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ON UPCROSSING PROBABILITIES 

DAVID R. MCDONALD 

1. Introduction. In [1] a simple but ingenious technique was developed for 
calculating hitting probabilities for submartingales (or martingales or super-
martingales) subject to various constraints. This technique is extended here 
in order to find sharp bounds on upcrossing probabilities for submartingales 
subject to constraints. The general results in Section 2 are applied to submartin
gales {Xn}™=i such that E[(Xn — a)+]p ^ L (a constant) for all n, p ^ 1 and 
we find the probability of at least k upcrossings of [a, b] is at most 

L-[(m- a)+f (p - If'1  

(» - *y (t + ̂ ^f- ( * - D - i)p + (P- i r 1 ' 
where m = EX\. For p = 1 this bound collapses to (L — (m — a)+)/({b — a)k) 
(taking (p — l)v~l = 1 when p = 1). A simple corollary is that Doob's up-
crossing inequality is sharp. A second example gives Dubins' sharp bounds on 
upcrossing probabilities for bounded martingales. 

2. General Results. Keeping the notation established in [1] \etR be the set 
of real numbers; B be the Borel subsets of R; R°° = R X R X . . .; and Bœ = 
B X B X • . . . Let {Xn)n=i be the coordinate process on Rœ. A submartingale 
(or martingale or supermartingale) may be regarded as a probability measure 
P on Bœ. [Xn)™=i defined on {^œ, Bœ, P} is a submartingale in the usual sense. 

Let /x be a probability measure on (R, B)\ we define the following classifica
tion: 

Definition la.) M satisfies a condition of type (</>, r, f) if there is a family </> of 
convex, increasing, Borel functions from R to R and mappings r and f of $ 
to R \J { — oo , oo } such that for all 0 6 0, 

l(e) ^ J d(x)n(dx) Sf(6). 

((0, f) means r(0) = -co for all 6 G <t>.) 
Lb) jit satisfies a condition of type (L, Z7) if there exist two constants L < U 

such that /x{[L, i7]} = 1. 

Definition 2.a) A probability measure Q on (7?°°, i3°°) satisfies a condition of 
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UPCROSSING PROBABILITIES 807 

type (</>, r, f) if for all 9 £ <£ and all n, 

r(6) ^ f d(Xn)dQ^f(6). 

2.b) Q satisfies a condition of type (L, U) if Q{L ^ Xn ^ U} = 1 for all w. 

LEMMA 1. Let M be the collection of all submartingales satisfying conditions of 
type (</>, _r, f) and/or type (L, U) (that is certain conditions of these types are 
satisfied). If n ^ r?. g . . . ^ rm are bounded stopping times and P £ M, then 
the measure Q on Bœ defined by 

(1 ) Q{Xl C B i , X2 £ ^ 2 , • • • , Xm £ ^ m , ^ m + l € -#tt+l> • • • ? ̂ ra+Z G -Sm+il 

P j - X ^ Ç ^ 1 , ^ T 2 £ ^ 2 , . . . , ^ r m G ^ m , ^ r m £ ^ra+l> • • • , X Tfn £ ^m+î! 

belongs to M. 

Proof. Q is well defined since the stopping times are bounded. Next consider 
any cylinder set measurable with respect to Xi, X2, . . . , Xk\ say 

c = [Xx £ BUX2 eB2,...,xke Bk}. 

(2) J EQ[Xk+1\Xk, . . . ,X1}dQ = J Xk+1dQ = J XTk+ldPby (1), 

where C = {XTl £ J5i, XT2 £ 5 2 , . . • , X7k £ 5^}. Since P is a submartingale, 

Since the ©--algebra of sets measurable with respect to Xi, X^ • • • , Xk 

(cr(Xi, . . . , Xk)) is generated by sets of the form C, we have 

f EQ{Xk+l\Xk, . . . ,X,}dQ ^ \ XkdQ, 
J A J A 

where A £ <J(X\, . . . , Xk). Therefore Q is a submartingale. If 6 £ <f> then 
[0(Xn)}n=i defined on {P°°, Bœ, P} is a submartingale. Hence 

r(fi) g J 6(Xi)dP ^ J d(XTk)dP = J 6(Xk)dQ for all*. 

Moreover if / is an integer such that rm ^ / then 

J 0(**)<*O = J 0(zTjfe)dP g J 0(x,yp g f w. 

