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Abstract

Let M be a von Neumann algebra, let ¢ be a normal faithful state on M and let LP (M, ¢) be the associated
Haagerup noncommutative LP-spaces, for 1 < p < co. Let D € L' (M, ¢) be the density of ¢. Given a positive
map T: M — M such that ¢ o T < Cye for some C; > 0, we study the boundedness of the L”-extension

1-0 0 1-0 0 1-0 0
Tp9: D P MDP — LP(M,¢) which maps D » xD? to D » T(x)D7 for all x € M. Haagerup—Junge-Xu
showed that Tp 1 is always bounded and left open the question whether T}, ¢ is bounded for 6 # % We show that
°2

forany 1 < p <2andany 8 € [0,271(1 = \p = D] U [271(1 + y/p = 1), 1], there exists a completely positive T
such that T}, ¢ is unbounded. We also show that if T is 2-positive, then T}, ¢ is bounded provided that p > 2 or
I<p<2andBe[l-p/2,p/2].
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1. Introduction

Let M be a von Neumann algebra equipped with a normal faithful state ¢. Let T: M — M be a positive
map such that ¢ o T < Cj ¢ on the positive cone M*, for some constant C; > 0. Assume first that ¢ is a
trace (that is, ¢(xy) = ¢(yx) for all x, y € M) and consider the associated noncommutative L”-spaces
LP (M, ) (see, e.g., [6, 19] or [10, Chapter 4]). Let Co, = ||T||. Then for all 1 < p < oo, T extends to a
bounded map on LP (M, ¢), with
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2 C. Le Merdy and S. Zadeh

|T: £P(M,p) — LP(M, )| < ci,_%cf’; (1.1)

see [16, Lemma 1.1]. This extension result plays a significant role in various aspects of operator theory
on noncommutative L”-spaces, in particular for the study of diffusion operators or semigroups on those
spaces; see, for example, [1, 7, 11] or [14, Chapter 5].

Let us now drop the tracial assumption on ¢. For any 1 < p < oo, let LP(M, ¢) denote the
Haagerup noncommutative L”-space L” (M, ¢) associated with ¢ [8, 9, 10, 22]. These spaces extend
the tracial noncommutative L”-spaces £ (---) in a very beautiful way and many topics in operator
theory which had been first studied on tracial noncommutative LP-spaces were/are investigated on
Haagerup noncommutative L”-spaces. This has led to several major advances; see in particular [9],
[16, Section 7], [4], [2] and [13].

The question of extending a positivemap7: M — M to LP (M, ¢) was first considered in [ 16, Section
7] and [9, Section 5]. Let D € L'(M, ¢) be the density of ¢, let 1 < p < oo and let 6 € [0, 1]. Let

Tpo: DFMD? — LP(M, ¢) be defined by
1-6 A 1-0 KA
T,,,H(D > an) - DP'T()D?, xeM. (1.2)

(See Section 2 for the necessary background on D and the above definition.) Then [9, Theorem 5.1]
shows that if ¢ o T < Cj ¢, then TP’% extends to a bounded map on L? (M, ¢), with

5 b
||Tp’%: LP(M’ ()D) — LP(M5¢)|| < Coo ! C]I .

This extends the tracial case (1.1); see Remark 2.5. Furthermore, [9, Proposition 5.5] shows that if T
commutes with the modular automorphism group of ¢, then 7}, ¢ = T, 1 for all 8 € [0, 1].

In addition to the above results, Haagerup—Junge—Xu stated as an open problem the question whether
T),,¢ is always bounded for § # % (see [9, Section 5]). The main result of the present paper is a negative
answer to this question. More precisely, we show thatif 1 < p < 2andifeither0 < 6 <27 '(1—-+/p - 1)
or 271(1 +4/p —1) < 6 < 1, then there exists M, ¢ as above and a unital completely positive map
T: M — M suchthat g oT = ¢ and T, ¢ is unbounded; see Theorem 6.1.

We also show that for any M, ¢ as above and for any 2-positivemap7T: M — M suchthat poT < Ci¢p
for some C; > 0, then T, ¢ is bounded for all p > 2 and all § € [0, 1]; see Theorem 4.1. In other
words, the Haagerup—Junge—Xu problem has a positive solution for p > 2, provided that we restrict to
2-positive maps. We also show, under the same assumptions, that 7}, ¢ is bounded for all 1 < p <2 and
alld € [1 - p/2, p/2]; see Theorem 4.3.

Section 2 contains preliminaries on the L” (M, ¢) and on the question whether T, ¢ is bounded.
Section 3 presents a way to compute [T, ¢ in the case when M = M,, is a matrix algebra, which plays
a key role in the last part of the paper. Section 4 contains the extension results stated in the previous
paragraph. Finally, Sections 5 and 6 are devoted to the construction of examples for which T}, ¢ is
unbounded.

2. The extension problem

Throughout we consider a von Neumann algebra M and we let M, denote its predual. We let M* and
M denote the positive cones of M and M., respectively.

2.1. Haagerup noncommutative LP-spaces

Assume that M is o-finite, and let ¢ be a normal faithful state on M. We shall briefly recall the definition
of the Haagerup noncommutative LP-spaces L” (M, ¢) associated with ¢, as well as some of their main
features. We refer the reader to [8], [9, Section 1], [10, Chapter 9], [19, Section 3] and [22] for details
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and complements. We note that L” (M, ¢) can actually be defined when ¢ is any normal faithful weight
on M. The assumption that ¢ is a state makes the description below a little simpler.
Let (o-t"”),eR be the modular automorphism group of ¢ [20, Chapter VIII], and let

R =M »ye R ¢ M®B(L*(R))

be the resulting crossed product; see, for example, [20, Chapter X]. If M c B(H) for some Hilbert
space H, then we have R ¢ B(L*(R; H)). Let us regard M as a sub-von Neumann algebra of R in the
natural way. Then (o7 );er is given by

af(x) = A(0)xA(1)", teR, xeM, 2.1)

where A(1) € B(L*(R; H)) is defined by [A(1)&](s) = &(s — 1) for all ¢ € L>(R; H). This is a unitary.
For any ¢ € R, define W(r) € B(L*(R; H)) by [W(1)£](s) = e™5¢(s) for all ¢ € L*(R; H). Then the
dual action 7% : R — Aut(R) of o¥ is defined by

Tl (x) = W(H)xW(t)*, teR, xeR.

