.

3 Main Theorems

In [10], the authors characterized the boundedness and compactness of the compo-
sition operators between different Bloch type spaces in the polydisk. In this section,
we provide some new characterizations of compactness of weighted composition op-
erators between different Bloch type spaces in the polydisk.

Before stating our main results, we give the following conditions:

(a) maxi∈I lim supm→∞ mp supz∈Dn |u(z)|
∑n

k=1 |ϕi(z)|m−1
∣∣ ∂ϕi

∂zk
(z)
∣∣ (1−|zk|2)q = 0;

(b) max j∈ J limϕ(z)→∂Dn |u(z)|
∑n

k=1

∣∣ ∂ϕ j

∂zk
(z)
∣∣ (1− |zk|2)q = 0;
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(c) limϕ(z)→∂Dn

∑n
k=1

∣∣ ∂u
∂zk

(z)
∣∣ (1− |zk|2)q = 0;

(d) maxi∈I lim supm→∞ log(m) supz∈Dn

∑n
k=1 |ϕi(z)|m

∣∣ ∂u
∂zk

(z)
∣∣ (1− |zk|2)q = 0;

(e) maxi∈I lim supm→∞ mp−1 supz∈Dn

∑n
k=1 |ϕi(z)|m−1

∣∣ ∂u
∂zk

(z)
∣∣ (1− |zk|2)q = 0.

Theorem 3.1 Let p > 1, q > 0 and ϕ = (ϕ1, . . . , ϕn) be a holomorphic self-map
of Dn. If uCϕ : Bp → Bq is bounded, then uCϕ is compact if and only if conditions (a),
(b), (c), and (e) hold.

Proof For any l ∈ {1, 2, . . . , n}, set

al = lim
ϕ(z)→∂Dn

|u(z)|
n∑

k=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p
,

bl = lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p−1
.

We divide {1, 2, . . . , n} into I and J, which is defined in the introduction.

Case 1. If j ∈ J with ‖ϕ j‖∞ < 1, we have

lim
ϕ(z)→∂Dn

|u(z)|
n∑

k=1

∣∣∣ ∂ϕ j

∂zk
(z)
∣∣∣ (1− |zk|2)q ≤ a j

≤ lim
ϕ(z)→∂Dn

|u(z)|
n∑

k=1

∣∣∣ ∂ϕ j

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− ‖ϕ j‖2
∞)p

,

and

lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q ≤ b j

≤ lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− ‖ϕ j‖2
∞)p−1

.

Therefore, condition (b) is equivalent to

lim
ϕ(z)→∂Dn

|u(z)|
∑
l∈ J

n∑
k=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p
= 0,

and condition (c) is equivalent to

lim
ϕ(z)→∂Dn

∑
l∈ J

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p−1
= 0.

Case 2. For any i ∈ I with ‖ϕi‖∞ = 1, and for each m ≥ 2, let

Am,i = {z = (z1, . . . , zn) ∈ Dn : rm ≤ |zi | ≤ rm+1},

where rm = ( m−1
m−1+2α )1/2 (m ≥ 2).
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For each i ∈ I and for any ε > 0, there exists a δ0 with 0 < δ0 < 1 such that

|u(z)|
n∑

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕi(z)|2)p
> ai − ε

whenever dist(ϕ(z), ∂Dn) < δ0.
Since rm → 1 as m→∞, we may choose sufficiently large m such that rm > 1−δ0.

If ϕ(z) ∈ Am,i , rm ≤ |ϕi(z)| ≤ rm+1, then 1 − rm+1 < 1 − |ϕi(z)| < 1 − rm < δ0.
Hence dist(ϕi(z), ∂D) < δ0. There exists wi with |wi | = 1 such that

dist
(
ϕi(z),wi

)
= dist

(
ϕi(z), ∂D

)
< δ0.

Let w = (ϕ1(z), . . . , ϕi−1(z),wi , ϕi+1(z), . . . , ϕn(z)), then

dist
(
ϕ(z), ∂Dn

)
≤ dist

(
ϕ(z),w

)
≤ dist

(
ϕi(z),wi

)
< δ0.

So we have

sup
ϕ(z)∈Am,i

|u(z)|
n∑

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕi(z)|2)p
> ai − ε.