Therefore (J satisfies condition (</>, r, f). Condition (L, £/) follows trivially. 
Therefore <2 G M. This completes the proof. 
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Let JBI, B2,. . . , Bm be Borel sets. Let 

T = {Xni G B\ for some ni, Xn2 G P2 for some »2 è Wi, . . . , 

Xnm G P m for some nm è «m-i}. 

THEOREM 1. Le/ M &e //^ collection of all submartingales satisfying certain 
conditions of type (<j), r, f) and/or type (L, U). Then 

sup P{T] = sup P{X1 £Blt...,Xme Bm}. 
P£M P£M 

Proof. For œ = (xi, x2, . . .) G P œ , let 

i least ni (if any) such that xUi G Pi, 
r i (00 if there is no such m ; 

_ i least n2 è % (if any) such tha tx^ 6 P2, 
( co if there is no such n2 ; 

least nm ^ ww_i (if any) such that xnm G Bm, 
00 if there is no such nm. 

Therefore n ^ r2 ^ . . . S rm and 

P{P} = P{rm < oo } = Hm P{rm < ?z} 

= lim P{XTi An G Bi, . . . , X rm An G P O T . 
w->oo 

However, by Lemma l.a), 

P{XTl/\n ë -Si, • • • , X%A» € Pw} = (?{^1 G Bi, . . . , Xm G Bm} 

for some Q G AT. Hence 

limP{X r iAw eBu... ,XrmAn G Pw} fg s u p P p G G Pi , • • . ,Xm G £ m } , 

and we have 

supPjP} ^ supPfXiG Pi , . . . , X m G 5 m | . 
P£M P£M 

The reverse inequality is immediate, completing the proof. 

Theorem 1 provides a prescription for obtaining sharp bounds for upcrossing 
probabilities. Essentially it says stopping times are unnecessary. 

For any pair of real numbers a < b and any co = (xi, x2, . . .) G P°° define 
jab to be the number of upcrossings of the interval [a, b]. Define 

Sn = {Xi S a, X2 è b, . . . , X2n_i ^ a} and 

r ï ï = f i i ^ , i 2 ^ , . . , x2n-i s a, x2n ^ b) 
for all n. 
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LEMMA 2.a. Let a, c, r and W be reals such that a < c and W G [0, 1); let 
I £ R be defined by Wa + (1 — W)l = c and let & be the two point probability 
P = Wda + (1 — W)dl (8a and di are point probabilities at a and I respectively). 
Then among all probabilities n on R such that JU(( — oo , a]) ^ Wand) Xfi(dx) ^ 
c, fi minimizes 

0(r) • M(-OO , r] + I 0(x) fx(dx) = I 6(r) V 0(x) /*(<&) 
J x>r J 

whatever convex, increasing function 0 may be. 

Proof. Let ^ be the class of convex, increasing polygonal functions with a 
finite number of vertices. It is clear that for any convex increasing function 0, 

I 0(r) V 0(dx) = sup I d(r) V g(x) /x(<foc). 

Thus to show J 8(r) V 0(a) M(^X) ^ J 0(r) V 0(x) 0(dx) it suffices to show 
/ 0(r) V g(x) ix(dx) ^ J 0(r) V g (a) 0(*c) for all g £ ^ . Now if g G # \ then 
0(r) V g may be represented in the following form: 

0(r) V g(x) = 0(f) + dx(x V r - r) + (d2 - dx)(x V x, - xx) + . . . 

+ ( 4 - 4 - i ) ( x V x„ - xn), 

where {(r, 6(r)), (xi, g(xi)), . . . , (xn, g(xn))} are the vertices of 6(r) V g and 
0 < di < d2 . . . < dn. By linearity then, to show J 6(r) V g(x) ix(dx) ^ 
j 6(r) V g(x) 13 (dx) it is enough to show J y V x n(dx) ^ j y V x /3(dx) for all 

When y Ç [a,/I, 

I x V y M(^X) ^ I x /x(dx) + (y — a) M(( —°° , a]) 

^c+ (y - a)W 

= yW + 1(1 - W) = J x V y p(dy). 

When y ^ a, 

I x V y M(^X) ^ I x /z(dx) è c = I x V y P(dx). 