(See [20, §VIIL.2].) A remarkable fact is that for any x € R, 3;’” (x) =xforallt € Rifand only ifx € M.
There exists a unique normal semifinite trace 79 on R such that

o0, =e "1, teR;

see, for example, [10, Theorem 8.15]. This trace gives rise to the *-algebra L°(R, 19) of 7p-measurable
operators [ 10, Chapter 4]. Then for any 1 < p < oo, the Haagerup LP-space L” (M, ¢) is defined as

LP(M,¢) = {y € L°(R,70) : f(y) = e pyforalls € R}.
At this stage, this is just a *-subspace of L°(R, 79) (with no norm). One defines its positive cone as
LP(M,¢)* = LP(M.,¢) N L(R, 70)*.

It follows from above that L* (M, ¢) = M.

Lety € M/, that we regard as a normal weight on M, and let l?; be its dual weight on R[20, §VIIL.1].
Let hy be the Radon—Nikodym derivative of ¥ with respect to 7g. That is, Ay is the unique positive
operator affiliated with R such that

—~ 1 1
U(y) = To(hfpyhj,), y € Rs.

It turns out that 4, belongs to L' (M, ¢)* for all ¢ € M; and that the mapping ¢ — hy is a bijection
from M} onto L'(M, ¢)*. This bijection readily extends to a linear isomorphism M, —s L'(M, ¢),
still denoted by ¢ +— h,. Then L' (M, ¢) is equipped with the norm || - ||; inherited from M., that
is, lhylli = IY¥llp, for all y € M.,. Next, for any 1 < p < co and any y € LP(M, ¢), the positive
operator |y| belongs to L” (M, ¢) as well (thanks to the polar decomposition) and hence |y|” belongs to
L'(M, ¢). This allows to define Iyll, = |||y|”||71’ forall y € LP(M, ¢). Then || - ||, is a complete norm
on LP (M, ).

The Banach spaces LP (M, ¢), 1 < p < oo, satisfy the following version of Holder’s inequality (see,
e.g., [10, Proposition 9.17]).

Lemma 2.1. Let 1 < p,q,r < oo such that p~' + q=' = r~1. Then for all x € LP(M, @) and all

y € L1(M, @), the product xy belongs to L" (M, ¢) and ||xyll» < |lx|| ||y llg-
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Let D be the Radon—Nikodym derivative of { with respect to 79, and recall that D € L'(M, ¢)*.
This operator is called the density of ¢. Recall that we regard M as a sub-von Neumann algebra of R.
Then D = A(t) is a unitary of R for all € R and

af(x) =D"xD™", teR, xeM. (2.2)

Let Tr: L'(M,¢) — C be defined by Tr(hy) = ¢ (1) for all ¢ € M.. This functional has two
remarkable properties. First, for all x € M and all ¢ € M., we have

Tr(hyx) = ¥ (x). 2.3)

Second if 1 < p, g < oo are such that p~! + ¢~! = 1, then for all x € LP (M, ¢) and all y € LI (M, ¢),
we have

Tr(xy) = Tr(yx).

This tracial property will be used without any further comment in the paper.
It follows from the definition of || - ||; and equation (2.3) that the duality pairing {x, y) = Tr(xy) for
x € Mandy e L' (M, ¢) yields an isometric isomorphism

L' (M, ) =~ M. (2.4)
As a special case of equation (2.3), we have
¢(x) = Tr(Dx), xXeEM. 2.5)

We note that L>(M, ) is a space for the inner product (x|y) = Tr(y*x). Moreover, by equation (2.5),
we have

o(xx) = [[xD7|2 and @(xx*) = [D2x|2,  xe M. 2.6)

We finally mention a useful tool. Let M, C M be the subset of all x € M such that 1 — o/ (x)
extends to an entire function z € C — o (x) € M. (Such elements are called analytic). It is well known
that M, is a w*-dense %-subalgebra of M [20, Section VIIL.2]. Furthermore,

oi9(x) =D xD?, 2.7)

for all x € M, and all € [0, 1], and MQD% = D%Ma is dense in LP (M, ¢), forall 1 < p < oo. See
[15, Lemma 1.1] and its proof for these properties.

2.2. Extension of maps M — M

Given any linear map T: M — M, we say that T is positive if T(M*) c M*. This implies that T is
bounded. For any n > 1, we say that T is n-positive if the tensor extension map Ip;, ® T: M,®M —
M,®M is positive. (Here, M,, is the algebra of n X n matrices.) Next, we say that T is completely positive
if T is n-positive for all n > 1. See, for example, [18] for basics on these notions.

Consider any 6 € [0,1] and 1 < p < oo. It follows from Lemma 2.1 that DII;JHxD% belongs to
LP(M, @) for all x € M. We set
(1-6) 8
Apo=D 7 MD? C LP(M, ). (2.8)

It turns out that this is a dense subspace; see [15, Lemma 1.1].
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Let T: M — M be any bounded linear map. For any (p,0) as above, define a linear map
Tpo: Ap,o — Ap,e by equation (1.2). The question we consider in this paper is whether 7, ¢ ex-
tends to a bounded map L? (M, ¢) — LP (M, ¢) in the case when T is 2-positive and ¢ o T < ¢ on M,.
More precisely, we consider the following:

Question 2.2. Determine the pairs (p, 8) € [1, c0) X [0, 1] such that
Tpo: LP(M,¢) — LP(M, ¢)

is bounded for all (M, ¢) as above and all 2-positive maps 7: M — M satisfying o o T < ¢ on M,.

