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Let H be a complex Hilbert space. For any operator (bounded linear transformation)
T on H, we denote the spectrum of T by o(T). Let T=(T,,..., T,) be an n-tuple of
commuting operators on H. Let Sp(T) be the Taylor joint spectrum of T. We refer the

reader to [8] for the definition of Sp(T). A point v=(v,...,v,) of C" is in the joint
approximate point spectrum o, (T) of T if there exists a sequence {x, } of unit vectors in H
such that

T,-v)x | -0 as k—c for j=1,...,n
A point v=(v,,..., v,) of C" is in the joint approximate compression spectrum o(T) of
T if there exists a sequence {x.} of unit vectors in H such that

(T-v)*x)l—0 as k—o for j=1,...,n
A point v=(v,,...,v,) of C" is in the joint point spectrum o,(T) of T if there exists a

non-zero vector x in H such that (T;—y;)x=0 for all j, 1<j=n.
Consult [4] for further details regarding the notions of o (T), 05(T) and o,(T). It is
well known that o, (T)Uos(T)<= Sp(T).

LeMma 1 (S. K. Berberian [1]). Let B(H) be the *-algebra of all bounded operators on
H. Then there exists an extension space K of H and a faithful *-homomorphism of B(H)
into B(K):S — S° such that
0.(S) = 0,(8%) = 0,(S°).

Furthermore, if T=(T,,...,T,) is an n-tuple of commuting operators on H then
0. (Ty, ..., T)=0, (TS, ..., TO=0,(TS,..., TY.
See [2] or [5, Proposition 3.2] for a proof.

An n-tuple T=(T,, ..., T,) of operators is said to be hyponormal if T*T,—T,T*=0
forj=1,...,n Wesay that T=(T,, ..., T,) is semi-normal if each T; is semi-normal (T;
or T% is hyponormal) for j, 1sj<n.

LemMma 2 [3, Corollary 3.8]. Let T=(T,,..., T,) be a doubly commuting n-tuple
of hyponormal operators (i.e. T.T,=TT; for all i, j and T,T¥=T}T, for all i#j, and
T*T,=T.T*). Then

Sp(T) = a5(T). (1)

Furthermore, if T=(T,, T,) is a doubly commuting pair of operators with T, and T3 being
hyponormal then

(vy, v2) € Sp(Ty, T>) if and only if (v, V’;)ESP(TD T3) =0 (Ty, T’;) 2
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The following result was proved by Putman [6]. See also [7].

LemMMmA 3. Let T be a semi-normal operator with T= A +iB.
(D) If A ec(A), there exists a real number u and a sequence {x,} of unit vectors such
that
A =M ]| —0 and (B — w)xll— 0,

that is, A + i € o(T). Similarly, if w € o(B) then there exists a real number A and {x.} in H
with lx.||=1 such that

A =Mxl—0 and |(B—p)x)l—0.
(ii) Let A and w be real numbers. If A +ip c o(T) then A € 5(A) and n € o(B).
We generalize this result to doubly commuting n-tuples of semi-normal operators.

THEOREM. Let T=(Ty,...,T,) be a doubly commuting n-tuple of semi-normal
operators with T,=A; +iB;, j=1,...,n. Write A=(A,,...,A,) and B=(B,,...,B,).

@D If A=(Ay,...,A,)eSp(A) then there exists w = (w4, ..., n,)€R™ and a sequence
{x,} of unit vectors in H such that

“(Aj ")\,‘)xk” —0 and “(Bi - H'j)xk“_) 0, i=1,...,n,

that is, v=A+iw =1 +iwq, ..., A, +in,)€Sp(T).

An analogous result holds for Sp(B).

(ii) Let A; and w; be real numbers for j, j=1,....n If A+ip=
A +igy, oo, A +ip,)eSp(T) then A=(Aq,...,A)eSp(A) and pw=(uy,...,m)€E
Sp(B).

Proof. It is clear from Lemma 2 (2) and the proof of the theorem given below that
there is no loss of generality in assuming that T=(T,, ..., T,) is hyponormal.