When y ^ /, 

I x V y^(dx) ^ y ^ I = I x V yfi(dx). 

LEMMA 2.b. W%A a, c, W, /, /x awd /3 as in Lemma 2.a we have 

/

'oo /'oo 

0(x) ju(dx) ^ I 0(x) /3(</x) 
a+ ^ a + 

for all convex, increasing functions 6. 
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Proof. Let n((-oo, a]) = W. Define / by Wa + (1 - W)l = c and let 
$ = ĵ «5a + (1 - I?)or = c. By Lemma 2.a, taking r = a 

/

•co /"co 

0(*) M(^X) ^ 0(a) £ ( -oo , a] + I 0(x) j5(dx) 
a+ J a + 

for all convex, increasing functions 6. However JU( —oo , a] = jS( —oo , a], hence 

/

"oo ^*oo 

0(») /*(dar) ^ Hx) $(dx) = 0(1) (1 - W) 
a+ J a+ 

However, (1 — s)6 ((c — a)/(I — s) + a) is an increasing function in s £ 
[0, 1] (by a supporting hyperplane argument), and W ^ W hy Lemma 2.a. 
Therefore, 

£ eix) ridx) > (i - w)e[f~^ + a) 

è (1 - W)e(f^§ + a) 

?(x) /?(<£*;). 

THEOREM 2. Let P be a submartingale satisfying a condition of type (<j>, r) 
and such that 

J XidP^ 

Let the submartingale Qn on {R°, B") be defined by: 

Qt{X1 = m] = 1 - go 
Q»{Xi = a] = g„ - Çl 

ÇT{X1 = /,} = g, 
Q«{X2 = X ^ ^ a] = 1 
<2"{X2 = b\X, = a] = 1 

(C*{X3 = X2 |X2 ^ M = 1 
04) <Qn{Xs = a|X2 = 6} = 1 - g2 

{Q"{X3 = h\X2 = 6} = g2 

i <2*{X4 = X3 |X3 5̂  a} = 1 
( JB) (<2"{X4 = b\Xz = a} = 1 

and so on repeating (A) and (B) for X-a, X6, X7} Xg, . . . , X 2 B _ I , Xïn. Xk+i = Xk 

for k 2: In. There exist 0 :S g0, g,, . . . , gB ^ 1 o«rf b ^ h /„ such that 
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(a) gi = 0 if m ^ a 

qih + (1 — qi)a = m, qo = 1 if m > a 

qJk + (1 - qk)a = b if 1 < k g n\ 

(b) Q satisfies (<£, f ) ; 
(c) f XidQ ^ m; and 
(d)P{Tn] = Q{Tn}. 

(We remark tha t the trajectories are a.s. — Q of the form (if m ^ a): 

(h, h, lu • • •) w.p. q_\\ 

(a, b,a,b, . . . a, 5, /*, /*, . . .) w.p. (1 - gi) (1 - g2) . . . (1 - g ^ - i ) ^ 

for 1 f^ k S n\ and 

(a, b,a,b, . . . a, b, a, b,b, . . .) w.p. (1 - gi) . . . (1 - qn). 

lî m < a, the trajectory (/i, /i, . . .) is replaced by the trajectory (m, m, . . .) 
having probabili ty 1 — g0). 

Proof. We proceed by induction. Suppose the theorem is true for & ^ n — 1. 
Then there exists a submartingale Ç n _ 1 of the above form (along with g0, <?i, . . . , 
gn_! and /i, /2, . . . , Zn_i) such tha t J e{Xk)dQt~1 ^ / d(Xk)dP for 1 ^ k ^ 2n -
2, and <2n-1{?Vi} = P { r w _ ! } . Now define 1 - qn = P{r n |7V_i} and /n by 
gn/n + (1 — qn)a = b. Define Qn using qQ, qu . . . gw and /i, /2, . . . , /n. Now con
sider the probabili ty n(dx) = P{X2n-i (z dx\Tn-i}. By Lemma 2.a taking r = 
— co , the two point probabili ty p = qn8in -\- (1 — gn)5a satisfies 

~ — T I 0 (X 2 „_ 1 ) C LP = I e(x)n(dx)^ I 0 
i n—\\ J Tn-l " J 

(x) fi{dx) 
P\Tn- . ... . 