As in the introduction, we could consider maps such that ¢ o T < C;¢ for some C; > 0. However,
by an obvious scaling, there is no loss in considering C| = 1 only.

Remark 2.3. Question 2.2 originates from the Haagerup—Junge—Xu paper [9]. In Section 5 of the latter

paper, the authors consider two von Neumann algebras M, N, and normal faithful states ¢ € M, and

Y € N, with respective densities D, € L'(M, ) and Dy € L'(N, ). Then they consider a positive

mapT: M — N suchthatyoT < Cy¢ for some C; > 0. Given any (p, 0) € [1,00) X [0, 1], they define
2}

1-6

Tpo: DS MDY — LP(N,y) by
e g 10 0
Tpo(DJ xDL) =D T()DY,  xeM.
In [9, Theorem 5.1], they show that 7 ; is bounded and that setting Co, = ||T||, we have

2
L
P

p
1-L
T,y LP(M.g) — LP(N.W)I| < Coy 7 C

mention that the boundedness of T}, ¢ for 6 # % is an open question.

. Then after the statement of [9, Proposition 5.4], they

Remark 2.4. We wish to point out a special case which will be used in Section 5. Let B be a von
Neumman algebra equipped with a normal faithful state . Let A C B be a sub-von Neumann algebra
which is stable under the modular automorphism group of ¢ (i.e., o-t‘/’(A) C A for all t € R). Let
© = Y| be the restriction of ¢ to A. Let D € L'(A, ¢) and A € L' (B, ) be the densities of ¢ and ¥,
respectively. On the one hand, it follows from [9, Theorem 5.1] (see Remark 2.3) that there exists, for
every 1 < p < oo, a contraction

A(p): LP(A, @) — LP(B.¢)

such that [A(p)] (D xD %) = A% xA% for all x € A.

On the other hand, there exists a unique normal conditional expectation E: B — A suchthaty = goFE
on B by [20, Theorem IX.4.2]. Moreover, it is easy to check that under the natural identifications
L' (A, ¢)* ~ Aand L'(B,y)* ~ B (see equation (2.4) and the discussion preceding it), we have

A1) = E.

Now, using [9, Theorem 5.1] again, there exists, for every 1 < p < oo, a contraction
E(p): LP(B,¥) — LP(A, ¢) such that [E(p)](AiyA#) = DiE(y)DTi’ for all y € B. It is clear
that E(p) o A(p) = Irr(a,4). Consequently, A(p) is an isometry.

We refer to [15, Section 2] for more on this.

Remark 2.5. Let T: M — M be a positive map, and let ¢, D as in Subsection 2.1. Assume that ¢ is
tracial and for any 1 < p < oo, let LP (M, ¢) be the (classical) noncommutative L?-space with respect
to the trace ¢ [10, Section 4.3]. That is, LP (M, ¢) is the completion of M for the norm

1
Ixllee v,y = (@(XI7)) P, xeM.
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In this case, D commutes with M and

1
IDPx|lLe (a,e) = IXll2e (m, ) XeM;

see, for example, [10, Example 9.11]. Hence, T, 9 = Tpo forall 1 < p < co and all € [0, 1] and
moreover, T, o is bounded if and only if T extends to a bounded map LP (M, ¢) — LP (M, ¢). Thus,
in the tracial case, the fact that T), o is bounded under the assumption ¢ o T" < Cj ¢ is equivalent to the
result mentionned in the first paragraph of Section 1; see (equation 1.1).

3. Computing |7}, ¢|| on semifinite von Neumann algebras

As in the previous section, we let M be a von Neumann algebra equipped with a normal faithful state
¢ and we let D € L'(M, ¢)* be the density of ¢. We assume further that M is semifinite, and we let
7 be a distinguished normal semifinite faithful trace on M. For any 1 < p < oo, we let LP (M, T) be
the noncommutative LP-space with respect to 7. Although £P (M, 7) is isometrically isomorphic to the
Haagerup LP-space LP (M, 1), it is necessary for our purpose to consider £ (M, 7) as such.

Let us give a brief account, for which we refer, for example, to [10, Section 4.3]. Let LO(M ,T) be
the x-algebra of all T-measurable operators on M. For any p < oo, LP (M, 1) is the Banach space of all
x € L%(M, 1) such that 7(|x|?) < oo, equipped with the norm

1
Ixller (.0 = (v(Ix1P)) 7, x € LP(M, 7).

Moreover, L (M, 1) = M. The following analogue of Lemma 2.1 holds true: Whenever 1 < p,g,r < o
are such that p~! + ¢g~! = !, then for all x € £LP(M, 1) and y € £9(M, 1), xy belongs to L" (M, 1),
with [lxyll» < [|x],llx]l; (Holder’s inequality). Furthermore, we have an isometric identification

LY(M, 1) =M 3.1

for the duality pairing given by (x,y) = 7(yx) forallx € M and y € L' (M, 7).
Lety € £'(M, 1) be associated with ¢ in the identification (3.1), that is,

e(x) =7(yx), xeEM. (3.2)

Then vy is positive and it is clear from Holder’s inequality that forany 1 < p < c0,6 € [0,1] andx € M,
1-6 2]
the product y » xyP belongs to LP (M, 7).
It is well known that £P (M, 1) and LP (M, ¢) are isometrically isomorphic (apply Remark 9.10 and
Example 9.11 in [10]). The following lemma provides concrete isometric isomorphisms between these
two spaces.