Let ε→ 0 and by Lemma 2.1, we have

ai ≤ lim
m→∞

sup
ϕ(z)∈Am,i

|u(z)|
n∑

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕi(z)|2)p

≤ lim
m→∞

sup
ϕ(z)∈Am,i

|u(z)|
n∑

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ mp|ϕi(z)|m−1(1− |zk|2)q

mp|ϕi(z)|m−1(1− |ϕi(z)|2)p

≤
limm→∞ supϕ(z)∈Am,i

|u(z)|
∑n

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣mp|ϕi(z)|m−1(1− |zk|2)q

limm→∞ infϕ(z)∈Am,i mp|ϕi(z)|m−1(1− |ϕi(z)|2)p

≤ C lim sup
m→∞

mp sup
z∈Dn
|u(z)|

n∑
k=1

|ϕi(z)|m−1
∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q.

On the other hand,

mp sup
z∈Dn
|u(z)|

n∑
k=1

|ϕi(z)|m−1
∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q ≤ I1 + I2,

where

I1 = mp sup
9ϕ(z)9≤s

|u(z)|
n∑

k=1

|ϕi(z)|m−1
∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q,

I2 = mp sup
9ϕ(z)9>s

|u(z)|
n∑

k=1

|ϕi(z)|m−1
∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q,
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and 0 < s < 1. Here 9ϕ(z)9 = max1≤i≤n |ϕi(z)|. By Lemma 2.1(i), we have

I2 = mp sup
9ϕ(z)9>s

|u(z)|
n∑

k=1

|ϕi(z)|m−1
∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q (1− |ϕi(z)|2)p

(1− |ϕi(z)|2)p

≤ max
|ϕi (z)|∈[0,1]

Hm,p(|ϕi(z)|) sup
9ϕ(z)9>s

|u(z)|
n∑

k=1

∣∣∣ ∂ϕi

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕi(z)|2)p
.

Using standard methods, it is easy to see that I1 tends to 0 as m→∞ for any fixed s.
Then let s→ 1, and we obtain that condition (a) is equivalent to

lim
ϕ(z)→∂Dn

|u(z)|
∑
l∈I

n∑
k=1

∣∣∣ ∂ϕl

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p
= 0.

To complete the proof of the theorem, we only need to show condition (e) is equiv-
alent to

lim
ϕ(z)→∂Dn

∑
l∈I

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q

(1− |ϕl(z)|2)p−1
= 0.

Using p−1 and | ∂u
∂zk

(z)| instead of p and |u(z)|| ∂ϕi

∂zk
(z)|, respectively, in the discussion

above completes the proof of the theorem.

Theorem 3.2 Let 0 < p < 1, q > 0, u ∈ H(Dn), and let ϕ = (ϕ1, . . . , ϕn) be a
holomorphic self-map of Dn. Assume that uCϕ : Bp → Bq is bounded. Then uCϕ is
compact if and only if condition (a) holds.

Proof Note that the above discussion in Theorem 3.1 is still valid for the case 0 <
p < 1. We can safely conclude that condition (a) is equivalent to (2.1) for l ∈ I,
and notice that whenever l ∈ J, condition (2.1) is obviously satisfied, since the set
{z ∈ Dn : |ϕl(z)| > s, l ∈ J} is empty when s is large enough.

Theorem 3.2 gives rise to the following corollary.

Corollary 3.3 Let 0 < p < 1, q > 0 and let ϕ = (ϕ1, . . . , ϕn) be a holomorphic
self-map of Dn. Assume that Cϕ : Bp → Bq is bounded. Then Cϕ is compact if and only
if lim supm→∞ mp−1‖ϕm

i ‖q = 0 for any i ∈ I.

Theorem 3.4 Let p = 1, q > 0 and let ϕ = (ϕ1, . . . , ϕn) be a holomorphic self-map
of Dn. If uCϕ : B1 → Bq is bounded, then uCϕ is compact if and only if conditions (a),
(b), (c), and (d) hold.

Proof The equivalence between conditions (a), (b), and condition (2.2) is similar
as proved in Theorem 3.1, so we omit the details here. For any l ∈ {1, 2, . . . , n}, set

cl = lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

(1− |ϕl(z)|2)
.
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Case 1. If j ∈ J with ‖ϕ j‖∞ < 1, we have

lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q ≤ c j

≤ lim
ϕ(z)→∂Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

1− ‖ϕ j‖2
∞
.

Therefore, condition (c) is equivalent to

lim
ϕ(z)→∂Dn

∑
l∈ J

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

(1− |ϕl(z)|2)
= 0.