Hence 

(1) f 6(X2n_1)dP^ I 6(X2n_1)dQn. 
J Tn-l J Tn-l 

Next, 

I e{xu^)dP s: | e(x2n^)dP ^ I eix^dQ"-1 

. „ . ^ iT»-l ^ Tn-l ^ rt-1 
(2) /• 

6{X^)d(T-
J Tn-l 

So 

\$(Xu^i)dP = f 0(Z2B_1)^P+ I e(x2n^)dP 

è J eçxu-àdçr 
by (1) and (2). 
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Next, 

f e(xin)dP = f e(x2 n)^p+ f e(x2n)rfp+ I e(z2n)rfP 
^ J Tn J Sn-Tn J Tn-i-Sn 

(3) + f 0(x 2 w KP^P{r n } + f d(x2n^)dP+ f e(x2n_2)dP. 
J TÏ-i J Tn-l-Sn J Tc

n-\ 

Again defining \x{dx) = P{X2n_i 6 dx\Tn-i}, 

f e(x2n_1)dP = P{Tn^} je(x)»(dx) 
J Tn-l-Sn J a + 

è P { r w - i î ( \œe(x)P(dx)) = I OiX^dQ71 (by Lemma 2.b). 
\ J a+ / J Tn-l-Sn 

Hence from (3), 

fB(X2n)dP ^ 6P{7;} + f 0 ( * 2 * - i W + f 0(X2n_2)<Z<2n 

= f d(X2n)dQn. 

Therefore, Jd(Xk)dQn S J 6(Xk)dP for 1 ̂  k ̂  2n; Qn{Tn) = P j i ; } , and 
by construction, Qn is a submartingale. 

3. Applications. Theorems 1 and 2 provide an algorithm for obtaining 
sharp upcrossing probabilities. Denote (x+)p by [x]+p. 

PROPOSITION 1. If M is the collection of submartingales such that 

I [Xn — a]+
p dP ^ L for all n, and 

I Xi dP ^ m, where p ^ 1, and if 

(if p = 1, ^ (p - I)2'"1 = 1), then 

sup P{7a& ^ &} â= Bab(k) for all k, and 
P£M 

supP{7a& ^ k\ ~ Bab(k). 
P€M 

Proof. Let Bi(x) = [x - a]+
p, f(0i) = L and r(0i) = —oo. Let B2(x) = x -

tn, r(62) = 0 and f(02) = oo. Let 0 = {6U 62\ and M be the collection of all 
submartingales satisyfing condition (<£,£> f). We check that M = M. Setting 
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Bi = ( - 0 0 , a] , B2 = [6, oo ), . . . , 5 2 n - i = ( - 0 0 , a] , £2 w = [&, oo ) and apply
ing Theorem 1, we have 

sup Q{yab ^ n\ = sup Ç{Xi ^ a, . . . , X 2 n ^ &}. 

Next, by Theorem 2, 

sup <2{Xi ^ a, . . . ,X2n ^ b} = sup Q{Xi g a, . . . , X2n ^ &}, 

where if? is the collection of submartingales in M also having the form given 
in Theorem 2. Let Q G M. Let 

<2{X! = m) = 1 - p0 

Q[Sk] = pjr, k = 1, . . . , n. 

Therefore, by the submartingale property, m ^ (1 — £o)w + £ia + (po — pi)h. 
Clearly equali ty is best (for satisfying (cj>, ?)) so 

7 £0w — pia 
li = . 

po — p\ 
Similarly pkb = £*+ia + (£* — pir+i)h+u k = 1, . . . , n — 1, so 

4+i — 

Next 

u / [^2n - a]+
pdQ 

^ (1 - £ „ ) [ m - a]+p + (po- p 
— p\a 

+ (pi - P%) 

+ (pn-1 — Pn) 

P i b - P * _ a \ ' + 

L £ i — p2 

J p0m — pj 
1 L po — pi 

•r 
a I + £»(&- a) 

£w_l — £n 

/i ^ \r i P i Pl\??L- a]+ 
= (i - £o)N - a]+ + -

Ï + £lp 

(PO ~ Pif (Pi- p2) 
--j(b-aY + . . . 