Lemma 3.1. Let 1 < p < oo and 0 € [0, 1]. Then for all x € M, we have

0 e =0 e
HV P XV"”LP(M,T) = “D 7 XD o)

Before giving the proof of this lemma, we recall a classical tool. For any 6 € [0, 1], define an
embedding Jo: M — L'(M, ¢) by letting

Jo(x) =D'"0xDY, xeM.

Consider (J¢(M), L' (M, ¢)) as an interpolation couple, the norm on J4(M) being given by the norm
on M, that is,

HD"HxDHHJH(M) = |Ixlar, xeM. (3.3)
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Forany 1 < p < oo, let

C(p.0) = [Jo(M),L"(M,¢)] (3.4)

Sl

be the resulting interpolation space provided by the complex interpolation method [3, Chapter 4]. Regard
C(p,0) as a subspace of L' (M, ¢) in the natural way. Then Kosaki’s theorem [17, Theorem 9.1] (see

also [10, Theorem 9.36]) asserts that C(p, 8) is equal to Dli’e LP(M, go)D% and that
L 5
ID 7 yD7 |l¢(pgy = IVLragys ¥ €L (M, 9). 3.3)

Here, p’ is the conjugate index of p so that D]T’H yD§ belongs to L' (M, ¢) provided that y belongs to
LP(M, ).

Likewise, let jo: M — L'(M,7) be defined by jg(x) = y'~%xy? for all x € M. Consider
(jo(M), LY (M, T)) as an interpolation couple, the norm on jg(M) being given by the norm on M,
and set

c(p,0) = [jo(M), L' (M, 7)] (3.6)

IL”

regarded as a subspace of £' (M, 7). Then arguing as in the proof of [17, Theorem 9.1], one obtains that
1-0 4

c¢(p,0)isequal toy P LP(M,7)y? and that

1-0 R
”7 Pyy ||c(p,9) = ”y”CI’(M,T)’ Yy € LP(M, 7). 3.7

Proof of Lemma 3.1. We fix some 6 € [0, 1]. We start with the case p = 1. Letx € M. Forany x’ € M,
we have 7(yxx’) = Tr(Dxx’) and hence |7(yxx’)| = |Tr(Dxx’)|, by equations (2.5) and (3.2). Taking
the supremum over all x’ € M with ||x"|[y < 1, it therefore follows from equations (2.4) and (3.1) that

”WC”LI(M,T) = ”DXHLI(M,(,D)’ xXeM. (3.8)

Now, assume that x € M, (the space of analytic elements of M). According to equation (2.7), we have
Do’i"; (x) = D'79xDY. Likewise, o/ (x) = y""xy~" for all t € R, by [20, Theorem VIII.2.11], hence
o (x) =y xy?. Hence, we have yo [ (x) = y'~%xy?. Applying equation (3.8) with 0% (x) in place

of x, we deduce that

||7(1_6)x79”51(M,T) = ”D(I_H)XD (3.9)

6||L1(M,<p)'

Consider the standard representation M < B(L?(M, ¢)), and consider an arbitrary x € M. Assume
that 0 > % There exists a net (x;); in M, such that x; — x strongly. Then xl-D% — xD? in L*(M, ).
Applying Lemma 2.1 (Holder’s inequality), we deduce that D'=9x;D? = D'=9(x;D 2 )DQ‘% converges
to D'=9xD? in L! (M, ¢). (This result can also be formally deduced from [12, Lemma 2.3].) Likewise,
y'7%x;9? converges to y'~?xy? in L' (M, 7). Consequently, equation (3.9) holds true for x. Changing
x into x*, we obtain this result as well if 8 < % This proves the result when p = 1.

We further note that the proof that A; g = DU~ M D? is dense in L' (M, ¢) shows as well that the
space y'"?My? is dense in L' (M, 7). Thus, equation (3.9) provides an isometric isomorphism

®: L'(M, ) — L£Y(M, 1)
such that

(I)(Dl_ngg) =y170xy?, xeM.
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Now, let p > 1 and consider the interpolation spaces C(p, ) and c(p, 6) defined by equations (3.4)
and (3.6). Since jg = ® o Jy, the mapping D restricts to an isometric isomorphism from C(p, 8) onto
¢(p,0). Letx € M. Applying equations (3.7) and (3.5), we deduce that

e e _
[y # xyr “LP(M,T) = ' 9“’9”6(1),9)

= ”DI_OXDH”c(p,e)

e o
= ”D P XDPHLP(M,@’
which proves the result. O

The following is a straightforward consequence of Lemma 3.1. Given any T: M — M, it provides a
concrete way to compute the norm of the operator T}, y associated with ¢. Note that in this statement,
this norm may be infinite.

Corollary 3.2. Let 1 < p < oo, let0 € [0,1], and let T: M — M be any bounded map. Then

=) 0 o o
ITp.0ll = sup{”y P Tx)y?|, : x €M, v xyl’“p < l}.

Let n > 1 be an integer, and consider the special case when M = M,,, equipped with its usual trace
tr. For any ¢ and T: M,, — M, as above, T}, ¢ is trivially bounded for all 1 < p < co and 6 since
LP(M,, o) is finite-dimensional. However, we will see in Sections 5 and 6 that finding (lower) estimates
of the norm of 7}, ¢ in this setting will be instrumental to devise counterexamples on infinite dimensional
von Neumann algebras. This is why we give a version of the preceding corollary in this specific case.

Forany 1 < p < oo, let S5 = LP(M,,, tr) denote the p-Schatten class over M,,.