Case 2. For any i ∈ I with ‖ϕi‖∞ = 1, and for each m ≥ 9, let

Bm,i = {z = (z1, . . . , zn) ∈ Dn : rm ≤ |zi | ≤ r̃m},

where

rm =

√
m
2 log m

2

1 + m
2 log m

2

, r̃m =

√
me
2 log me

2

1 + me
2 log me

2

(note that rm < rm+1 < r̃m). As discussed above, we get that for any ε > 0, we can
choose m large enough such that

sup
ϕ(z)∈Bm,i

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

1− |ϕi(z)|2
> ci − ε.

Let ε→ 0 and by Lemma 2.2, we have

ci ≤ lim
m→∞

sup
ϕ(z)∈Bm,i

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

1− |ϕi(z)|2

≤ lim
m→∞

sup
ϕ(z)∈Bm,i

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q log e

1−|ϕi (z)|2 log(m)

|ϕi(z)|m log(m)

≤
limm→∞ log(m) supϕ(z)∈Bm,i

∑n
k=1

∣∣∣ ∂u
∂zk

(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q

limm→∞ log(m) infϕ(z)∈Bm,i |ϕi(z)|m(log e
1−|ϕi (z)|2 )−1

≤ lim sup
m→∞

log(m) sup
z∈Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q.

Conversely,

log(m) sup
z∈Dn

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q ≤ K1 + K2

https://doi.org/10.4153/CMB-2013-043-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2013-043-4


Weighted Composition Operators 801

where

K1 = log(m) sup
9ϕ(z)9≤s

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q,

K2 = log(m) sup
9ϕ(z)9>s

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m(1− |zk|2)q,

and 0 < r9 < s < 1. Here r9 is as defined in Lemma 2.2. By Lemma 2.2(i), we have

K2 = log(m) sup
9ϕ(z)9>s

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ |ϕi(z)|m log e

1−|ϕi (z)|2 (1− |zk|2)q

log e
1−|ϕi (z)|2

≤ log(m) max
|ϕi (z)|∈[r9,1)

Gm(|ϕi(z)|) sup
9ϕ(z)9>s

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

1− |ϕi(z)|2

It is easy to check K1 tends to 0 as m → ∞ for any fixed s. Letting s → 1, we obtain
that condition (d) is equivalent to

lim
ϕ(z)→∂Dn

∑
l∈I

n∑
k=1

∣∣∣ ∂u

∂zk
(z)
∣∣∣ (1− |zk|2)q log

e

(1− |ϕl(z)|2)
= 0.

This completes the proof of the theorem.

By Theorems 3.1 and 3.4, we immediately gain the following corollary.

Corollary 3.5 Let p ≥ 1, q > 0 andϕ = (ϕ1, . . . , ϕn) let be a holomorphic self-map
of Dn. If Cϕ : Bp → Bq is bounded, then Cϕ is compact if and only if the following two
conditions hold:

(i) lim supm→∞mp−1‖ϕm
i ‖q = 0 for any i ∈ I;

(ii) limϕ(z)→∂Dn

∑n
k=1

∣∣∣ ∂ϕ j

∂zk
(z)
∣∣∣ (1− |zk|2)q = 0 for any j ∈ J.

For an analytic function u ∈ D, we define two integral operators by

Iu f =

∫ z

0
f ′(ξ)u(ξ) dξ, Ju f =

∫ z

0
f (ξ)u′(ξ) dξ

for all f ∈ H(D) and z ∈ D.
Now, combining the three theorems above, we obtain the following corollary,

which is [3, Corollary 4.4].

Corollary 3.6 Let ϕ : D→ D be analytic, u ∈ H(D) and 0 < q <∞.

(i) If 0 < p < 1 and uCϕ : Bp → Bq is bounded, then uCϕ is compact if and only if

lim sup
m→∞

mp−1‖Iu(ϕn)‖q = 0.

(ii) If p = 1 and uCϕ : Bp → Bq is bounded, then uCϕ is compact if and only if

lim sup
m→∞

‖Iu(ϕn)‖q = 0 and lim sup
m→∞

log(m)| Ju(ϕn)‖q = 0.
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(iii) If p > 1 and uCϕ : Bp → Bq is bounded, then uCϕ is compact if and only if

lim sup
m→∞

mp−1‖Iu(ϕn)‖q = 0 and lim sup
m→∞

mp−1‖ Ju(ϕn−1)‖q = 0.
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