Let 

L = 

Therefore 

+ T T ^ ^ T ^ 1 (6 - a ) P + p * ( b - *y 
{pn-1 — pn) 

L - [m - a}+ pi pn 

71 T^P » ao = po, ai = —,..., an = -
(b - ay po pn-i 

aoû;i 

a) 
T > —ao[ra — a]+" , a0[w — fl]+"  
^ = (6 - a ) ' + (ft - a ) p • (1 - a ! ) ' " 1 + (1 - «,) 

p-1 ~T • • 

I ^ 0 • • * a n - l | 

(1 — an) 
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We must now maximize pn = a0 . . . an subject to the constraint (1) and 0 ^ 
do, . . . , oin S 1. Clearly the maximum occurs when (1) is an equality. Solving 
for a0 we must maximize 

L a\ . . . an 

(2) \~bn_-^K . llE^ZJLll . , o i ^ a j t L , ?• 
(b - a)v + (b - a)p(l - a,)*-1 ^ ' ' ' ^ (1 - an)

p-1 ^ ai ' ' ' "V 

Equivalently, we can minimize 

1 ( [m - a]+
p I 1 \ 1 

L\(b-aYa1...an\(l-aiy~1 7 ^ L[(b- a) V . . . an \ (1 - ai)
p~L 7 ' (1 - a , ) ^ «2 + ... 

J. 
(1 — ak)

v~lak 

Set 

+ f1 „. " ^ i „ + l f • 

[w — a]+ 
7 i 

v 

(b - a ) p
a i \ (1 - ax) 

For m ^ 2 set 

[w 

1(1 -ax)*- 1 V • 

7 m (b - a) 
Z-£>hL_ ( 1 r _i)+ . _i, + 
vai . . . am \ (1 — a i ) p 1 / (1 — a2)

P 1a2 • . . a m 

+ 
1 

(1 — 0im)v lanl ' 
Therefore for k ^ 2, 

/ o \ 7*-i , 1 

We wish to minimize yn by choosing ai, . . . , ân. However, yn_i depends only 
on «i, . . . , o^n-ù therefore, at the minimum, 

0 = 7^ 
-Jn-l 1 , P - 1 

an (1 — ân)
p~lân

2 (1 — â w ) p â n ' 
2 /-, \ p - l _ 2 I 

*«W I an «W \1- — <*n 

This gives 

pœ,, — 1 

a-^r 
7?i—1 / t _ \ p • 

Substituting back into (3) also gives yn = {p — 1)/(1 — an)p. Now at the 
minimum, 

daw_i dan_2 ' ' ' doti 

so the above relations hold for each level. Hence, (henceforth 7^ represents the 
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minimum value) 

>5A; — 1 
(i - âky 

(4) yk_x = n
 k ^ p , and 

(5) yk = jf—TTv for ^ 2 . 

We remark tha t 

A 1 
7k all"'iak 

yields the maximum probabili ty of k upcrossings under our constraints for all 
k ^ 1. With our recurrence relations we now examine the asymptot ic be
havior of 7/-. 

7*-i _ pâk — 1 = i _ ft(l ~~ 5fe) 
7* £ - 1 p - 1 

Also from (5), (1 - a*) = (p - l)llvyiTllv\ hence 

/ c N 7fc-l ! £ -1 /p 

(7) yk - 7*-i = Cyjc1 1/p) C = {p - l ) 1 ^ 7 * ' 

NowT consider the equation dy (t)/dl = Cy(t)l~l,v. Solutions are of the form 
y(t) = ((Ct)/p) + d)p where d is a constant . Also 

y(k) — y(k — I) = y(s) for some & — 1 5J s :g &, 

= Cy(sy-i/p 

^ C7(fc)1-1/P, 

since solutions are increasing. Therefore y(fe) increases slower than yk. 
Next from, (6) we have l i m ^ ^ yA._i/y/. = 1, so for all ô > 1 there exists an 

n0 such tha t for k ^ w0, 

7A;1_1/2? ^ ^ - i 1 " 1 ^ (<5 - 1 is small). 

Hence, yk - 7 *- i û dCy.-i1-1^. Now let dy(t)/dt = ÔC7 (O1"17*. Hence 

f(&) — f(& — 1) = 7(5) for some k — I ^ s ^ k 

= ôCy(sy-l/* 

^ «Cf(* - l ) 1 " 1 ^ . 

Therefore 7(&) increases faster than yk. Also as before y(t) = ((ôCt)/p) + C<i)v, 
where C2 is a positive constant . Hence 7* is o{kv). Moreover, we can solve 
explicitly for 71. 