Proposition 3.3. Let I" € M,, be a positive definite matrix such that tr(I') = 1 and let ¢ be the faithful
state on M,, associated with T, that is, ¢(X) = tr(I'X) forall X € M,,. Let T: M,, — M,, be any linear
map. For any p € [1,00) and 6 € [0,1], let Up, ¢: SP — SP be defined by

1-0 _1-0 _0 0
Upo(Y)=T P T(L 7 YT »)l7, Y eSP. (3.10)
Then

|Tp.0: L? (Mp, @) — L (M, ¢)|| = ||Up.0: Sk — Sk

4. Extension results

This section is devoted to two cases for which Question 2.2 has a positive answer. Let M be a von
Neumann algebra equipped with a faithful normal state ¢, and let D € L' (M, ¢)* denote its density.

Theorem 4.1. Let T: M — M be a 2-positive map such that ¢ o T < @. For any p > 2 and for any
€ [0,1], the mapping Ty ¢: Ap .o — Ap ¢ defined by equation (1.2) extends to a bounded map
LP(M,¢) = LP(M, ¢).

Proof. Consider a 2-positive map 7: M — M such that ¢ o T < ¢. We start with the case p = 2. For
any x € M, we have

T(x)'T(x) < [ITIT(x"x),
by the Kadison—Schwarz inequality [5]. By equation (2.6), we have
l * * * l
ITX)D2 |5 = ¢(T(x)'T(x)) < ITlle(T(x"x)) < I Tlle(x"x) = IT[|IxD? ;.

This shows that 75 1 is bounded. The proof that 75 ¢ is bounded is similar.
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Now, let 6 € (0, 1) and let us show that 7»_¢ is bounded. Consider the open strip
S={z€C:0<Re(z) <1}.
Let x,a € M, and define F: S - C by

F(z) = Tr(T(O'f(l_Z) (X))D%O'ip%z (a)D%).

2

This is a well-defined function which is actually the restriction to S of an entire function. For all ¢ € R,

we have
F(it) = Tr(D% T(O'f (o-ip(x)))D%O';(a))
- Tr(D% T(D-%ag’(x)D%)D%ag’(a))

by equation (2.7). Hence, by equation (2.2),

IF(in] < [ro(of 3| [pief @
<|rofllp% 020750 % (D2a) 7%
= |Im.oll[xD? [0 all,.
Likewise,
F(1+it) = Tr(Tz,l (a'f(x)D%)D%O'f(a)),
2 2
hence
F(1+in)] < [Tk ], |D2all,.
By the three lines lemma, we deduce that
F©O)] < [Tl o] D2 [Pl

To calculate F(6), we apply equation (2.7) again and we obtain

)
2

F(60) =Te(T(D~xD ¥ )DD%aD"

9
2

=

D

)
d

1-6 1-6 1

=Tr(D" T(D"3"xD2D %D

vl
(ST

D

Thus,
[Te(72.0 (D) D )| < 720l = ol D ) D

Since MaD% and D%Ma are both dense in L2(M ,¢), this estimate shows that 75 ¢ is bounded, with
1-0 0
12,01l < |T20] 221"
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We now let p € (2, 00). The proof in this case is a variant of the proof of [9, Theorem 5.1]. We use
Kosaki’s theorem which is presented after Lemma 3.1; see equations (3.4) and (3.5). Let 6 € [0, 1]. Let
S9: M — L*(M, ¢) be defined by Jg(x) = D*xD% forall x € M. Equip J¢ (M) with

)
D= xDZ||3H(M) = |Ix|las, xeM. 4.1)
Consider (J¢(M), L>(M, ¢)) as an interpolation couple. In analogy with equation (3.4), we set

E(p,0) = [Je(M),L*(M, 90)]%,

subspace of L?(M, ¢) given by the complex interpolation method. Let ¢ € (2, o) such that

+

1
3

< |-
Q| =

We introduce one more mapping Ug: L>(M, ¢) — L' (M, ¢) defined by
e o
Up(()=D=¢(D2,  (eL*(M.g).

By equation (3.5), Uy is an isometric isomorphism from L?>(M, ¢) onto C(2, §). Since Uy restricts to an
isometric isomorphism from J4 (M) onto Jg (M), by equations (3.3) and (4.1), it induces an isometric
isomorphism from E(p, 6) onto []9 (M), C(2, 9)] » . By equation (3.4) and the reiteration theorem for

P
complex interpolation (see [3, Theorem 4.6.1]), the latter is equal to C(p, 6). Hence, U actually induces
an isometric isomorphism

E(p.0) % C(p.0). 4.2)

Ug(D'7 yD4) = D7 yDV
forall y € L” (M, ¢). Applying equations (3.5) and (4.2), we deduce that
E(p,6) =D '@ LP(M,g)Di,
with
D% D%, o) = Dl v € LP (M. g). 4.3)
Now, let
S=Tog: L*(M,p) — L*(M, ¢)

be given by the first part of the proof (boundedness of 7»_¢). By equation (4.1), S is bounded on Jg(M).
Hence, by the interpolation theorem, S is bounded on E (p, 6).
Using equation (4.3), we deduce that for all x € M,

|D % T(x)D7|

1-6 9
LP(M,p) = D= T(x)D> ||E(p,9)
<|s: E(p,6) — E(p,e)’|||D%xD?||E<p,0)

=|Is: E(p.6) > E@.O|ID 7 xD || 1.,

This proves that T, ¢ is bounded and completes the proof. O
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Remark 4.2. Let T: M — M be a 2-positive map such that ¢ o T < CT for some C; > 0, and let
Co = ||T||. It follows from the above proof and an obvious scaling that for any p > 2 and any 6 € [0, 1],
we have

-1 1
|Tp.0: LP (M, ) — LP(M, )| < Cs " C.
Theorem 4.3. Let T: M — M be a 2-positive map such that o oT < @, and let 1 < p < 2. If

1-

IA
S
IA

4.4)

) lan}
Y lav}

thenTy, g1 Ap.g — Ap,g extends to a bounded map LP (M, ¢) — LP (M, ¢).