(i) Here we give the proof for Sp(A). The proof for Sp(B) is similar. Furthermore,
since A is an n-tuple of commuting self-adjoint operators, it is well known that
Sp(A)=0,_.(A). (Consult [4] or Lemma 2.) Thus A e€o,.(A). By Lemma 1, we have
. (A)=0,(A%=0,(A°. Hence A=(Ay,...,A,)€0,(A°). Set

M={feK:(A}—-\)f=0, ji=1,...,n}L

We show that M is a reducing subspace for BY, ..., BY. Since T? is hyponormal, we have
TO*TO— TOTY* = 2i(AB{—B°A)=0. Set C, =i(AB%~B°A%). Thus C =0. But
(A?—A)BY—B)(A)—\;)=—iC. Therefore, for feM, —i(Cf,f)=AY-N)B,f)—
(BY(A?—=\)f, H=0. Since C;=0, it follows that Cf =0. This implies that (A —A;)BYf =
0. If i#j, (AY—N)B?=BY(A?— ). Thus (AY—A)BYf=0 for fe M. Hence M is a reduc-
ing subspace for BY,...,Bf. Thus there exists p =(uy, ..., to) €0, (BY,,...,Bo)=
0,(BY,, ..., B%,). This implies that there exists a non-zero vector fe M such that Byf =
pifs i=1,...,n. Hence (A, p)eo,(A°% B%) =0,(A, B). Therefore, there exists {x.} in H
with ||x.|| = 1 such that

A —2)x)l— 0 and |(B;—p)x]|— 0, i=1,...,n
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(i) We will prove this part of the theorem by the method of induction. For n =1, see
Lemma 3(ii). However, we give here a simple proof. If v =A+iueo(T), where T is
hyponormal, then there exists a real number p’ such that v' = A +in’ €30 (T). Here do(T)
denotes the boundary of o(T). But 80(T)< 0,.(T). This means that there exists a
sequence {x} of unit vectors in H such that (T—v)*(T—v)x, x)—0. But
(T—-vYT—v)=(A—A)*+(B—w)*+C. Since C=0, this implies that [|(A—A)x|— 0.
Thus A € 0(A). Next we assume that the theorem is true for (n—1)-tuples (T3, ..., T, 4).
Moreover, if we denote the complex conjugate of a complex number » by v*, then
Sp(T) = 05(T) = 0, (TH* = 0. (T*)* = 0, (T*)*. Thus v*= (%, ..., v¥) e, (T*"). Hence
there exists feK such that (T¥—-v¥)f=0 for j=1,...,n Let E=
{fe K:(TF-v¥)f=0}. Since TY,..., Ty_, are doubly commuting, it is clear that E is a
reducing subspace of TY,..., TS ;. Thus (0%, ..., v% )ea,(TED, ..., TE2,,). This im-
plies that (vq,..., v, 1)eSp(TY, ..., To_y,). Note that (T9,..., Tp_y,) is a doubly
commuting (n — 1)-tuple of hyponormal operators. Thus by the assumption, it follows that

Ay, o5 Ay €0L(AY, ..., AV ) =0, (AS,, . .., Ah_y). Therefore, there exists a non-
zero vector f, such that
Affo=Afo (G=1,...,n—1) and T¥f,=vif,. 3)

Let N={feK:A%=Af j=1,...,n—1}. Thus, by equation (3), we have v, eo(T}).
Set v, = A, +iu,. Clearly T, is hyponormal. But 80(T0, ) = 0,(T%,). Thus there exists a
real number u), such that v, =A, +in,€d0(Ty )< 0,.(Ty)=0,(T,). This means that
there exists fe N such that (T2—v,)f =0. But Ty, is hyponormal and hence Ty, — v}, is

"”N
hyponormal. Thus 0=(T},,— v)™(To, —v)f =(AN.— A f+Bo, —unl)’f+CJf. Since
C, =0, this implies that (Ayx— A, )f = 0. Therefore, we have (A)—A)f=0,forj=1,...,n.
Hence Ae€o,(AY,...,AD=0.(A...,A,). Similarly, one shows that (uq,..., u,)€

o.(By,...,B,). This proves the theorem.

Thus we have shown:
Sp(A)={Re v:veSp(T)}
and
Sp(B) ={Im v:veSp(T)},

where T=(T,,..., T,) is an n-tuple of doubly commuting semi-normal operators, and
Rev=Rev,,...,Rer,) and Imv=(Imv,,...,Imyp,).

CoroOLLARY. Let T=(Ty,...,T,) be a commuting n-tuple of semi-normal operators. If
Sp(T)<=R" then T, is self-adjoint for each j, j=1,...,n.

Proof. Suppose that T;=A; +iB;, B;# 0 for some j. Then there exists a real number
p; 70 such that y;e€o0(B;). Then by the above theorem, there exists A;€R such that
A; +ip; € o(T). See also [5]. But, by the projection property of Taylor’s joint spectra, we
have P(Sp(T)) = o(T)), where P, is the projection onto the jth co-ordinate. Thus we have
A +ip; € o(T) = P{Sp(T)). This contradicts the fact that Sp(T)<=R". Thus T; is self-adjoint
for each j, j=1,...,n.
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In the passing, we remark that our proof of the theorem also gives a simpler proof of
Putman’s theorem [Lemma 3].
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