Kl " ( 6 - a ) p
 a i \ ( l - a i ) p - 1 / 
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is increasing in 0 ^ ai ^ 1. Hence the minimum is 

[m - a]+
v
 ( . 

lim 7i = -77 -TT (P - 1). 
«i_^o {0 — a) 

If we set 7(1) = 71 we have 

( C , r \ P [m - a]+
p , 

\p + 7 = ~ ^ _ ~ ^ r ^ ~ X) ^ ' w / (ft - a > 

and after substitution 

^-^V-('+fef*-«-i)'-(p - 1 ) ' - V ' (4 - o) 

Hence 

£ Z L — [m — a]4 

T* + 1 = Y ( £ ) + 1 (6 - a)P 

(*> - î r 1 

X 
{k + ̂ fiP-D-if + iP-iy-1 

Since the probability of k upcrossings is at most L/(yk + 1) we have our bound. 
We now set y (no) = yno, thereby determining C2. Hence 

7k ^ j(k) , 1 ^ 

if+4 
Therefore 

but ô — 1 is arbitrarily small. Therefore 

l i m ^ r è 1. 
*->œ7(£) 

Hence 

L 

k-)oo j 
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so 

sup P{yab ^ k} ~ Bab(k). 
PGM 

For p = 1 it is easiest to maximize the expression (2). The maximum is 
L/k. This completes the proof. 

We could generalize Proposition 1 by supposing EXX = m and E6(Xn — a) 
^ L for all n where 6 is an increasing convex function with derivative 9'. 
The above proof goes through and (7) becomes yk — y^-i = 0f oa(yk) where 
a o (6f (x)x — 6(x)) = x. In a particular case we may be able to proceed (as 
above) from here. 

COROLLARY 1. Doob's up crossing inequality is sharp. 

Proof. For any submartingale P such that J (Xn — a)+dP ^ L for all n 
and fXi = m, Doob's inequality says 

L — (m — a)+ 

/ •>->iPi t - a 

Applying Chebyschev's inequality, we have 

Ply h > kx < L_- (m -__aY: 

which is precisely the bound given in Proposition 1 for p — 1 (Prof. David 
Heath pointed this out). Proposition 1 provides the construction of a sub-
martingale (almost) attaining this bound (in fact a2 = «3 = • . . = ak = 1 
means h = h = . . . = h = °° so at best by taking lu . . . , lk large we may 
almost attain the bound). Hence Doob's inequality must also be sharp. 

It is in fact possible to obtain Doob's upcrossing inequality directly by these 
methods (see [2]). 

Example 2. (Dubins' inequality—see [3, p. 27]). 

PROPOSITION 2. If P is a submartingale such that P{L g Xn ^ U) = 1 for 
constants L, U (L ^ U) for all n, and JXi dP ^ m, then 

pi ^ M ^ (U-mV a\ (U- bV-1 

for L ^ a < b ^ U, where m V a = max {m, a}. 

Proof. Define 6(x) = x, r{6) = m, f(6) = 00 and <j> = {#}. Let M be the 
class of all submartingales satisfying conditions ((/>, r, f) and (L, £/)• It is clear 
that M consists of exactly those submartingales satisfying our hypotheses. 
Therefore by Theorem 1, 

sup P{yat> è k\ = sup P{Tk). 
PGM PGM 
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For any P G M, 

\ X2k_2dP^ f X2k_1dP = I XU-idP+ I X2k-idP. 
J Tk-l J Tk-l J Sk J Tk-1 Pi Skc 

So bP{Tk^} g P{S,\a + (PIT^} - P{St\)U. Hence 

P{Tk) SP{Sk\ Û~^~P\T^}. 

Nextw èjXidP =jSlX1dP+jSlcX1dP,som é P{5i}a + (1 - P{Si})Z7. 
Hence 

Pin} gP{5x} * ( ^ 5 f ) Al. 

By iteration Ave have 

™*teF)(g5i)" 
Again this bound is sharp. A martingale with precisely these upcrossing 

probabilities is given as an Exercise 11-2 in [3]. 

I thank Prof. Harry Kesten for his help with the asymptotic analysis in 
Proposition 1. Thanks also to the referee for the current improved version of 
Lemma 2.a.b. 
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