Proof. We will use Theorem 4.1 on L?(M, ), as well as the fact that T; g is bounded; see [9, Lemma
5.3] or Remark 2.3. Let p € (1,2), let 6 satisfying equation (4.4), and let

1
uh SO (4.5)
P P p P 2

where p’ is the conjugate number of p.
We set

S=T,1: L'(M,¢) — L (M, ¢).

Let V: L2(M, ) — L'(M,¢) defined by V(y) = D¥yD2" for all y € L2(M, ¢). According to
equation (3.5), V is an isometric isomorphism from L?(M, ¢) onto C (2,1 — ). Hence, for all x € M,
we have

||S(DZXD e - ) =[p* D T()D? D7“C(21 )

= ”DTT(’C)D7 “LZ(M )

1-n

< [T.nlllD = xDF 2 0 o

= ||T2,,,|H|D%fo “C(Z,l—n)'

Here, the boundedness of 75 ,, is provided by Theorem 4.1. This proves that S is bounded on C(2, 1 — 7).
By equation (3.4) and the reiteration theorem, we have

C(p’ 1- T]) = [C(Z’ 1= n)’Ll(M’ SD)] %_1'

Therefore, S is bounded on C(p, 1 — 7). Using equation (3.5) again, as well as equation (4.5), we deduce
that for any x € M,
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|D % Tx)D7|

= |p# 0" 1D D 7
= ”DiT(x)Dénc(p,l—n)
< HS: C(p,1-n) —C(p,1- U)HHD%XD%”C(EI—U)

=|ls: C(p.1-n) = C(p. 1 -p)|||D7 xD7|

LP (M ,q) |C(p 1-17)

LP(M,¢)"

This shows that 7}, ¢ is bounded. ]

5. The use of infinite tensor products

In this section, we show how to reduce the problem of constructing a unital completely positive map
T:(M,p) = (M, ) such that g oT = ¢ and T}, ¢ is unbounded, for a certain pair (p, 6), to a finite-
dimensional question. In the sequel, by a matrix algebra A, we mean an algebra A = M,, for some n > 1.

Lemma 5.1. Ler Ay, Ay be two matrix algebras, and for i = 1,2, consider a faithful state p; on A;. Let
B = A| ®min Az and consider the faithful state y = ¢1 ® p, on B. Let T;: A; — A; be a linear map, for
i=1,2, and consider T =T, ® Tr: B — B. Then for any 1 < p < oo and any 6 € [0, 1], we have

|Tp.0: LP(B,y) — LP(B,y)| =
{Ti}p.o: L (A1 91) = LP (A, @)|[[{Ta}p.o LP (A2, 92) = LP (A2, ¢2)-

Proof. Letny,ny > 1suchthat Ay = M, and Ay = M, and letn = nyny. Fori =1,2,letI; € M,,l. such
that ¢; (X;) = tr(I'; X;) for allX € M As in Pr0p051t10n3 3, consider the mapping {U; } 5 ¢ S Sﬁ[

defined by {U;}p,0(Y;) =T, o T; (F o Y; F )F” for all Y; € S,.. Using the standard identification
B = Mn1 ®min an =~ M,, 5.1

we observe that ¢ (X) = tr((I'y ® I2) X)) for all X € M,,. Hence, using the identification S}, = S; ® S%,
inherited from equation (5.1), we obtain the the mapping U, ¢ defined by equation (3.10) is actually
given by

Up.o ={U1}p.0 ® {Uz}p,6.

For any Y; € SF and Y, € S5, we have ||Y; ® Y2, = [|Y1ll, Y2, Hence, we deduce

{U1}p. o YDI{U2} po (Y2l = [{U1}p,6(Y1) ® {Uz}p,a(Y2)l
= ||Up,o(Y1 ® Y2)||
< |NUp.olllIYilplIY2llp-

This implies that |[{U1}p,0lll[{U2}p,0ll < IUp,6ll Applying Proposition 3.3, we obtain the requested
inequality. O

Throughout the rest of this section, we let (A )x>1 be a sequence of matrix algebras. For any k£ > 1,
let ¢ be a faithful state on Ay. Let

(M, ) = ®r>1(Ax, ¢r)
be the infinite tensor product associated with the (Ag, ¢r). We refer to [21, Section XIV.1] for the

construction and the properties of this tensor product. We merely recall thatif we regard (A|®- - -®A; )n>1
as an increasing sequence of (finite-dimensional) algebras in the natural way, then
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B::UA1®~~-®An (5.2)

is w*-dense in M. Further, ¢ is a normal faithful state on M such that

PI1® B Yy =PA®-®An>
foralln > 1.

Proposition 5.2. Let 1 < p < coand 8 € [0,1]. Forany k > 1, let Ty, : Ay — Ay be a unital completely
positive map such that ¢y o Ty = pi. Assume that

n
I_l ||{Tk},,,9: LP (Ay, pi) — Lp(Ak,cpk)H —> oo when n — 0.
k=1
Then there exists a unital completely positivemap T : M — M suchthat poT = ¢ andT), ¢ is unbounded.

Proof. For any n > 1, we introduce B, = A| ®min - - - ®min An and the faithful state

Un=01Q - ®py

on B,. According to [21, Proposition XIV.1.11], the modular automorphism group of ¢ preserves B,,.
Consequently (see Remark 2.4), there exists a unique normal conditional expectation E,: M — B,
such that ¢ = ¥, o E,, and the preadjoint of E,, yields an isometric embedding

L' (Bu,Yrn) > L' (M. ).
Likewise, let F,,: B,+1 — B, be the conditional expectation defined by
Fp(a1 ® - ®an ® ans1) = ¢nr1(ans1) a1 ® -+ ® ay, (5.3)
foralla; € Ay,...,a, € Ap,any1 € Aps1. Then the preadjoint of F,, yields an isometric embedding
Jnt L' (Bustrn) = L' (Bus1, Yrns)-

We can therefore consider (L!(B,, zpn))nZl as an increasing sequence of subspaces of L' (M, ¢). We
introduce

L= JL' B yn) € L' (M, ).

n>1
Let D € L'(M, ¢) be the density of ¢. It follows from Remark 2.4 that
L=D3BD?,

where B is defined by equation (5.2). Since B is w*-dense, it is dense in M for the strong operator
topology given by the standard representation M < B(L?(M, ¢)). Hence, by [12, Lemma 2.2], BD?
is dense in L2(M, ). This implies that £ is dense in L' (M, ¢).

For any n > 1, let

Vin) =TY'®---®T,: B, — B,.
This is a unital completely positive map. Hence, its norm is equal to 1. Let

Sy =V(n).: L'(Bu,¢n) — L' (Bu,t0n)
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be the preadjoint of V(n). Then ||S, || = 1. We observe that
JnOSn :Sn+1 oJy. (54)

Indeed by duality, this amounts to show that V(n) o F,, = F,, o V(n + 1), where F}, is given by equation
(5.3). The latter is true because ¢,+1 © Tyl = @n+l-
Thanks to equation (5.4), one may define

S:L—L

by letting S(n) = S,(n) if 7 € L' (B,,¥,,). Then S is bounded, with ||S|| = 1. Owing to the density of
L, there exists a unique bounded S: L'(M, ¢) — L'(M, ¢) extending S. Using the duality (2.4), we set

T=S:M—M.

By construction, T is a contraction. Furthermore, for each n > 1, S; = V(n) is a unital completely
positive map and i, o S}, = i,,. We deduce that T is unital and completely positive and that

poT =¢.
Let1 < p < o, and let 6 € [0, 1]. Let us use the isometric embedding
L?(By,yn) — LP (M, ¢) (5.5)

as explained in Remark 2.4. If D, denotes the density of i, then it follows from [9, Proposition
1-6 2]

5.5] that the embedding (5.5) maps DnT xD,? to Dll;ﬁxDlﬁl for all x € B,,. Then the restriction of
Tpo: Ap,o — LP (M, ¢) coincides with

V(n)p,G: Lp(Bn’ d/n) — Lp(Bm l»[/n)
Finally we observe that by a simple iteration of Lemma 5.1, we have
V.ol = [ [ITk}p.0 L7 (A 01) = LP (Ak, 90|
k=1

The assumption that this product of norms tends to oo therefore implies that the operator T), ¢ is
unbounded. O

6. Nonextension results
The aim of this section is to show the following.

Theorem 6.1. Let 1 < p < 2. If either

(1+yp-1)<6<1, 6.1)

then there exist a von Neumann algebra M equipped with a normal faithful state ¢, as well as a unital
completely positive map T: M — M such that ¢ oT = ¢ and the mapping T, g: Ap.o — Ap, ¢ defined
by equation (1.2) is unbounded.

N —

1
0S9<§(1— p-1) or

This result will be proved at the end of this section, as a simple combination of Proposition 5.2 and
the following key result. Recall that M, denotes the space of 2 X 2 matrices.
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Proposition 6.2. Let 1 < p < 2, and let 0 € [0, 1] be satisfying equation (6.1). Then there exist a unital
completely positive map T : Mo — M, and a faithful state ¢ on M such that o oT = ¢ and ||T, ¢l| > 1.

Proof. Let ¢ € (0, 1), and consider

l-cO
(5
This is a positive invertible matrix with trace equal to 1. We let ¢ denote its associated faithful state on
Ms, that is, ¢(X) = tr(T'X) = (1 — ¢)x11 + cxa, for all X = (i“ ?2) in M>.
21 X22

Let E; ;, 1 <i,j < 2, denote the standard matrix units of M,. Let T: M> — M be the linear map
defined by

1

T(En)=(1-c)h, T(Ex)=ch, and T(Ey)=T(Ep) = (c(1-c))?(En+Ey).

Let A = [T(Eij)], j<2 € Ma(M). If we regard A as an element of My, we have

1-c 0 0 (c(1=-¢))?
A= 0 1-¢ 1 (c(l—c))% 0
0 (c(1=¢))2 c 0
(c(1=-¢))2 0 0 ¢

Clearly, A is unitarily equivalent to B ® I,, with
B= 1-¢ (c(l—c))%
(c(1-¢))2 c '

It is plain that B is positive. Consequently, A is positive. Hence, T is completely positive, by Choi’s
theorem (see, for example, [18, Theorem 3.14]). Furthermore, T is unital. We note that ¢(T'(E11)) =
e(En) =1=c,o(T(Ex)) = ¢(Ex) = ¢, p(T(E12)) = ¢(E12) = 0and o(T(E21)) = ¢(E21) = 0. Thus,

poT =¢.

Our aim is now to estimate ||T, ¢||, using Proposition 3.3. We let U, 4: Sf — Sé’ be defined by
equation (3.10). We shall focus on the action of U, ¢ on the antidiagonal part of Sé’ . First, we have

-0

_l-e _e -6 _#
I P Epl™?=(1—-c¢)" P c PEj.
Hence
_l1-0 _8 e _e
T(F p Eplr 1’) = (1 —C) rc PT(E12)
= (1-0) 7 ¢ (e(1 = 0)F (Epy + En).

Hence,

_1-0 _#6 1 1-6 o 1-6 KA
Upo(Ern)=(1—c) 75 (c(l —c))f(r W EnTs +T 7 E21FP)
1-60

10 _e i =0 o -0 o
=(l-¢) ?Pc P(c(l—c))f((l—c) pcPEp+cP (l—c)PEzl)

= (c(1- c))é(En + (IC;C)ZBP_IEZI).
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Likewise, we have

Set

6=(1—C) e 6.2)
Consider
Y = (0 g) with la|? +[b|P = 1
so that ||Y]|, = 1. Then

Up,g(Y) = (C(l - C))%(aElg +a6E21 + b6_1E12 + bEzl)
= (c(1=¢))?((a+b6"")Ep + (ad + b)Eyy).

Hence,
||Up’g(Y)||£ = (c(1 - c))% ((a + b6‘1)1’ + (ad + b)P). (6.3)

To prove Proposition 6.2, it therefore suffices to show that forany 1 < p < 2 and 8 € [0, 1] satisfying
equation (6.1), there exist @, b > 0 and ¢ € (0, 1) such that

a?+b? =1  and  (c(1—-¢)?((a+bs™")P + (ad+b)P) > 1,
where ¢ is given by equation (6.2).

We first assume thatp > 1. We let g =
above, we define

P

re denote its conjugate exponent. Given ¢ € (0, 1) and 6 as

1 1
59 \» 1 \7
a—(1+5q) and b—(1+5q) . (6.4)

They satisfy a? + b” = 1 as required. Note that these values of (a, b) are chosen in order to maximize
the quantity (c(1 — c))l? ((a+b671)P + (ad + b)P), according to the Lagrange multiplier method.
We set

1 1 1
Ct=§+t, —§<t<§.

Then we denote by ¢;, a;, b; the real numbers J, a, b defined by equations (6.2) and (6.4) when ¢ = c¢;.
Also, we set

ve = (c;(1 _Ct))g and my =7t((at+bt5t_1)p+(015t+bz)p)~

It follows from above that it suffices to show that m, > 1 for some ¢ € (0, %) We will prove this property
by writing the second-order Taylor expansion of m;,.
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We have

(ar + b6 )P + (ar6; + b)P = (1+68,7)(a;6; + by)P.

Moreover,
5" 5
a;0; = - = - .
(1467 (1+60)7

Hence,

(ar + b6, + (ard; +b)? = (1+68,7)(1+89)77".
Consequently,

m, =y, (1+6,7) (67 +1)"".
In the sequel, we write
fi =&

when f; = g; + 0(1?) whent — 0.
We note that ¢, (1 — ¢,) = (5 +1)(3 — ) = (1 — 4¢%). We deduce that

_ 1 2
Y = 2—,,(1 - 2pt”).

We set 1 = 26 — 1 for convenience. Then we have

1—2¢\%
o= (152)”
1+2¢

= ((1-20)(1 =21 +4%) 7
= (1-41+8%)7

42 82 14/2
51——t+—t2+——(——1)(4t)2
p P 2p\p
42 8%
El——l‘+—zl‘2.
p P

This implies that

Likewise,

677 = 1 +4ar + 8%
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Since p — 1 = =, we have

r
q

(1+67)P~! 217(1 - 2/1_qt /12612 2)

SIS

2

(1 - mtﬁf% ;g(_l)(”—qyﬂ)

27 (1241 +24%%).

Combining this expansion with equations (6.5) and (6.6), we deduce that
m = 2ip(1 —2p1%) - 2(1 + 22t +42%4%) - 24 (1 - 241 + 24%q7%)
= (1 =2pr®) (1 +22%¢1%).
Consequently,
m = 1+ ar’ with a =2(1%qg - p). 6.7)
The second-order coefficient @ can be written as

a= 2q((29 12— g)

_ 2 q9-p
—8q(9 0+ )
=8q(6 —6)(6 - 61),

with

002%(1— p—l) and 912%(1+Vp—1).

Now, assume equation (6.1). Then o > 0. Hence, equation (6.7) ensures the existence of ¢t > 0 such
that m; > 1, which concludes the proof (in the case p > 1).
We now consider the case p = 1. We apply the same method as before, with

a=1 and b=0.

According to equation (6.3), it will suffice to show that whenever 6 # %, there exists ¢ € (0, 1) such that
(c(1=e)2(1+6) > 1.

Again, we set ¢; = % +t, for —% <t< %, we define §, accordingly, and we set
1
m; = (¢ (1 —¢:))2(1+6;).
It follows from the previous calculations that

(c,(1—c,))%=%+o(t) and 6 =1-4(20 - 1)t +0(1).

Consequently,

m, =1-2(20 - 1)t +o(¢).

This order one expansion ensures that if § # %, then there exists ¢t € ( — %, %) such that m(¢) > 1, which
concludes the proof (in the case p = 1). O
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Proof of Theorem 6.1. Let (p, ) satisfying equation (6.1). Thanks to Proposition 6.2, let Ty: My — M,
and let g be a faithful state on M> such that ¢g o Ty = ¢ and [|{To} ¢l > 1. We apply Proposition 5.2
with (Ag, ¢k, Tr) = (M3, @9, Tp) for all k > 1. In this case,

n

[ T1Tic3 ool = 1470} .6l

k=1
and the latter goes to co when n — oco. Hence, T}, ¢ is unbounded. O

Remark 6.3. With Theorem 4.1, Theorem 4.3 and Theorem 6.1, we have solved Question 2.2 in the
following cases: (i) p > 2 and 6 € [0,1]; (i) 1 < p <2and 6 € [1 - p/2,p/2]; (ii) 1 < p <2 and

0ef0,271(1-yp-D):(iv)1 <p<2andfe (27 (1++p- 1),1].

However, we do not know the answer to Question 2.2 when 1 < p < 2 and

ge2'(1-+p-1),1-p/2) o e (p/227'A++p-1)].

Writing a (+) when Question 2.2 has a positive answer, a (—) when it has a negative answer and a (?)
when we do not know the answer, we obtain the following diagram:

0 2D

(1,0.5)

(10)@------oolllIlIlTE

(2,0
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